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Preface

It is well known that many phenomena in biology, chemistry, engineering, physics
can be described by boundary value problems associated with various types of par-
tial differential equations or systems. When we associate a mathematical model
with a phenomenon, we generally try to capture what is essential, retaining the
important quantities and omitting the negligible ones which involve small param-
eters. The model that would be obtained by maintaining the small parameters is
called the perturbed model, whereas the simplified model (the one that does not
include the small parameters) is called unperturbed (or reduced model). Of course,
the unperturbed model is to be preferred, because it is simpler. What matters is
that it should describe faithfully enough the respective phenomenon, which means
that its solution must be “close enough” to the solution of the corresponding
perturbed model. This fact holds in the case of regular perturbations (which are
defined later). On the other hand, in the case of singular perturbations, things get
more complicated. If we refer to an initial-boundary value problem, the solution of
the unperturbed problem does not satisfy in general all the original boundary con-
ditions and/or initial conditions (because some of the derivatives may disappear
by neglecting the small parameters). Thus, some discrepancy may appear between
the solution of the perturbed model and that of the corresponding reduced model.
Therefore, to fill in this gap, in the asymptotic expansion of the solution of the
perturbed problem with respect to the small parameter (considering, for the sake
of simplicity, that we have a single parameter), we must introduce corrections (or
boundary layer functions).

More than half a century ago, A.N. Tikhonov [43]–[45] began to systematical-
ly study singular perturbations, although there had been some previous attempts
in this direction. In 1957, in a fundamental paper [50], M.I. Vishik and L.A. Lyu-
sternik studied linear partial differential equations with singular perturbations, in-
troducing the famous method which is today called the Vishik-Lyusternik method.
From that moment on, an entire literature has been devoted to this subject.

This book offers a detailed asymptotic analysis of some important
classes of singularly perturbed boundary value problems which are
mathematical models for various phenomena in biology, chemistry,
engineering.



xii Preface

We are particularly interested in nonlinear problems, which have
hardly been examined so far in the literature dedicated to singular per-
turbations. This book proposes to fill in this gap, since most applica-
tions are described by nonlinear models. Their asymptotic analysis is
very interesting, but requires special methods and tools. Our treatment
combines some of the most successful results from different parts of
mathematics, including functional analysis, singular perturbation the-
ory, partial differential equations, evolution equations. So we are able
to offer the reader a complete justification for the replacement of var-
ious perturbed models with corresponding reduced models, which are
simpler but in general have a different character. From a mathematical
point of view, a change of character modifies dramatically the model,
so a deep analysis is required.

Although we address specific applications, our methods are appli-
cable to other mathematical models.

We continue with a few words about the structure of the book. The material
is divided into four parts. Each part is divided into chapters, which, in turn,
are subdivided into sections (see the Contents). The main definitions, theorems,
propositions, lemmas, corollaries, remarks are labelled by three digits: the first
digit indicates the chapter, the second the corresponding section, and the third
the respective item in the chapter.

Now, let us briefly describe the material covered by the book.
The first part, titled Preliminaries, has an introductory character. In Chapter

1 we recall the definitions of the regular and singular perturbations and present
the Vishik-Lyusternik method. In Chapter 2, some results concerning existence,
uniqueness and regularity of the solutions for evolution equations in Hilbert spaces
are brought to attention.

In Part II, some nonlinear boundary value problems associated with the tele-
graph system are investigated. In Chapter 3 (which is the first chapter of Part II)
we present the classes of problems we intend to study and indicate the main fields
of their applications. In Chapters 4 and 5 we discuss in detail the case of algebraic
boundary conditions and that of dynamic boundary conditions, respectively. We
determine formally some asymptotic expansions of the solutions of the problems
under discussion and find out the corresponding boundary layer functions. Also, we
establish results of existence, uniqueness and high regularity for the other terms of
our asymptotic expansions. Moreover, we establish estimates for the components
of the remainders in the asymptotic expansions previously deducted in a formal
way, with respect to the uniform convergence topology, or with respect to some
weaker topologies. Thus, the asymptotic expansions are validated.

Part III, titled Singularly perturbed coupled problems, is concerned with the
coupling of some boundary value problems, considered in two subdomains of a
given domain, with transmission conditions at the interface.



Preface xiii

In the first chapter of Part III (Chapter 6) we introduce the problems we
are going to investigate in the next chapters of this part. They are mathematical
models for diffusion-convection-reaction processes in which a small parameter is
present. We consider both the stationary case (see Chapter 7) and the evolutionary
one (see Chapter 8). We develop an asymptotic analysis which in particular allows
us to determine appropriate transmission conditions for the reduced models.

What we do in Part III may also be considered as a first step towards the
study of more complex coupled problems in Fluid Mechanics.

While in Parts II and III the possibility to replace singular perturbation
problems with the corresponding reduced models is discussed, in Part IV we aim
at reversing the process in the sense that we replace given parabolic problems
with singularly perturbed, higher order (with respect to t) problems, admitting
solutions which are more regular and approximate the solutions of the original
problems. More precisely, we consider the classical heat equation with homoge-
neous Dirichlet boundary conditions and initial conditions. We add to the heat
equation the term ±εutt, thus obtaining either an elliptic equation or a hyperbolic
one. If we associate with each of the resulting equations the original boundary and
initial conditions we obtain new problems, which are incomplete, since the new
equations are of a higher order with respect to t. For each problem we need to add
one additional condition to get a complete problem. We prefer to add a condition
at t = T for the elliptic equation, either for u or for ut, and an initial condition at
t = 0 for ut for the hyperbolic equation. So, depending on the case, we obtain an
elliptic or hyperbolic regularization of the original problem. In fact, we have to do
with singularly perturbed problems, which can be treated in an abstract setting. In
the final chapter of the book (Chapter 11), elliptic and hyperbolic regularizations
associated with the nonlinear heat equation are investigated.

Note that, with the exception of Part I, the book includes original material
mainly due to the authors, as considerably revised or expanded versions of previous
works, including in particular the 2000 authors’ Romanian book [6].

The present book is designed for researchers and graduate students and can
be used as a two-semester text.

The authors December 2006



Part I

Preliminaries



Chapter 1

Regular and Singular
Perturbations

In this chapter we recall and discuss some general concepts of singular perturbation
theory which will be needed later. Our presentation is mainly concerned with
singular perturbation problems of the boundary layer type, which are particularly
relevant for applications.

In order to start our discussion, we are going to set up an adequate framework.
Let D ⊂ R

n be a nonempty open bounded set with a smooth boundary S. Denote
its closure by D. Consider the following equation, denoted Eε,

Lεu = f(x, ε), x ∈ D,

where ε is a small parameter, 0 < ε � 1, Lε is a differential operator, and f is a
given real-valued smooth function. If we associate with Eε some condition(s) for
the unknown u on the boundary S, we obtain a boundary value problem Pε. We
assume that, for each ε, Pε has a unique smooth solution u = uε(x). Our goal is
to construct approximations of uε for small values of ε. The usual norm we are
going to use for approximations is the sup norm (or max norm), i.e.,

‖g‖C(D) = sup{|g(x)|; x ∈ D} ,

for every continuous function g : D −→ R (in other words, g ∈ C(D)). We will
also use the weaker Lp-norm

‖g‖Lp(D) =
(∫

D

|g|p dx

)1/p

,

where 1 ≤ p < ∞. For information about Lp-spaces, see the next chapter.
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In many applications, operator Lε is of the form

Lε = L0 + εL1,

where L0 and L1 are differential operators which do not depend on ε. If L0 does
not include some of the highest order derivatives of Lε, then we should associate
with L0 fewer boundary conditions. So, Pε becomes

L0u + εL1u = f(x, ε), x ∈ D,

with the corresponding boundary conditions. Let us also consider the equation,
denoted E0,

L0u = f0, x ∈ D,

where f0(x) := f(x, 0), with some boundary conditions, which usually come from
the original problem Pε. Let us denote this problem by P0. Some of the original
boundary conditions are no longer necessary for P0. Problem Pε is said to be a
perturbed problem (perturbed model), while problem P0 is called unperturbed (or
reduced model).

Definition 1.0.1. Problem Pε is called regularly perturbed with respect to some
norm ‖ · ‖ if there exists a solution u0 of problem P0 such that

‖uε − u0‖ −→ 0 as ε → 0.

Otherwise, Pε is said to be singularly perturbed with respect to the same norm.

In a more general setting, we may consider time t as an additional indepen-
dent variable for problem Pε as well as initial conditions at t = 0 (sometimes t is
the only independent variable). Moreover, we may consider systems of differential
equations instead of a single equation. Note also that the small parameter may also
occur in the conditions associated with the corresponding system of differential
equations. For example, we will discuss later some coupled problems in which the
small parameter is also present in transmission conditions. Basically, the definition
above also applies to these more general cases.

In order to illustrate this definition we are going to consider some examples.
Note that the problem of determining P0 will be clarified later. Here, we use just
heuristic arguments.

Example 1. Consider the following simple Cauchy problem Pε :

du

dt
+ εu = f0(t), 0 < t < T ; u(0) = θ,

where T ∈ (0, +∞), θ ∈ R, and f0 : R −→ R is a given smooth function. The
solution of Pε is given by

uε(t) = e−εt
(
θ +

∫ t

0

eεsf0(s) ds
)
, 0 ≤ t ≤ T.
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Obviously, uε converges uniformly on [0, T ], as ε tends to 0, to the function

u0(t) = θ +
∫ t

0

f0(s) ds,

which is the solution of the reduced problem

du

dt
= f0(t), 0 < x < T ; u(0) = θ.

Therefore, Pε is regularly perturbed with respect to the sup norm.

Example 2. Let Pε be the boundary value problem

ε
d2u

dx2
+

du

dx
= 2x, 0 < x < 1; u(0) = 0 = u(1).

Its solution is
uε(x) = x(x − 2ε) +

2ε− 1
1 − e−1/ε

(
1 − e−x/ε

)
.

Note that
uε(x) = (x2 − 1) + e−x/ε + rε(x),

where rε(x) converges uniformly to the null function, as ε tends to 0. Therefore,
uε converges uniformly to the function u0(x) = x2 − 1 on every interval [δ, 1],
0 < δ < 1, but not on the whole interval [0, 1]. Obviously, u0(x) = x2 − 1 satisfies
the reduced problem

du

dx
= 2x, 0 < x < 1; u(1) = 0,

but ‖uε − u0‖C[0,1] does not approach 0. Therefore, Pε is singularly perturbed with
respect to the sup norm. For a small δ, u0 is an approximation of uε in [δ, 1], but
it fails to be an approximation of uε in [0, δ]. This small interval [0, δ] is called
a boundary layer . Here we notice a fast change of uε from its value uε(0) = 0
to values close to u0. This behavior of uε is called a boundary layer phenomenon
and Pε is said to be a singular perturbation problem of the boundary layer type.
In this simple example, we can see that a uniform approximation for uε(x) is
given by u0(x) + e−x/ε. The function e−x/ε is a so-called boundary layer function
(correction). It fills the gap between uε and u0 in the boundary layer [0, δ].

Let us remark that Pε is a regular perturbation problem with respect to the
Lp-norm for all 1 ≤ p < ∞, since ‖uε − u0‖Lp(0,1) tends to zero. The boundary
layer which we have just identified is not visible in this weaker norm.

Example 3. Let Pε be the following Cauchy problem

ε
du

dt
+ ru = f0(t), 0 < t < T ; u(0) = θ,
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where r is a positive constant, θ ∈ R and f0 : [0, T ] → R is a given Lipschitzian
function. The solution of this problem is given by

uε(t) = θe−rt/ε +
1
ε

∫ t

0

f0(s)e−r(t−s)/εds, 0 ≤ t ≤ T,

which can be written as

uε(t) =
1
r
f0(t) +

(
θ − 1

r
f0(0)

)
e−rt/ε + rε(t), 0 ≤ t ≤ T,

where

rε(t) = −1
r

∫ t

0

f ′
0(s)e

−r(t−s)/εds.

We have

| rε(t) |≤ L

r

∫ t

0

e−r(t−s)/εds ≤ L

r2
ε,

where L is the Lipschitz constant of f0. Therefore, rε converges uniformly to zero
on [0, T ] as ε tends to 0. Thus uε converges uniformly to u0(t) = (1/r)f0(t) on
every interval [δ, T ], 0 < δ < T , but not on the whole interval [0, T ] if f0(0) 	= rθ.
Note also that u0 is the solution of the (algebraic) equation

ru = f0(t), 0 < t < T,

which represents our reduced problem. Therefore, if f0(0) 	= rθ, this Pε is a sin-
gular perturbation problem of the boundary layer type with respect to the sup
norm. The boundary layer is a small right vicinity of the point t = 0. A uniform ap-
proximation of uε(t) on [0, T ] is the sum u0(t)+

(
θ − 1

r f0(0)
)
e−rt/ε. The function(

θ − 1
r f0(0)

)
e−rt/ε is a boundary layer function, which corrects the discrepancy

between uε and u0 within the boundary layer.

Example 4. Let Pε be the following initial-boundary value problem

εut − uxx = t sinx, 0 < x < π, 0 < t < T,

u(x, 0) = sin x, x ∈ [0, π]; u(0, t) = 0 = u(π, t), t ∈ [0, T ],

where T is a given positive number. The solution of this problem is

uε(x, t) = t sinx + e−t/ε sin x + ε
(
e−t/ε − 1

)
sin x,

which converges uniformly, as ε tends to zero, to the function u0(x, t) = t sin x, on
every rectangle Rδ = {(x, t) : 0 ≤ x ≤ π, δ ≤ t ≤ T }, 0 < δ < T . Note that u0

is the solution of the reduced problem P0,

−uxx = t sinx, u(0, t) = 0 = u(π, t).
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However, u0 fails to be a uniform approximation of uε in the strip Bδ = {(x, t) :
0 ≤ x ≤ π, 0 ≤ t ≤ δ}. Therefore, Pε is a singular perturbation problem of
the boundary layer type with respect to the sup norm on the rectangle [0, π] ×
[0, T ]. The boundary layer is a thin strip Bδ, where δ is a small positive number.
Obviously, a boundary layer function (correction) is given by

c(x, t/ε) = e−t/ε sin x,

which fills the gap between uε and u0. Indeed, u0(x, t) + c(x, t/ε) is a uniform
approximation of uε.

It is interesting to note that Pε is regularly perturbed with respect to the
usual norm of the space C

(
[0, π]; Lp(0, T )

)
for all 1 ≤ p < ∞. The boundary layer

phenomenon is not visible in this space, but it is visible in C([0, π] × [0, T ]), as
noticed above. In fact, we can see that Pε is singularly perturbed with respect to
the weaker norm ‖ · ‖L1(0,π; C[0,T ]).

Example 5. Let D ⊂ R
2 be a bounded domain with smooth boundary ∂D. Let Pε

be the following typical Dirichlet boundary value problem (see, e.g., [48], p. 83):{
−εΔu + u = f(x, y, ε) in D,

u = 0 on ∂D,

where Δ is the Laplace operator, i.e., Δu := uxx + uyy and f is a given smooth
function defined on D × [0, ε0], for some ε0 > 0, such that f(x, y, 0) 	= 0 for all
(x, y) ∈ ∂D. It is well known that problem Pε has a unique classical solution
uε(x, y). Obviously, P0 is an algebraic equation, for which the boundary condition
is no longer necessary. Its solution is

u0(x, y) = f(x, y, 0), (x, y) ∈ D.

Clearly, in a neighborhood of ∂D, uε and u0 are not close enough with respect
to the sup norm, since uε|∂D = 0, whereas u0 does not satisfy this condition.
Therefore, ‖uε − u0‖C(D) does not converge to 0, as ε → 0. According to our
definition, problem Pε is singularly perturbed with respect to ‖ · ‖C(D). Moreover,
this problem is of the boundary layer type. In this example, the boundary layer
is a vicinity of the whole boundary ∂D. The existence of the boundary layer
phenomenon is not as obvious as in the previous examples, since there is no explicit
form of uε. Following, e.g., [48] we will perform a complete analysis of this issue
below. On the other hand, it is worth mentioning that this Pε is regularly perturbed
with respect to ‖ · ‖Lp(D) for all 1 ≤ p < ∞, as explained later.

Example 6. In DT = {(x, t); 0 < x < 1, 0 < t < T} we consider the telegraph
system {

εut + vx + ru = f1(x, t),
vt + ux + gv = f2(x, t),

(S)ε
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with initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 < x < 1, (IC)ε

and boundary conditions of the form{
r0u(0, t) + v(0, t) = 0,

−u(1, t) + f0(v(1, t)) = 0, 0 < t < T,
(BC)ε

where f1, f2 : DT → R, f0 : R → R, u0, v0 : [0, 1] → R are given smooth functions,
and r0, r, g are constants, r0 > 0, r > 0, g ≥ 0. If in the model formulated above
and denoted by Pε we take ε = 0, we obtain the following reduced problem P0:{

u = r−1(f1 − vx),
vt − r−1vxx + gv = f2 − r−1f1x in DT ,

(S)0

v(x, 0) = v0(x), 0 < x < 1, (IC)0{
rv(0, t) − r0vx(0, t) + r0f1(0, t) = 0,

rf0(v(1, t)) + vx(1, t) − f1(1, t) = 0, 0 < t < T.
(BC)0

In this case, the reduced system (S)0 consists of an algebraic equation and a
differential equation of the parabolic type, whereas system (S)ε is of the hyperbolic
type. The initial condition for u is no longer necessary. We will derive P0 later in
a justified manner.

Let us remark that if the solution of Pε, say Uε(x, t) = (uε(x, t), vε(x, t)),
would converge uniformly in DT to the solution of P0, then necessarily

v′0(x) + ru0(x) = f1(x, 0), ∀x ∈ [0, 1].

If this condition is not satisfied then that uniform convergence is not true and,
as we will show later, Uε has a boundary layer behavior in a neighborhood of the
segment {(x, 0); 0 ≤ x ≤ 1}. Therefore, this Pε is a singular perturbation problem
of the boundary layer type with respect to the sup norm ‖ · ‖C(DT )2 . However,
using the form of the boundary layer functions which we are going to determine
later, we will see that the boundary layer is not visible in weaker norms, like for
instance ‖ · ‖C([0,1];Lp(0,T ))2 , 1 ≤ p < ∞, and Pε is regularly perturbed in such
norms.

Example 7. Let Pε be the following simple initial value problem⎧⎪⎨⎪⎩
εdu1

dx − u2 = εf1(x),

ε du2
dx + u1 = εf2(x), 0 < x < 1,

u1(0) = 1, u2(0) = 0,
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where f1, f2 ∈ C[0, 1] are given functions. It is easily seen that this Pε is singularly
perturbed with respect to the sup norm, but not of the boundary layer type. This
conclusion is trivial in the case f1 = 0, f2 = 0, when the solution of Pε is

uε =
(
cos(x/ε),− sin(x/ε)

)
.

Definition 1.0.2. Let uε be the solution of some perturbed problem Pε defined in
a domain D. Consider a function U(x, ε), x ∈ D1, where D1 is a subdomain of D.
The function U(x, ε) is called an asymptotic approximation in D1 of the solution
uε(x) with respect to the sup norm if

sup
x∈D1

‖uε(x) − U(x, ε)‖ → 0 as ε → 0.

Moreover, if
sup

x∈D1

‖uε(x) − U(x, ε)‖ = O(εk),

then we say that U(x, ε) is an asymptotic approximation of uε(x) in D1 with an
accuracy of the order εk. We have similar definitions with respect to other norms.
In the above definition we have assumed that U and uε take values in R

n, and ‖ ·‖
denotes one of the norms of this space.

For a real-valued function E(ε), the notation E(ε) = O(εk) means that
|E(ε)| ≤ Mεk for some positive constant M and for all ε small enough.

In Example 4 above u0 is an asymptotic approximation of uε with respect
to the sup norm in the rectangle Rδ, with an accuracy of the order ε. Function
u0 is not an asymptotic approximation of uε in [0, π] × [0, T ] with respect to the
sup norm, but it has this property with respect to the norm of C

(
[0, π]; Lp(0, T )

)
,

with an accuracy of the order ε1/p, for all 1 ≤ p < ∞. Note also that the function
t sinx + e−t/ε sin x is an asymptotic approximation in [0, π] × [0, T ] of uε with
respect to the sup norm, with an accuracy of the order ε.

In the following we are going to discuss the celebrated Vishik-Lyusternik
method [50] for the construction of asymptotic approximations for the solutions of
singular perturbation problems of the boundary layer type. To explain this method
we consider the problem used in Example 5 above, where ε will be replaced by ε2

for our convenience, i.e.,{
−ε2Δu + u = f(x, y, ε) in D,

u = 0 on ∂D.

We will seek the solution of Pε in the form

uε = u + c, (1.1)

where u and c are two series: u =
∑∞

j=0 εjuj(x, y) is the so-called regular series
and does not in general satisfy the boundary condition; the discrepancy in the
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boundary condition is removed by the so-called boundary layer series c, which will
be introduced in the following. Let the equations of the boundary ∂D have the
following parametric form:

x = ϕ(p), y = ψ(p), 0 ≤ p ≤ p0.

More precisely, when p increases from 0 to p0, the point (ϕ(p), ψ(p)) moves on ∂D
in such a way that D remains to the left. Consider an internal δ-vicinity of ∂D,
δ > 0 small, which turns out to be our boundary layer. Any point (x, y) of the
boundary layer is uniquely determined by a pair (ρ, p) ∈ [0, δ] × [0, p0]. Indeed,
let p ∈ [0, p0] be the value of the parameter for which the normal at (ϕ(p), ψ(p))
to ∂D contains the point (x, y). Then ρ is defined as the distance from (x, y) to
(ϕ(p), ψ(p)). It is obvious that (x, y) and (ρ, p) are connected by the following
equations

x = ϕ(p) − ρψ′(p)/
(
ϕ′(p)2 + ψ′(p)2

)1/2
,

y = ψ(p) + ρϕ′(p)/
(
ϕ′(p)2 + ψ′(p)2

)1/2
.

We have the following expression for the operator Lεu = −ε2Δu + u with respect
to the new coordinates (ρ, p)

Lεu = −ε2
(
uρρ + (p2

x + p2
y)upp + (ρxx + ρyy)uρ + (pxx + pyy)up

)
+ u.

We stretch the variable ρ by the transformation τ = ρ/ε. The new variable τ ,
called fast indexfast variable or rapid variable, helps us to describe the behavior
of the solution uε inside the boundary layer. The construction of the fast variable
depends on the problem Pε under investigation (see, e.g., [18] and [29]). It turns
out that for the present problem τ = ρ/ε is the right fast variable. If we expand
the coefficients of Lε in power series in ε, we get the following expression for Lε

with respect to (τ, p)

Lεu =
(− uττ + u

)
+

∞∑
j=1

εjLju,

where Lj are differential operators containing the partial derivatives uτ , up and
upp. We will seek the solution of problem Pε in the form of the following expansion,
which is called asymptotic expansion,

uε(x, y) = u + c =
∞∑

j=0

εj
(
uj(x, y) + cj(τ, p)

)
. (1.2)

Now, expanding f(x, y, ε) into a power series in ε and substituting (1.2) in Pε, we
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get

∞∑
j=0

εj
(
− ε2Δuj(x, y) + uj(x, y)

)
+

∞∑
j=0

εj
(
− cjττ (τ, p) + cj(τ, p)

)
+

∞∑
j=0

εj
( ∞∑

i=1

εiLicj(τ, p)
)

=
∞∑

j=0

εjfj(x, y),

(1.3)

∞∑
j=0

εj
(
uj(ϕ(p), ψ(p)) + cj(0, p)

)
= 0. (1.4)

We are going to equate coefficients of the like powers of ε in the above equations,
separately for terms depending on (x, y) and (τ, p). This distinction can be ex-
plained as follows: the boundary layer part is sizeable within the boundary layer
and negligible outside this layer, so in the interior of the domain we have to take
into account only regular terms, thus deriving the equations satisfied by uj(x, y);
then we continue with boundary layer terms. For our present example we obtain

uj(x, y) = fj(x, y), j = 0, 1,

uj(x, y) = fj(x, y) + Δuj−2(x, y), j = 2, 3, . . . .

For the boundary layer functions we obtain the following ordinary differential
equations in τ

cjττ (τ, p) − cj(τ, p) = gj(τ, p), τ ≥ 0, (1.5)

where g0(τ, p) = 0, gj(τ, p) =
∑j

i=1Licj−i(τ, p) for all j = 1, 2, . . . , together with
the conditions

cj(0, p) = −uj(ϕ(p), ψ(p)). (1.6)

In addition, having in mind that the boundary layer functions should be negligible
outside the boundary layer, we require that

lim
τ→∞ cj(τ, p) = 0, ∀p ∈ [0, p0]. (1.7)

We can solve successively the above problems and find

c0(τ, p) = −u0(ϕ(p), ψ(p))e−τ ,

while the other cj ’s are products of some polynomials (in τ) and e−τ . Therefore,

|cj(τ, p)| ≤ Kje
−τ/2, j = 0, 1, . . . ,

where Kj are some positive constants. In fact, these corrections cj should act
only inside the boundary layer, i.e., for 0 ≤ τ ≤ δ/ε. Let α(ρ) be an infinitely
differentiable function, which equals 0 for ρ ≥ 2δ/3, equals 1 for ρ ≤ δ/3, and
0 ≤ α(ρ) ≤ 1 for δ/3 < ρ < 2δ/3. So, we can consider the functions α(ετ)cj(τ, p) as
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our new boundary layer functions, which are defined in the whole D and still satisfy
the estimates above. This smooth continuation procedure will be used whenever
we need it, without any special mention.

So, we have constructed an asymptotic expansion for uε. It is easily seen (see
also [48], p. 86) that the partial sum

Un(x, y, ε) =
∑n

j=0
εj
(
uj(x, y) + cj(τ, p)

)
is an asymptotic approximation in D of uε with respect to the sup norm, with an
accuracy of the order of εn+1. Indeed, for a given n, wε = uε − Un(·, ·, ε) satisfies
an equation of the form

−ε2Δwε(x, y) + wε(x, y) = hε(x, y),

with a homogeneous Dirichlet boundary condition, where hε = O(εn+1). Now, the
assertion follows from the fact that Δwε ≤ 0 (≥ 0) at any maximum (respectively,
minimum) point of wε.

On the other hand, since

‖ c0 ‖Lp(D)= O(ε1/p) ∀ 1 ≤ p < ∞,

we infer that u0 is an asymptotic approximation in D of uε with respect to the
norm ‖ · ‖Lp(D), with an accuracy of the order of ε1/p, ∀ 1 ≤ p < ∞. In fact, c0 is
not important if we use this weaker norm.

We may ask ourselves what would happen if the data of a given Pε were not
very regular. For example, let us consider the same Dirichlet Pε problem above, in
a domain D with a smooth boundary ∂D, but in which f = f(x, y, ε) is no longer
a series expansion with respect to ε. To be more specific, we consider the case in
which f admits a finite expansion of the form

f(x, y, ε) =
∑n

j=0
εjfj(x, y) + εn+1gε(x, y),

for some given n ∈ N, where fj , gε(·, ·) are smooth functions defined on D, and
‖gε(·, ·)‖C(D) ≤ M , for some constant M . In this case, we seek the solution of Pε

in the form

uε(x, y) =
∑n

j=0
εj
(
uj(x, y) + cj(τ, p)

)
+ rε(x, y),

where uj and cj are defined as before, and rε is given by

rε(x, y) = uε(x, y) −
∑n

j=0
εj
(
uj(x, y) + cj(τ, p)

)
,

and is called remainder of the order n. Using exactly the same argument as before,
one can prove that

‖rε‖C(D) = O(εn+1).
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Of course, this estimate is based on our assumptions on f . In general, an nth order
remainder rε will be a real remainder only if the norm of ε−nrε tends to zero, as
ε → 0. Note also that some of the corrections may not appear in the asymptotic
expansion of uε. For example, if f(x, y, 0) = 0 on the boundary, then c0(τ, p) is
the null function. We say that there is no boundary layer of the order zero. If,
in addition, c1(τ, p) is not identically zero (i.e., f1 is not identically zero on ∂D),
then we say that Pε is singularly perturbed of the order one (and there exists a
first order boundary layer near ∂D).

The whole treatment above is essentially based on the assumption that the
boundary ∂D of the domain D is smooth enough, so that the normal to ∂D ex-
ists at any point of ∂D, allowing us to introduce the local variables (τ, p), etc.
For a problem Pε in a domain D whose boundary is no longer smooth, things
get more complicated. For example, let us consider the same Dirichlet boundary
value problem in a rectangle D. Again, this problem is in general singularly per-
turbed with respect to the sup norm. One can introduce new local coordinates
and boundary layer functions for each of the four sides of D. But these boundary
layer functions create new discrepancies at the four vertices of D. So one needs to
introduce in the vicinities of these corner points new corrections (which are called
corner boundary functions) which compensate for these new discrepancies. In our
applications we will meet such domains, but the boundary layer will appear only
at a single smooth part of the boundary (for example, at one of the four sides in
the case of a rectangle D). In this case, instead of using corner boundary functions,
one can assume additional conditions on the data to remove possible discrepan-
cies at the corresponding corner points. Let us illustrate this on the problem Pε

considered in Example 6 above. This problem admits a boundary layer near the
side {(x, 0); 0 ≤ x ≤ 1} of the rectangle DT with respect to the sup norm. The
existence of this boundary layer is suggested by the analogous ODE problem con-
sidered in Example 3 above. Indeed, ε is present only in the first equation of system
(S)ε. For a given x this has the same form as the equation discussed in Example
3, with f0(t) := f1(x, t)− vx(x, t). So we expect to have a singular behavior of the
solution near the value t = 0 for all x. We will see that this is indeed the case. We
will restrict ourselves to seeking an asymptotic expansion of the order zero for the
solution of Pε, i.e.,

Uε(x, t) =
(
uε(x, t), vε(x, t)

)
=

(
X(x, t), Y (x, t)

)
+

(
c0(x, τ), d0(x, τ)

)
+

(
R1ε(x, t), R2ε(x, t)

)
,

where
(
X(x, t), Y (x, t)

)
is the regular term, τ = t/ε is the rapid variable for this

problem,
(
c0(x, τ), d0(x, τ)

)
is the correction (of order zero), and Rε :=

(
R1ε, R2ε

)
is the remainder (of order zero). The form of the rapid variable τ is also suggested
by the analogous problem in Example 3 above. In fact, according to this analogy,
we expect a singular behavior near t = 0 only for uε, i.e., d0 = 0. This will be
indeed the case, but we have started with the above expansion, since our present
problem is more complex and uε, vε are connected to each other. We substitute
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the above expansion into Pε and identify the coefficients of the like powers of ε.
Of course, we distinguish between the coefficients depending on (x, t) and those
depending on (x, τ). We should keep in mind that the remainder components
are small as compared to the other terms. This idea comes from the case when
we have a series expansion of the solution of Pε. So, after substituting the above
expansion into (S)ε, we see that the only coefficient of ε−1 in the second equation is
d0τ (x, τ) = (∂d0/∂τ)(x, τ). So, this should be zero, thus d0 is a function depending
on x only. Taking also into account the fact that a boundary layer function should
converge to zero as τ → ∞, we infer that d0 is identically zero, as expected. From
the first equation of (S)ε, we derive the following boundary layer equation by
identifying the coefficients of ε0:

c0τ (x, τ) + rc0(x, τ) = 0.

If we integrate this equation and use the usual condition c0(x, τ) → 0 as τ → ∞,
we get

c0(x, τ) = α(x)e−rτ ,

where α(x) will be determined later. Applying the identification procedure to
regular terms, one can see that (X, Y ) satisfies the reduced problem P0 we have
already indicated before. We have in mind that the remainder components should
tend to 0 as ε → 0. From the initial condition for uε, which reads

u0(x) = X(x, 0) + α(x) + R1ε(x, 0),

we get
u0(x) = X(x, 0) + α(x),

which shows how c0(x, τ) compensate for the discrepancy in the corresponding
initial condition. In fact, at this moment c0(x, τ) is completely determined, since
the last equation gives

α(x) = u0(x) − 1
r

(
f1(x, 0) − v′0(x)

)
.

Let us now discuss the boundary conditions. From the equation

r0

(
X(0, t) + c0(0, τ) + R1ε(0, t)

)
+ Y (0, t) + R2ε(0, t) = 0

we derive
r0X(0, t) + Y (0, t) = 0,

plus the condition c0(0, τ) = 0, i.e., α(0) = 0. Now, let us discuss the nonlinear
boundary condition, which reads

−
(
X(1, t) + c0(1, τ) + R1ε(1, t)

)
+ f0

(
Y (1, t) + R2ε(1, t)

)
= 0.
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We obtain c0(1, τ) = 0, i.e., α(1) = 0. For the regular part we get

−X(1, t) + f0(Y (1, t)) = 0.

The same result is obtained if we consider a series (or Taylor) expansion for the
solution of Pε, expand f0

(
vε(1, t)

)
around ε = 0, and then equate the coefficients

of ε0. Of course, we need more regularity for f0 to apply this method. Therefore
it is indeed possible to show formally that (u, v) = (X, Y ) satisfies P0. We have
already determined the corrections of the order zero, and it is an easy matter
to find the problem satisfied by the remainder components R1ε, R2ε. So, at this
moment, we have a formal asymptotic expansion of the order zero. The next step
would be to show that the expansion is well defined, in particular to show that,
under some specific assumptions on the data, both Pε and P0 have unique solutions
in some function spaces. Finally, to show that the expansion is a real asymptotic
expansion, it should be proved that the remainder tends to zero with respect to a
given norm. In our applications (including the above hyperbolic Pε) we are going
to do even more, to establish error estimates for the remainder components (in
most of the cases with respect to the sup norm).

Let us note that in the above formal derivation procedure we obtained two
conditions for the correction c0(x, τ), namely α(0) = 0 and α(1) = 0. These
two conditions assure that c0 does not create discrepancies at (x, t) = (0, 0) and
(x, t) = (1, 0), which are corner boundary points of DT . These conditions can be
expressed in terms of our data:

v′0(0) + ru0(0) = f1(0, 0), v′0(1) + ru0(1) = f1(1, 0).

In fact, we will see that these conditions are also necessary compatibility conditions
for the existence of smooth solutions for problems Pε and P0.

By the same technique, terms of the higher order approximations can be
constructed as well.

For background material concerning the topics discussed in this chapter we
refer the reader to [17], [18], [26], [27], [29], [32], [36], [37], [46], [47], [48], [50].



Chapter 2

Evolution Equations
in Hilbert Spaces

In this chapter we are going to remind the reader of some basic concepts and
results in the theory of evolution equations associated with monotone operators
which will be used in the next chapters. The proofs of the theorems will be omitted,
but appropriate references will be indicated.

Function spaces and distributions

Let X be a real Banach space with norm denoted by ‖ · ‖X . If Ω ⊂ R
n is a

nonempty Lebesgue measurable set, we denote by Lp(Ω; X), 1 ≤ p < ∞, the
space of all equivalence classes (with respect to the equality a.e. in Ω) of strongly
measurable functions f : Ω → X such that x →‖ f(x) ‖p

X is Lebesgue integrable
over Ω. In general, every class of Lp(Ω; X) is identified with one of its representa-
tives. It is well known that Lp(Ω; X) is a real Banach space with the norm

‖ u ‖Lp(Ω;X) =
(∫

Ω

‖ u(x) ‖p
X dx

)1/p

.

We will denote by L∞(Ω; X) the space of all equivalence classes of strongly mea-
surable functions f : Ω → X such that x →‖ f(x) ‖X are essentially bounded
in Ω. Again, every class of L∞(Ω; X) is identified with one of its representatives.
L∞(Ω; X) is also a real Banach space with the norm

‖ u ‖L∞(Ω;X) = ess supx∈Ω ‖ u(x) ‖X .

In the case X = R we will simply write Lp(Ω) instead of Lp(Ω; R). On the other
hand, if Ω is an interval of real numbers, say Ω = (a, b), then we will write
Lp(a, b; X) instead of Lp((a, b); X).
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In the following we assume that Ω is a nonempty open subset of R
n. We will

denote by Lp
loc(Ω; X), 1 ≤ p ≤ ∞, the space of all (equivalence classes of strongly)

measurable functions u : Ω → X such that the restriction of u to every compact
set K ⊂ Ω is in Lp(K; X). We will use the notation Lp

loc(Ω) instead of Lp
loc(Ω; R).

Let C(Ω) be the set of all real-valued continuous functions defined on Ω. As
usual, we set

C∞(Ω) = {ϕ ∈ C(Ω); ϕ has continuous partial derivatives of any order} ,

C∞
0 (Ω) = {ϕ ∈ C∞(Ω); supp ϕ is a bounded set included in Ω} ,

where suppϕ means the closure of the set of all points x ∈ Ω for which ϕ(x) 	= 0.
When C∞

0 (Ω) is endowed with the usual inductive limit topology, then it is denoted
by D(Ω).
A linear continuous functional u : D(Ω) → R is said to be a distribution on Ω.
The linear space of all distributions on Ω is denoted by D′(Ω).
Recall that if u ∈ L1

loc(Ω), then the functional defined by

D(Ω) � ϕ −→
∫

Ω

u(x)ϕ(x)dx

is a distribution on Ω, called regular distribution. Such a distribution will always
be identified with the corresponding function u and so it will be denoted by u.
Of course, there are distributions which are not regular, in particular the so-
called Dirac distribution associated with some point x0 ∈ Ω, denoted by δx0 and
defined by

δx0(ϕ) = ϕ(x0) ∀ϕ ∈ D(Ω).

The partial derivative with respect to xj of a distribution u ∈ D′(Ω) is defined by

∂u

∂xj
(ϕ) = −u

( ∂ϕ

∂xj

)
∀ϕ ∈ D(Ω),

hence
Dα(ϕ) = (−1)|α|u(Dαϕ) ∀ϕ ∈ D(Ω),

where α = (α1, α2, . . . , αn) ∈ N
n
0 is a so-called multiindex and | α |= α1 + α2 +

· · · + αn. Here N0 = {0} ∪ N, N = {1, 2, . . .}, and

Dα =
∂|α|

∂xα1
1 · · ·∂xαn

n

.

Let 1 ≤ p ≤ ∞ and let k ∈ N be fixed. Then, the set

W k,p(Ω) = {u : Ω → R; Dαu ∈ Lp(Ω) ∀α ∈ N
n
0 , | α |≤ k},

where Dαu are derivatives of u in the sense of distributions, is said to be a Sobolev
space of order k. Here D(0,...,0)u = u.
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For each 1 ≤ p < ∞ and k ∈ N, W k,p(Ω) is a real Banach space with the norm

‖u‖W k,p(Ω) =

⎛⎝ ∑
|α|≤k

‖Dαu‖p
Lp(Ω)

⎞⎠1/p

.

W k,∞(Ω) is also a real Banach space with the norm

‖u‖W k,∞(Ω) = max
|α|≤k

‖Dαu‖L∞(Ω).

In the case p = 2 we have the notation Hk(Ω) := W k,2(Ω). This is a Hilbert space
with respect to the scalar product

〈u, v〉k :=
∑
|α|≤k

∫
Ω

Dαu(x)Dαv(x)dx .

We set for k ∈ N, 1 ≤ p ≤ ∞
W k,p

loc (Ω) = {u : Ω → R; Dαu ∈ Lp
loc(Ω), ∀α ∈ N

n
0 , | α |≤ k}.

We will write Hk
loc(Ω) instead of W k,2

loc (Ω). Let us also recall that the closure of
D(Ω) in W k,p(Ω) is denoted by W k,p

0 (Ω), k ∈ N, 1 ≤ p ≤ ∞. In general this is a
proper subspace of W k,p(Ω). Note that W k,2

0 (Ω) is also denoted by Hk
0 (Ω).

If Ω is an open interval of real numbers, say Ω = (a, b), −∞ ≤ a < b ≤ +∞,
then we will write Lp(a, b), Lp

loc(a, b), W k,p(a, b), W k,p
loc (a, b), W k,p

0 (a, b), Hk(a, b),
Hk

loc(a, b), Hk
0 (a, b) instead of Lp

(
(a, b)

)
, Lp

loc

(
(a, b)

)
, W k,p

(
(a, b)

)
, W k,p

loc

(
(a, b)

)
,

W k,p
0

(
(a, b)

)
, Hk

(
(a, b)

)
, Hk

loc

(
(a, b)

)
, Hk

0

(
(a, b)

)
, respectively.

If a, b are finite numbers, then every element of the space W k,p(a, b), k ∈ N, 1 ≤
p ≤ ∞, can be identified with a function f : [a, b] → R which is absolutely
continuous, its derivatives f (j), 1 ≤ j ≤ k− 1, exist and are absolutely continuous
in [a, b], and f (k) belongs to Lp(a, b) (more precisely, the equivalence class of f (k)

belongs to Lp(a, b)). Moreover, every element of W k,p
0 (a, b) can be identified with

such a function f which satisfies in addition the following conditions:

f (j)(a) = f (j)(b) = 0, 0 ≤ j ≤ k − 1.

Note also that W k,1(a, b) is continuously embedded into Ck−1[a, b].

Now, let us recall basic information on vectorial distributions. So let Ω be
an open interval (a, b), −∞ ≤ a < b ≤ ∞. Denote by D′(a, b; X) the space of
all linear continuous operators from D(a, b) := D(

(a, b)
)

to X . The elements of
D′(a, b; X) are called vectorial distributions on (a, b) with values in X . Again,
any u ∈ L1

loc(a, b; X) := L1
loc

(
(a, b); X

)
defines a distribution (which is identified

with u) by

D(a, b) � ϕ −→
∫ b

a

ϕ(t)u(t)dt.
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The distributional derivative of u ∈ D′(a, b; X) is the distribution u′ defined by

u′(ϕ) := −u(ϕ′) ∀ϕ ∈ D(a, b),

and hence

u(j)(ϕ) := (−1)ju(ϕ(j)) ∀ ϕ ∈ D(a, b) ∀j = 1, 2, . . . .

Now, for k ∈ N and 1 ≤ p ≤ ∞, we set

W k,p(a, b; X) = {u ∈ Lp(a, b; X); u(j) ∈ Lp(a, b; X), 1 ≤ j ≤ k},
where u(j) is the jth distributional derivative of u. W k,p(a, b, X) is a Banach space
with the norm

‖u‖W k,p(a,b;X) =

⎛⎝ k∑
j=0

‖u(j)‖p

Lp(a,b;X)

⎞⎠1/p

, 1 ≤ p < ∞,

‖u‖W k,∞(a,b;X) = max
0≤j≤k

‖u(j)‖L∞(a,b;X).

For p = 2 we may use the notation Hk(a, b; X) instead of W k,2(a, b; X). If X is
a real Hilbert space with scalar product denoted by (·, ·)X then, for each k ∈ N,
Hk(a, b; X) is also a real Hilbert space with respect to the scalar product

〈u, v〉Hk(a,b;X) :=
k∑

j=0

∫ b

a

(u(j)(t), v(j)(t))Xdt.

As usual, for k ∈ N and 1 ≤ p ≤ ∞ we set

W k,p
loc (a, b; X) = {u ∈ D′(a, b; X); for every bounded subinterval (α, β) ⊂ (a, b)

the restriction of u to (α, β) ∈ W k,p(α, β; X)}.
Every u ∈ W k,p(a, b; X) has a representative u1 which is an absolutely continuous
function on [a, b], such that its classic derivatives dju1/dtj, 1 ≤ j ≤ k − 1, are
absolutely continuous functions on [a, b], and the class of dku1/dtk ∈ Lp(a, b; X).
Usually, u is identified with u1.

A characterization of W 1,p(a, b; X) is given by the following result:

Theorem 2.0.3. Let X be a real reflexive Banach space and let u ∈ Lp(a, b; X),
a, b ∈ R, a < b, 1 < p < ∞. Then, the following two conditions are equivalent:

(i) u ∈ W 1,p(a, b; X);
(ii) There exists a constant C > 0 such that∫ b−h

a

‖u(t + h) − u(t)‖p
Xdt ≤ Chp ∀ h ∈ (0, b − a].

If p = 1 then (i) implies (ii). Moreover, (ii) is true for p = 1 if one repre-
sentative of u ∈ L1(a, b; X) is of bounded variation on [a, b], where X is a
general Banach space, not necessarily reflexive.
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For background material concerning the topics discussed above we refer the
reader to [1], [11], [30], [40], [39] and [52].

Monotone operators

Let H be a real Hilbert space with its scalar product and associated Hilbertian
norm denoted by 〈·, ·〉 and ‖ · ‖, respectively.

By a multivalued operator A : D(A) ⊂ H → H we mean a mapping that
assigns to each x ∈ D(A) a nonempty set Ax ⊂ H . In fact, A is a mapping from
D(A) into 2H , but we prefer this notation. The situation in which some (or even
all) of the sets Ax are singletons is not excluded.
The graph of A is defined as the following subset of H × H

G(A) := {(x, y) ∈ H × H ; x ∈ D(A), y ∈ Ax}.
Obviously, for every M ⊂ H × H there exists a unique multivalued operator A
such that G(A) = M . More precisely,

D(A) = {x ∈ H ; there exists a y ∈ H such that (x, y) ∈ M},
Ax = {y ∈ H ; (x, y) ∈ M} ∀x ∈ D(A).

So, every multivalued operator A can be identified with G(A) and we will simply
write (x, y) ∈ A instead of: x ∈ D(A) and y ∈ Ax.

The range R(A) of a multivalued operator A : D(A) ⊂ H → H is defined
as the union of all Ax, x ∈ D(A). For every multivalued operator A, there exists
A−1 which is defined as

A−1 = {(y, x); (x, y) ∈ A}.
Obviously, D(A−1) = R(A) and R(A−1) = D(A).

Definition 2.0.4. A multivalued operator A : D(A) ⊂ H → H is said to be
monotone if

〈x1 − x2, y1 − y2〉 ≥ 0 ∀ (x1, y1), (x2, y2) ∈ A. (2.1)

Sometimes, having in mind that A can be identified with its graph, we will
say that A is a monotone subset of H ×H . If Ax is a singleton then we will often
identify Ax with its unique element. So, if A is single-valued (i.e., Ax is a singleton
for all x ∈ D(A)), then (2.1) can be written as

〈x1 − x2, Ax1 − Ax2〉 ≥ 0 ∀ x1, x2 ∈ D(A).

A very important concept is the following:

Definition 2.0.5. A monotone operator A : D(A) ⊂ H → H is called maximal
monotone if A has no proper monotone extension (in other words, A, viewed as a
subset of H × H , cannot be extended to any A′ ⊂ H × H , A′ 	= A, such that the
corresponding multivalued operator A′ is monotone).
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We continue with the celebrated Minty’s characterization for maximal monoto-
nicity:

Theorem 2.0.6. (G. Minty) Let A : D(A) ⊂ H → H be a monotone operator. It is
maximal monotone if and only if R(I + λA) = H for some λ > 0 or, equivalently,
for all λ > 0.

Here I denotes the identity operator on H . Recall also that for two multivalued
operators A, B and r ∈ R, A + B := {(x, y + z); (x, y) ∈ A and (x, z) ∈ B},
rA := {(x, ry); (x, y) ∈ A}.
Theorem 2.0.7. Let A : D(A) ⊂ H → H be a maximal monotone operator. Assume
in addition that A is coercive with respect to some x0 ∈ H, i.e.,

lim
‖x‖→∞
(x,y)∈A

〈x − x0, y〉
‖x‖ = +∞.

Then R(A) = H, i.e., A is surjective.

In particular, if A is strongly monotone, i.e., there exists a positive constant a
such that

〈x1 − x2, y1 − y2〉 ≥ a‖x1 − x2‖2 ∀(x1, y1), (x2, y2) ∈ A,

then A is coercive with respect to any x0 ∈ D(A). Therefore, if A is maximal
monotone and also strongly monotone, then R(A) = H .

Theorem 2.0.8. (R.T. Rockafellar) If A : D(A) ⊂ H → H and B : D(B) ⊂ H →
H are two maximal monotone operators such that (Int D(A)) ∩ D(B) 	= ∅, then
A + B is maximal monotone, too.

Now, recall that a single-valued operator A : D(A) = H → H is said to be
hemicontinuous if for every x, y, z ∈ H

lim
t→0

〈A(x + ty), z〉 = 〈Ax, z〉.

Theorem 2.0.9. (G. Minty) If A : D(A) = H → H is single-valued, monotone and
hemicontinuous, then A is maximal monotone.

Now, for A maximal monotone and λ > 0, we define the well-known operators:

Jλ = (I + λA)−1
, Aλ = (1/λ)(I − Jλ),

which are called the resolvent and the Yosida approximation of A, respectively. By
Theorem 2.0.6, D(Jλ) = D(Aλ) = H . It is easily seen that Jλ, Aλ are single-valued
for all λ > 0.

Additional properties of Jλ and Aλ are recalled in the next result.
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Theorem 2.0.10. If A : D(A) ⊂ H → H is a maximal monotone operator, then
for every λ > 0 we have:

(i) Jλ is nonexpansive (i.e., Lipschitz continuous with the Lipschitz constant
= 1);

(ii) Aλ is monotone and Lipschitz continuous, with the Lipschitz constant = 1/λ;
(iii) Aλx ∈ AJλx ∀ x ∈ H;
(iv) ‖Aλx‖ ≤ ‖A◦x‖ ∀ x ∈ D(A);
(v) Aλx → A◦x as λ → 0 ∀ x ∈ D(A).

We have denoted by A◦ the so-called minimal section of A, which is defined by

A◦x = ProjAx0 ∀ x ∈ D(A),

i.e., A◦x is the element of minimum norm of Ax (which is a convex closed set).

Let us continue with a brief presentation of the class of subdifferentials. First,
let us recall that a function ψ : H → (−∞,∞] is said to be proper if D(ψ) 	= ∅,
where D(ψ) := {x ∈ H ; ψ(x) < ∞}. D(ψ) is called the effective domain of ψ.
Function ψ is said to be convex if

ψ(αx + (1 − α)y) ≤ αψ(x) + (1 − α)ψ(y) ∀α ∈ (0, 1), x, y ∈ H,

where usual conventions are used concerning operations which involve ∞.

A function ψ : H → (−∞,∞] is said to be lower semicontinuous at x0 ∈ H
if ψ(x0) ≤ lim infx→x0 ψ(x).
Let ψ : H → (−∞,∞] be a proper convex function. Its subdifferential at x is
defined by

∂ψ(x) = {y ∈ H ; ψ(x) − ψ(v) ≤ 〈y, x − v〉, ∀ v ∈ H}.
The operator ∂ψ ⊂ H × H is called the subdifferential of ψ. Clearly, its domain
D(∂ψ) is included in D(ψ).

Theorem 2.0.11. If ψ : H → (−∞,∞] is a proper convex lower semicontinuos
(on H) function, then ∂ψ is a maximal monotone operator and, furthermore,

D(∂ψ) = D(ψ), Int D(∂ψ) = Int D(ψ).

If ψ : H → (−∞,∞] is proper and convex, then operator A = ∂ψ is cyclically
monotone, i.e., for every n ∈ N we have

〈x0 − x1, x
∗
0〉 + 〈x1 − x2, x

∗
1〉 + · · · + 〈xn−1 − xn, x∗

n−1〉 + 〈xn − x0, x
∗
n〉 ≥ 0,

for all (xi, x
∗
i ) ∈ A, i = 0, 1, . . . , n.

An operator A : D(A) ⊂ H → H is called maximal cyclically monotone if
A cannot be extended properly to any cyclically monotone operator. Obviously, if
ψ : H → (−∞,∞] is a proper convex lower semicontinuous function, then A = ∂ψ
is maximal cyclically monotone. The converse implication is also true:
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Theorem 2.0.12. If A : D(A) ⊂ H → H is a maximal cyclically monotone ope-
rator, then there exists a proper convex lower semicontinuous function ψ : H →
(−∞,∞], uniquely determined up to an additive constant, such that A = ∂ψ.

The reader may find the detailed proofs of Theorems 2.0.6–2.0.12 in [7], [10]
and [34].
In the following we give some examples of maximal monotone operators which will
also be used later.

Example 1. We consider the following assumptions:

(I1) Let the function g : [0, 1]×R → R be such that x → g(x, ξ) ∈ L2(0, 1) for all
ξ ∈ R and ξ → g(x, ξ) is continuous and non-decreasing for a.a. x ∈ (0, 1).

(I2) Let the mapping β : D(β) ⊂ R
2 → R

2 be maximal monotone, where the
space R

2 is equipped with the usual scalar product and Euclidean norm.

Let H = L2(0, 1) with the usual scalar product defined by

〈u, v〉 =
∫ 1

0

u(x)v(x)dx.

We define the operator A : D(A) ⊂ H → H by

D(A) = {u ∈ H2(0, 1);
(
u′(0),−u′(1)

) ∈ β
(
u(0), u(1)

)},
Au = −u′′ + g

(·, u(·)) ∀ u ∈ D(A).

Proposition 2.0.13. Assume (I1), (I2). Then operator A is maximal monotone.
Moreover if β is the subdifferential of a proper convex lower semicontinuous func-
tion j : R

2 → (−∞, +∞], then A is the subdifferential of the function ϕ : H →
(−∞, +∞] defined by

ϕ(u) =

⎧⎪⎨⎪⎩
1
2

∫ 1

0
u′(x)2dx + j

(
u(0), u(1)

)
+

∫ 1

0
dx

∫ u(x)

0
g(x, s)ds,

if u ∈ H1(0, 1) and j
(
u(0), u(1)

)
< ∞,

+∞, otherwise.

The proof of this result is given in [24], Chapter 2, and [34], Chapter 3, in
more general contexts. However, the reader could easily reproduce the proof by
using the following simple ideas:

Step 1. It is easily seen that A is a monotone operator;

Step 2. For the case g = 0 one can prove that A is maximal monotone by using
Theorems 2.0.6–2.0.9;

Step 3. By virtue of Theorem 2.0.8 the operator u → −u′′ +gλ

(·, u(·)), λ >
0, with domain D(A), is maximal monotone in H , where gλ(x, ·) is the Yosida
approximation of g(x, ·). According to Theorem 2.0.6, this means that for each
λ > 0 and h ∈ H there exists a function uλ ∈ D(A) which satisfies the equation

uλ − u′′
λ + gλ

(·, uλ

)
= h ;
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Step 4. Passing to the limit in the last equation, as λ −→ 0, we obtain that
R(I + A) = H , i.e., A is maximal monotone.

Step 5. If β = ∂j, where j has the properties listed in the statement of our
proposition, it is easily seen that ϕ is proper, convex and lower semicontinuous,
and A ⊂ ∂ϕ, which implies A = ∂ϕ.

Example 2. The some assumptions governing the function g will be required, i.e.,
(I1). We further assume that
(I ′2) There are given two multivalued mappings βi : D(βi) ⊂ R → R, i = 1, 2,
which are both maximal monotone.

We consider the product space H1 = L2(0, 1) × R, which is a real Hilbert space
with respect to the inner product

〈(p1, a), (p2, b)〉H1
=

∫ 1

0

p1(x)p2(x)dx + ab.

Define the operator A1 : D(A1) ⊂ H1 → H1 by

D(A1) = {(p, a) ∈ H2(0, 1) × R; a = p(1) ∈ D(β2),
p(0) ∈ D(β1), p′(0) = β1(p(0))},

A1(p, a) = (−p′′ + g(·, p), β2(a) + p′(1)).

We have:

Proposition 2.0.14. ([24], p. 93) Assume (I1), (I ′2). Then the operator A1 defined
above is maximal cyclically monotone. More precisely, A1 is the subdifferential of
ϕ1 : H → (−∞, +∞] defined by

ϕ1(p, a) =

⎧⎪⎨⎪⎩
1
2

∫ 1

0
p′(x)2dx +

∫ 1

0
k(x, p(x))dx + j1(p(0)) + j2(a),

if p ∈ H1(0, 1), p(0) ∈ D(j1), a = p(1) ∈ D(j2),
+∞, otherwise,

where j1, j2 : R → (−∞,∞] are proper, convex and lower semicontinuous functions
such that β1 = ∂j1, β2 = ∂j2, whilst k(x, ·) is given by

k(x, ζ) =
∫ ζ

0

g(x, s)ds.

Notice that the existence of j1 and j2 is not an assumption: any maximal
monotone operator from R into R is the subdifferential of a proper, convex, lower
semicontinuous function. The reader may either prove this result as an exercise,
or consult, e.g., [10].
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Example 3. We first formulate some hypotheses:
(j1) Let the functions r, g : [0, 1] × R → R be such that r(·, ξ) and g(·, ξ) belong

to L2(0, 1) for all ξ ∈ R, and ξ → r(x, ξ), ξ → g(x, ξ) are continuous and
nondecreasing for a.a. x ∈ (0, 1);

(j2) Let the functions α1, α2 belong to L∞(0, 1) such that both of them are
bounded below by positive constants;

(j3) Let the operator β : D(β) ⊂ R
2 → R

2 be maximal monotone.

We consider the Hilbert space H2 = L2(0, 1)2 with the scalar product defined by

〈(p1, q1), (p2, q2)〉 =
∫ 1

0

(α1p1p2 + α2q1q2)dx.

Define the operator B : D(B) ⊂ H2 → H2 by

D(B) =
{
(p, q) ∈ H1(0, 1)2;

(− p(0), p(1)
) ∈ β

((
q(0), q(1)

))}
,

B(p, q) =
(
α−1

1

(
q′ + r

(·, p)) , α−1
2

(
p′ + g

(·, q))) ,

where α−1
i denotes the quotient function 1/αi.

Proposition 2.0.15. ([24], Chapter 5) If assumptions (j1)–(j3) are satisfied, then
operator B is maximal monotone. In addition, D(B) is dense in H2.

Although the proof can be found in [24], the reader is encouraged to reproduce
it by using the steps indicated in Example 1.

Example 4. We consider the same assumptions (j1), (j2) formulated above and in
addition:

(j4) Let the functions r0, f0 : R → R be continuous and nondecreasing, and let c
be a positive constant.

Consider the space H3 = L2(0, 1)2 × R which is a Hilbert space with the scalar
product

〈(p1, q1, a1), (p2, q2, a2)〉 =
∫ 1

0

(α1p1p2 + α2q1q2)dx + ca1a2.

Define the operator B1 : D(B1) ⊂ H3 → H3 by

D(B1) =
{

(p, q, a) ∈ H1(0, 1)2 × R; a = q(1), r0(q(0)) + p(0) = 0
}

,

B1(p, q, a) =
(
α−1

1

(
q′ + r

(·, p)) , α−1
2

(
p′ + g

(·, q)) , c−1(−p(1) + f0(a))
)
.

Proposition 2.0.16. ([24], Chapter 6) If (j1), (j2), (j4) hold, then operator B1 is
maximal monotone.

Note that operators B and B1 occur exactly in this form (involving in par-
ticular α−1

1 , α−1
2 ) in some applications we are going to discuss later. Spaces H2

and H3 were chosen as adequate frameworks which guarantee the monotonicity of
these operators.
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Evolution equations

Let H be a real Hilbert space. Its scalar product and norm are again denoted by
〈·, ·〉 and ‖ · ‖, respectively. Consider in H the following Cauchy problem:{

u′(t) + Au(t) = f(t), 0 < t < T,

u(0) = u0,
(2.2)

where A : D(A) ⊂ H → H is a nonlinear single-valued operator and f ∈
L1(0, T ; H). In fact, the most known existence results are valid for multivalued
A’s, but we will consider only single-valued A’s. This is enough for our considera-
tions.

Definition 2.0.17. A function u ∈ C([0, T ]; H) is said to be a strong solution of
equation (2.2)1 if:

(i) u is absolutely continuous on every compact subinterval of (0, T ),
(ii) u(t) ∈ D(A) for a.a. t ∈ (0, T ),
(iii) u satisfies (2.2)1 for a.a. t ∈ (0, T ).

If in addition u(0) = u0, then u is called a strong solution of the Cauchy problem
(2.2).

Definition 2.0.18. A function u ∈ C([0, T ]; H) is called a weak solution of (2.2)1
if there exist two sequences {un} ⊂ W 1,∞(0, T ; H) and {fn} ⊂ L1(0, T ; H) such
that:

(k) u′
n(t) + Aun(t) = fn(t) for a.a. t ∈ (0, T ), n ∈ N,

(kk) un → u in C([0, T ]; H) as n → ∞,
(kkk) fn → f in L1(0, T ; H) as n → ∞.

Again, if in addition u(0) = u0, then u is called a weak solution of the Cauchy
problem (2.2).

We recall the following variant of Gronwall’s lemma which will be used in
the following (see [10], p. 157):

Lemma 2.0.19. Let a, b, c ∈ R, a < b, g ∈ L1(a, b) with g ≥ 0 a.e. on (a, b), and
h ∈ C[a, b] be such that

1
2
h2(t) ≤ 1

2
c2 +

∫ t

a

g(s)h(s)ds ∀t ∈ [a, b].

Then

| h(t) |≤| c | +
∫ t

a

g(s)ds ∀t ∈ [a, b].
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Theorem 2.0.20. (see, e.g., [34], p. 48) If A : D(A) ⊂ H → H is a maximal
monotone operator, u0 ∈ D(A) and f ∈ W 1,1(0, T ; H), then the Cauchy problem
(2.2) has a unique strong solution u ∈ W 1,∞(0, T ; H). Moreover u(t) ∈ D(A) for
all t ∈ [0, T ], u is differentiable on the right at every t ∈ [0, T ), and

d+u

dt
(t) + Au(t) = f(t) ∀ t ∈ [0, T ),∥∥∥∥d+u

dt
(t)

∥∥∥∥ ≤ ‖f(0)− Au0‖ +
∫ t

0

‖f ′(s)‖ds ∀ t ∈ [0, T ). (2.3)

If u and u are the strong solutions corresponding to (u0, f), (u0, f) ∈ D(A) ×
W 1,1(0, T ; H), then

‖u(t) − u(t)‖ ≤ ‖u0 − u0‖ +
∫ t

0

‖f(s) − f(s)‖ds, 0 ≤ t ≤ T. (2.4)

Theorem 2.0.21. (see, e.g., [34], p. 55) If A : D(A) ⊂ H → H is a maximal
monotone operator, u0 ∈ D(A) and f ∈ L1(0, T ; H), then the Cauchy problem
(2.2) has a unique weak solution u ∈ C([0, T ]; H). If u and u are the weak solutions
corresponding to (u0, f), (u0, f) ∈ D(A) × L1(0, T ; H), then u and u still satisfy
(2.4).

Remark 2.0.22. The proof of the last result is straightforward. For the first part,
it is enough to consider a sequence (un

0 , fn) ∈ D(A) × W 1,1(0, T ; H) which ap-
proximates (u0, f) in H × L1(0, T ; H). By Theorem 2.0.20 there exists a unique
strong solution, say un, for (2.2) with u0 := un

0 and f := fn. Writing (2.4) for un

and um, we see that un is a Cauchy sequence in C([0, T ]; H), thus it has a limit
in this space, which is a weak solution of (2.2). A similar density argument leads
us to estimate (2.4) for weak solutions. In particular this implies uniqueness for
weak solutions.
Remark 2.0.23. Both the above theorems still hold in the case of Lipschitz per-
turbations, i.e., in the case in which A is replaced by A + B, where A is maximal
monotone as before and B : D(B) = H → H is a Lipschitz operator (see [10], p.
105). The only modifications appear in estimates (2.3) and (2.4) :∥∥∥∥d+u

dt
(t)

∥∥∥∥ ≤ eωt
(
‖f(0)− Au0‖ +

∫ t

0

e−ωs‖f ′(s)‖ds
)
, 0 ≤ t < T, (2.5)

‖u(t) − u(t)‖ ≤ eωt
(
‖u0 − u0‖ +

∫ t

0

e−ωs‖f(s) − f(s)‖ds
)
, 0 ≤ t ≤ T, (2.6)

where ω is the Lipschitz constant of B.

Theorem 2.0.24. (H. Brézis, [10]) If A is the subdifferential of a proper con-
vex lower semicontinuous function ϕ : H → (−∞, +∞], u0 ∈ D(A) and f ∈
L2(0, T ; H), then the Cauchy problem (2.2) has a unique strong solution u, such
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that t1/2u′ ∈ L2(0, T ; H), t → ϕ(u(t)) is integrable on [0, T ] and absolutely con-
tinuous on [δ, T ], ∀δ ∈ (0, T ). If, in addition, u0 ∈ D(ϕ), then u′ ∈ L2(0, T ; H),
t → ϕ(u(t)) is absolutely continuous on [0, T ], and

ϕ(u(t)) ≤ ϕ(u0) +
1
2

∫ T

0

‖f(t)‖2
dt ∀t ∈ [0, T ].

Before stating other existence results let us recall the following definition:

Definition 2.0.25. Let C be a nonempty closed subset of H . A continuous semi-
group of contractions on C is a family of operators {S(t) : C → C; t ≥ 0} satisfy-
ing the following conditions:

(j) S(t + s)x = S(t)S(s)x ∀x ∈ C, t, s ≥ 0;
(jj) S(0)x = x ∀x ∈ C;

(jjj) for every x ∈ C, the mapping t → S(t)x is continuous on [0,∞);
(jv) ‖S(t)x − S(t)y‖ ≤ ‖x − y‖ ∀t ≥ 0, ∀x, y ∈ C.

The infinitesimal generator of a semigroup {S(t) : C → C; t ≥ 0}, say G, is
given by:

G(x) = lim
h→0
h>0

S(h)x − x

h
, x ∈ D(G),

where D(G) consists of all x ∈ C for which the above limit exists.

Let A : D(A) ⊂ H → H be a (single-valued) maximal monotone operator.
From Theorem 2.0.20 we see that if f ≡ 0, then for every u0 ∈ D(A) there
exists a unique strong solution u(t), t ≥ 0, of the Cauchy problem (2.2). We
set S(t)u0 := u(t), t ≥ 0. Then it is easily seen that S(t) is a contraction (i.e.,
a non expansive operator) on D(A) (see (2.4)) and so S(t) can be extended as
a contraction on D(A), for each t ≥ 0. Moreover, it is obvious that the family
{S(t) : D(A) → D(A); t ≥ 0} is a continuous semigroup of contractions and its
infinitesimal generator is G = −A. We will say that the semigroup is generated
by −A. If A is linear maximal monotone, then D(A) = H , and the semigroup
{S(t) : H → H ; t ≥ 0} generated by −A is a C0-semigroup of contractions. Recall
that a family of linear continuous operators {S(t) : H → H ; t ≥ 0} is called a
C0-semigroup if conditions (j)–(jjj) above are satisfied with C = H . In fact, in
this case, continuity at t = 0 of the function t → S(t)x, ∀x ∈ H , combined with
(j)–(jj) is enough to derive (jjj). For details on C0-semigroups, we refer to [3],
[22], [38].

Definition 2.0.26. Let A : D(A) ⊂ H → H be the infinitesimal generator of a
C0-semigroup {S(t) : H → H ; t ≥ 0}, and let f ∈ L1(0, T ; H), u0 ∈ H . The
function u ∈ C([0, T ]; H) given by

u(t) = S(t)u0 +
∫ t

0

S(t − s)f(s)ds ∀t ∈ [0, T ], (2.7)
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is called a mild solution of the Cauchy problem (2.2). Since D(A) = H , the above
formula (which is usually called the variation of constants formula) makes sense
for any u0 ∈ H .

Obviously, the mild solution has the uniqueness property.

Theorem 2.0.27. (see [21], [38], p. 109) Let A : D(A) ⊂ H → H be the infinitesimal
generator of a C0-semigroup {S(t) : H → H ; t ≥ 0}, and let u0 ∈ D(A), f ∈
W 1,1(0, T ; H). Then, the mild solution u of (2.2) is also its unique strong solution.
Moreover, u ∈ C1([0, T ]; H), and

f(t)−Au(t) = u′(t) = S(t)
(
f(0)−Au0

)
+

∫ t

0

S(t− s)f ′(s)ds, 0 ≤ t ≤ T. (2.8)

We will apply Theorem 2.0.27 to the special case of a linear monotone (pos-
itive) operator A for which A + ωI is maximal monotone for some ω > 0 (I is the
identity of H).

Note that the mild solution of problem (2.2) given by the above defini-
tion is also a weak solution of the same problem. Indeed, let (un

0 , fn) ∈ D(A) ×
W 1,1(0, T ; H) approximate (u0, f) in H × L1(0, T ; H). Denote by un the strong
solution of (2.2) with u0 := un

0 and f := fn. Then,

un(t) = S(t)un
0 +

∫ t

0

S(t − s)fn(s) ds, t ∈ [0, T ],

which clearly implies our assertion.

The next two results deal with Cauchy problems associated with time-dependent
Lipschitz perturbations of maximal monotone operators.

Theorem 2.0.28. Let A : D(A) ⊂ H → H be a linear maximal monotone operator,
u0 ∈ H and let B : [0, T ]× H → H satisfy the following two conditions:

t → B(t, z) ∈ L1(0, T ; H) ∀ z ∈ H, (2.9)

and there exists some constant ω > 0 such that

‖B(t, x1) − B(t, x2)‖ ≤ ω‖x1 − x2‖ ∀ t ∈ [0, T ], x1, x2 ∈ H. (2.10)

Then there exists a unique function u ∈ C([0, T ]; H) which satisfies the integral
equation

u(t) = S(t)u0 −
∫ t

0

S(t − s)B(s, u(s))ds, t ∈ [0, T ].

The solution of this integral equation is called a mild solution of the Cauchy
problem {

u′(t) + Au(t) + B
(
t, u(t)

)
= 0, 0 < t < T,

u(0) = u0.
(2.11)



Chapter 2. Evolution Equations in Hilbert Spaces 31

Remark 2.0.29. In the statement of the above theorem assumption (2.9) can be
replaced by the following condition:
the function t → B(t, z) is strongly measurable for all z ∈ H , and t → B(t, 0) ∈
L1(0, T ; H), which is equivalent with (2.9) due to (2.10).
The proof of this result is based on Banach’s fixed point principle.

The next theorem is an extension of Theorem 2.0.24 to the case of time-dependent
Lipschitz perturbations.

Theorem 2.0.30. (H. Brézis, [10], pp. 106–107) If A is the subdifferential of a proper
convex lower semicontinuous function ϕ : H → (−∞, +∞], u0 ∈ D(A) = D(ϕ)
and B : [0, T ]× D(ϕ) → H satisfies the conditions:

(i) ∃ ω ≥ 0 such that ‖ B(t, x1)−B(t, x2) ‖≤ ω ‖ x1−x2 ‖ ∀t ∈ [0, T ], ∀x1, x2 ∈
D(A);

(ii) ∀x ∈ D(ϕ), the function t → B(t, x) belongs to L2(0, T ; H),
then, ∀u0 ∈ D(ϕ), there exists a unique strong solution of the Cauchy problem{

u′(t) + Au(t) + B(t, u(t)) = 0, 0 < t < T,

u(0) = u0,

such that t1/2u′(t) ∈ L2(0, T ; H).

Now, we are going to recall some existence results concerning fully nonlinear,
non-autonomous (time-dependent) evolution equations.

Theorem 2.0.31. (T. Kato, [28]) Let A(t) : D ⊂ H → H be a family of single-valued
maximal monotone operators (with D(A(t)) = D independent of t) satisfying the
following condition

‖A(t)x − A(s)x‖ ≤ L | t − s | (1 + ‖x‖ + ‖A(s)x‖)

for all x ∈ D, s, t ∈ [0, T ], where L is a positive constant. Then, for every u0 ∈ D,
there exists a unique function u ∈ W 1,∞(0, T ; H) such that u(0) = u0, u(t) ∈
D ∀t ∈ [0, T ], and

u′(t) + A(t)u(t) = 0 for a.a. t ∈ (0, T ).

In fact, Kato’s result is valid in a general Banach space.

Theorem 2.0.32. (H. Attouch and A. Damlamian, [5]) Let A(t) = ∂φ(t, ·), 0 ≤
t ≤ T , where φ(t, ·) : H → (−∞, +∞] are all proper, convex, and lower semi-
continuous. Assume further that there exist some positive constants C1, C2 and a
nondecreasing function γ : [0, T ] → R such that

φ(t, x) ≤ φ(s, x) + [γ(t) − γ(s)][φ(s, x) + C1‖x‖2 + C2], (2.12)
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for all x ∈ H, 0 ≤ s ≤ t ≤ T . Then, for every u0 ∈ D(φ(0, ·)) and f ∈ L2(0, T ; H),
there exists a unique function u ∈ W 1,2(0, T ; H) such that u(0) = u0 and

u′(t) + A(t)u(t) = f(t) for a.a. t ∈ (0, T ). (2.13)

Moreover, there exists a function h ∈ L1(0, T ) such that

φ(t, u(t)) ≤ φ(s, u(s)) +
∫ t

s

h(r)dr for all 0 ≤ s ≤ t ≤ T.

Assumption (2.12) implies that D(φ(t, ·)) increases with t. In all our forthcoming
applications of the above theorem D(φ(t, ·)) = D, a constant set.

In the following we present some existence and uniqueness results for partial
differential systems of the form{

α1(x)ut + vx + r(x, u) = f1(x, t),
α2(x)vt + ux + g(x, v) = f2(x, t), 0 < x < 1, 0 < t < T,

(2.14)

with which we associate the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 < x < 1, (2.15)

as well as one of the following types of boundary conditions:

(−u(0, t), u(1, t)) ∈ β( v(0, t), v(1, t)), 0 < t < T (2.16)

(algebraic boundary conditions),{
−u(0, t) = r0

(
v(0, t)

)
,

u(1, t) − cvt(1, t) = f0

(
v(1, t)

)
+ e(t), 0 < t < T

(2.17)

(algebraic-differential boundary conditions).
The term “algebraic” indicates that the boundary conditions are algebraic

relations involving the values of the unknowns on the boundary, i.e., in this specific
case at x = 0 and x = 1.

The term “algebraic-differential” means that we have an algebraic boundary
condition as well as a differential (or dynamic) boundary condition that involves
the derivative of v(1, t).

It should be mentioned that many practical problems arising from physics
and engineering can be regarded as particular cases of problem (2.14)−(2.16) or
(2.17). For details see the next chapter.

We are going to state an existence result for problem (2.14)−(2.16). The basic
idea is to express this problem as a Cauchy problem in an appropriate functional
framework. Indeed, by denoting U(t) = (u(·.t), v(·, t)), U0 = (u0, v0) and f(t) =
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(
α−1

1 f1(·, t), α−1
2 f2(·, t)

)
, one can express this problem as the following Cauchy

problem in H2 {
U ′(t) + BU(t) = f(t), 0 < t < T,

U(0) = U0,

where H2 and B were defined in Example 3 above.

Theorem 2.0.33. (see [24], p. 115) Assume (j1)–(j3) (see Example 3). Let T > 0 be
fixed. Then, for every f1, f2 ∈ L1(0, T ; L2(0, 1)), and u0, v0 ∈ L2(0, 1), there exists
a unique weak solution u, v ∈ C([0, T ]; L2(0, 1)) of problem (2.14), (2.15), (2.16). If
in addition f1, f2 ∈ W 1,1(0, T ; L2(0, 1)), u0, v0 ∈ H1(0, 1) and (−u0(0), u0(1)) ∈
β((v0(0), v0(1)), then (u, v) is a strong solution, (u, v) ∈ W 1,∞(0, T ; L2(0, 1))2 and

(i) u, v ∈ L∞((0, 1) × (0, T )), ux, vx ∈ L∞(0, T ; L2(0, 1));
(ii) (u, v) satisfies (2.14) for all t ∈ [0, T ), a.a. x ∈ (0, 1), where ut, vt are replaced

by ∂+u
∂t , ∂+v

∂t ;
(iii) u, v satisfy (2.15) and (2.16).

All the conclusions of the above theorem follow from Theorems 2.0.20, 2.0.21
with the exception of the regularity property ux, vx ∈ L∞(0, T ; L2(0, 1)), which
can be proved in a standard manner.
On the other hand, problem (2.14), (2.15), (2.17) can be written as a Cauchy
problem in the space H3 :

d

dt

(
u(·, t), v(·, t), ξ(t)) + B1(u(·, t), v(·, t), ξ(t)) = (f1(·, t), f2(·, t), e(t)), 0 < t < T,(

u(·, 0), v(·, 0), ξ(0)
)

=
(
u0, v0, v0(1)

)
,

where H3 and B1 were defined in Example 4.

Theorem 2.0.34. (see [24], p. 131) Assume (j1), (j2), (j4) (see Examples 3 and
4). Let T > 0 be fixed. Then, for every f1, f2 ∈ L1(0, T ; L2(0, 1)), and u0, v0 ∈
L2(0, 1), e ∈ L1(0, T ) there exists a unique weak solution u, v ∈ C([0, T ]; L2(0, 1))
of problem (2.14), (2.15), (2.17). If, in addition, f1, f2 ∈ W 1,1(0, T ; L2(0, 1)),
e ∈ W 1,1(0, T ), u0, v0 ∈ H1(0, 1), and − u0(0) = r0(v0(0)), then (u, v) ∈
W 1,∞(0, T ; L2(0, 1))2 and

(i) u, v ∈ L∞((0, 1) × (0, T )), ux, vx ∈ L∞(0, T ; L2(0, 1)), v(1, ·) ∈ L∞(0, T );
(ii) u, v satisfy (2.14) for all t ∈ [0, T ), a.a. x ∈ (0, 1), where ut, vt are replaced

by ∂+u
∂t , ∂+v

∂t ;
(iii) u, v satisfy (2.15) and (2.17) (more precisely, the former equation of (2.17)

is satisfied for all t ∈ [0, T ], while the latter is satisfied for all t ∈ [0, T ),
where vt(1, t) is replaced by ∂+v

∂t (1, t)).

Again, the proof is based on Theorems 2.0.20, 2.0.21. For the strong solution
we obtain that ξ(t) = v(1, t), 0 ≤ t ≤ T .
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Note also that the last two results still hold if we consider uniform Lips-
chitz perturbations of the nonlinear functions r(x, ·), g(x, ·), and also a Lipschitz
perturbation of f0 in the case of a dynamic boundary condition.

The remainder of this chapter is meant for recalling some existence and
regularity results for second order abstract differential equations.

Consider in H the following boundary value problem{
u′′(t) = Au(t) + f(t), 0 < t < T,

u(0) = a, u(T ) = b.
(2.18)

As far as the problem (2.18) is concerned, we have the following result of V.
Barbu (see [7], p. 310):

Theorem 2.0.35. Let A : D(A) ⊂ H → H be a maximal monotone operator,
a, b ∈ D(A) and f ∈ L2(0, T ; H). Then problem (2.18) has a unique strong solution
u ∈ W 2,2(0, T ; H).

The above result was extended by R.E. Bruck in [12] to the case a, b ∈ D(A) :

Theorem 2.0.36. Let A : D(A) ⊂ H → H be a maximal monotone operator,
a, b ∈ D(A) and f ∈ L2(0, T ; H). Then problem (2.18) has a unique strong solution
u ∈ C([0, T ]; H)

⋂
W 2,2

loc (0, T ; H) such that

t1/2(T − t)1/2u′ ∈ L2(0, T ; H), t3/2(T − t)3/2u′′ ∈ L2(0, T ; H).

Another extension has been established by A.R. Aftabizadeh and N.H. Pavel
[2]. Specifically, let us consider in H the problem{

p(t)u′′(t) + r(t)u′(t) = Au(t) + f(t), 0 < t < T,

u′(0) ∈ β1(u(0) − a), − u′(T ) ∈ β2(u(T ) − b).
(2.19)

Theorem 2.0.37. If A, β1, β2 are maximal monotone in H; 0, a, b ∈ D(A);
f ∈ L2(0, T ; H);

〈Aλx − Aλy, v〉 ≥ 0 ∀ λ > 0 ∀ v, x, y ∈ H, x − y ∈ D(β1), v ∈ β1(x − y),
〈Aλx − Aλy, v〉 ≥ 0 ∀ λ > 0 ∀ v, x, y ∈ H, x − y ∈ D(β2), v ∈ β2(x − y),

where Aλ denotes the Yosida approximation of A; either D(β1) or D(β2) is boun-
ded; p, r ∈ W 1,∞(0, T ) and p(t) ≥ c > 0 ∀ t ∈ [0, T ], then problem (2.19) has at
least one solution u ∈ W 2,2(0, T ; H).

If, in addition, at least one of the operators A, β1, β2 is injective, then the
solution is unique.

Note that the last three theorems hold true for multivalued A, and inclusion
relation instead of (2.18)1.
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Chapter 3

Presentation of the Problems

In this chapter we present some singularly perturbed, hyperbolic, initial-boundary
value problems which will be investigated in detail in the next chapters of Part
II. More precisely, we are interested in some initial-boundary value problems as-
sociated with a partial differential system, known as the telegraph system. This
system describes propagation phenomena in electrical circuits. In an attempt to
get as close as possible to physical reality, we will associate with the telegraph sys-
tem some linear or nonlinear boundary conditions which describe specific physical
situations. We hope that the models we are going to discuss will be of interest to
engineers and physicists. Although our theoretical investigations will be focused
on specific models, this will not affect the generality of our methods. In fact, we
are going to address some essential issues which could easily be adapted to further
situations.

Note that the nonlinear character of the problems we are going to discuss
creates many difficulties. Nonlinearities may occur either in the telegraph system
or in the boundary conditions. Our aim here is to develop methods which work
for such nonlinear problems.

Let DT :=
{
(x, t) ∈ R

2; 0 < x < 1, 0 < t < T
}
, where T > 0 is a given time

instant. Consider the telegraph system in DT :{
εut + vx + ru = f1(x, t),
vt + ux + gv = f2(x, t),

(LS)

with the initial conditions:

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and nonlinear algebraic-differential boundary conditions of the form:{
r0u(0, t) + v(0, t) = 0,

u(1, t) − kvt(1, t) = f0(v(1, t)) + e(t), 0 ≤ t ≤ T.
(BC.1)
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Problem (LS), (IC), (BC.1) is a model for transmission (propagation) in electrical
circuits. Specifically, let us consider a circuit of the form indicated in the figure
below (see [15]).

x=0x=0 x=1x=1

u(x,t)u(x,t)

v(x,t)v(x,t)
f (v)0f (v)0r0r0

k

+

-

We denote by u(x, t) the current at time instant t, at point x of the line,
0≤x≤1; v(x, t) is the voltage at t and x. It is well known that functions u and v
satisfy the telegraph system:{

Lut + vx + ru = E(x, t),
Cvt + ux + gv = 0,

where r, g, L, C represent the resistance, conductance, inductance and capacitance
per unit length, while E is the voltage per unit length impressed along the line in
series with it.
Obviously, the above system is of the form (LS) in which we set C=1, since this
assumption does not restrict the generality of the problem. Also, we re-denote L
by ε, since the inductance will be considered a small parameter. It is well known
that the inductance of the line is small whenever the corresponding frequency is
small.
At the end x=0 of the line, we have a resistance r0 and we assume that Ohm’s law
applies, i.e., (BC.1)1. At the other end of the line, i.e., at the point x=1, we have a
capacitance k and a nonlinear resistor whose characteristic is f0(v). Therefore, at
x=1 condition (BC.1)2 holds, with e(t)≡0. This boundary condition is nonlinear
due to the presence of the term f0(v(1, t)). Also, this is a dynamic (or differential)
condition due to the presence of vt(1, t).
Therefore, problem (LS), (IC), (BC.1), which will be studied in the next chapters,
has an obvious physical motivation.

We will also investigate a more general problem in which the latter equation of
the telegraph system is nonlinear. More precisely, we consider in DT the following
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nonlinear hyperbolic system:{
εut + vx + ru = f1(x, t),
vt + ux + g(x, v) = f2(x, t),

(NS)

with initial conditions (IC) and boundary conditions (BC.1). As we will see, the
treatment of this more general problem is more difficult and the results are weaker.
The investigation of this nonlinear problem will show how to deal with the case
where the partial differential system is also nonlinear.

Another problem which will be investigated consists of system (NS), initial
conditions (IC), as well as two integro-differential boundary conditions of the
form:{

u(0, t) + k0vt(0, t) = −r0(v(0, t)) − l0
∫ t

0
v(0, s)ds + e0(t),

u(1, t) − k1vt(1, t) = r1(v(1, t)) + l1
∫ t

0 v(1, s)ds − e1(t), 0 ≤ t ≤ T.
(BC.2)

Here, both r0 and r1 are nonlinear functions. Such boundary conditions also occur
in the theory of electrical circuits. Indeed, let us consider the following electrical
circuit (cf. [15]).

E0E0

u1u1

u
2

u
2

u
3

u
3

b

a

c x=0

E1E1

x=1

u(x,t)

At the end x=0 we have the following obvious equations:⎧⎪⎨⎪⎩
v(0, t) = vac,

E0(t) = vbc,

u(0, t) = u1 + u2 + u3,

where vac, vbc are the potential differences between the corresponding points,
while u1, u2, u3 are the currents passing through the three elements (the resistor,
condenser, and inductor) located at x=0. Let us admit that the following equations
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connect the currents and vab=v(0, t)−E0(t):⎧⎪⎨⎪⎩
−u1 = r0(vab),

−u2 = k0
d
dtvab,

−u3 = l0
∫ t

0
vab(s)ds.

Note that the first equation is nonlinear, while the others are linear. We have de-
noted by c0 the capacitance of the condenser and by l0 the inverse of the inductance
value. So we derive the following boundary condition:

u(0, t) + k0[vt(0, t) − E′
0(t)]

= −r0

(
v(0, t) − E0(t)

)− l0

∫ t

0

[v(0, s) − E0(s)]ds.

For the other end of the line, x = 1, we have a similar boundary condition:

u(1, t) − k1[vt(1, t) − E′
1(t)]

= r1

(
v(1, t) − E1(t)

)
+ l1

∫ t

0

[v(1, s) − E1(s)]ds.

If E0 and E1 are null, then the last two equations become of the form (BC.2) in
which e0(t)≡0, e1(t)≡0. Otherwise, one may replace the unknown v by ṽ, where

ṽ(x, t) = v(x, t) − xE1(t) − (1 − x)E0(t).

Thus functions u, ṽ satisfy (BC.2) in which e0 and e1 are zero.

Another case we will study is that in which the capacitance per unit length is
negligible, while the inductance is sizeable. More precisely, system (LS) is replaced
by: {

ut + vx + ru = f1(x, t),
εvt + ux + gv = f2(x, t),

(LS)′

with initial conditions (IC) and boundary conditions of the form (BC.1). Note that
this new model also describes the situation in which the inductance is negligible
and the two boundary conditions are reversed. In any case, we will see that this
model requires separate analysis.

Also, we will consider (LS) associated with boundary conditions at the two
end points, which are both algebraic and nonlinear:{

u(0, t) + r0(v(0, t)) = 0,

u(1, t) = f0(v(1, t)), 0 ≤ t ≤ T.
(BC.3)

The physical relevance of this problem is obvious. In fact, this will be the first
model we are going to address. For each model we need specific methods of inves-
tigation.
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Of course, there are further boundary conditions which may occur. However,
the models discussed in this book basically cover all possible physical situations
and the methods we use could easily be adapted to further problems, including
more complex models. For example, in the case of integrated circuits, there are n
telegraph systems with 2n unknowns which are all connected by means of different
boundary conditions. Such models could be investigated by similar methods and
techniques. In some cases, there are negligible parameters (for instance, induc-
tances) and so we are led to the idea of replacing the original perturbed models
by reduced (unperturbed) models. In order to make sure that the reduced models
still describe well the corresponding phenomena we have to develop an asymptotic
analysis of the singular perturbation problems associated with such transmission
processes in integrated circuits. This analysis can be done by using the same tech-
nique as for the case of a single telegraph system for which we will perform a
complete investigation.

Mention should be made of the fact that the models presented above, or
similar more complex models, also describe further physical problems, in particular
problems which occur in hydraulics (see V. Barbu [8], V. Hara [23], V. Iftimie [25],
I. Straskraba and V. Lovicar [41], V.L. Streeter and E.B. Wylie [42]).



Chapter 4

Hyperbolic Systems with
Algebraic Boundary Conditions

In this chapter we investigate initial-boundary value problems of the form (LS),
(IC), (BC.3) presented in Chapter 3. The other problems will be discussed in the
next chapter, since they require separate analysis.

In the first section we derive formally a zeroth order asymptotic expansion
for the solution of (LS), (IC), (BC.3) by using the method described in Chapter
1. This problem is singularly perturbed of the boundary layer type with respect
to the sup norm. We determine the corresponding boundary layer function as well
as the problems satisfied by the regular term and by the remainder components.

In the second section we prove some results on the existence, uniqueness and
higher regularity of the solutions of both the perturbed and the reduced problem,
under appropriate assumptions on the data. For the perturbed problem we derive
the existence and uniqueness of the strong solution from the general theory for
evolution equations. For higher regularity of the solution we use an approach
based on d’Alembert like formulas and on Banach’s contraction principle. For
the reduced problem we use the general theory of evolution equations, including
non-autonomous evolution equations. All these results guarantee the fact that our
asymptotic expansion is well defined.
Moreover, they are used in the third and last section to derive estimates for the
remainder components with respect to the uniform convergence norm. These es-
timates show that our expansion is a real asymptotic expansion.
In order to develop our treatment we need to assume higher smoothness of the
data as well as adequate compatibility of the data with the boundary conditions.
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4.1 A zeroth order asymptotic expansion

Let us consider in DT :=
{
(x, t) ∈ R

2; 0 < x < 1, 0 < t < T
}

the linear telegraph
system: {

εut + vx + ru = f1(x, t),
vt + ux + gv = f2(x, t),

(LS)

with the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and nonlinear boundary conditions:{
u(0, t) + r0(v(0, t)) = 0,

u(1, t) = f0(v(1, t)), 0 ≤ t ≤ T.
(BC.3)

We suppose that f1, f2 : DT → R, u0, v0 : [0, 1] → R, f0, r0 : R → R are known
functions while r, g are given constants, r > 0, g ≥ 0, ε is a positive small pa-
rameter. Problem (LS), (IC), (BC.3), which will also be called Pε, is of the hy-
perbolic type with nonlinear algebraic boundary conditions. Denote the solution
of Pε by Uε(x, t) = (uε(x, t), vε(x, t)). Arguing as in Chapter 1, we see that Uε

has a singular behavior with respect to the uniform convergence topology within
a neighborhood of the segment {(x, 0); 0 ≤ x ≤ 1} which is the boundary layer .
Indeed, if Uε would converge uniformly in DT , then necessarily

v′0(x) + ru0(x) − f1(x, 0) = 0, 0 ≤ x ≤ 1,

and this condition is not satisfied in general. Using the classical singular pertur-
bation theory (see Chapter 1) we can derive a zeroth order expansion for Uε in
the form:

Uε = U0(x, t) + V0(x, τ) + Rε(x, t), (4.1)

where:

U0 = (X(x, t), Y (x, t)) is the zeroth order term of the regular series;

V0 = (c0(x, τ), d0(x, τ)), τ = t/ε, is the boundary layer (vector) function;

Rε = (R1ε(x, t), R2ε(x, t)) is the remainder of the order zero.

We substitute (4.1) into Pε and then identify the coefficients of εk, k = −1, 0, those
depending on t separately from those depending on τ . In fact, we have already
discussed the formal derivation of this asymptotic expansion in Chapter 1, but
here we include additional details. First we substitute (4.1) into (LS). We obtain
that X and Y satisfy an algebraic equation and a parabolic equation, respectively:

X = (1/r)(f1 − Yx) in DT , (4.2)

Yt − (1/r)Yxx + gY = f2 − (1/r)f1x, in DT . (4.3)
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For the boundary functions c0, d0 we get

d0 ≡ 0, c0(x, τ) = α(x)e−rτ , (4.4)

where function α will be determined below from (IC).
For the remainder components we formally obtain the following system:{

εR1εt + R2εx + rR1ε = −εXt, in DT ,

R2εt + R1εx + gR2ε = −c0x, in DT .
(4.5)

Now, from (IC) it follows d0(x, 0) + Y (x, 0) = v0(x), so

Y (x, 0) = v0(x), 0 ≤ x ≤ 1, (4.6)

c0(x, 0) + X(x, 0) = u0(x) ⇔
α(x) = u0(x) + (1/r)(v′0(x) − f1(x, 0)), 0 ≤ x ≤ 1, (4.7)

R1ε(x, 0) = R2ε(x, 0) = 0, 0 ≤ x ≤ 1. (4.8)

Finally, substituting (4.1) into (BC.3) we derive

X(0, t) + r0 (Y (0, t)) = 0, X(1, t) − f0 (Y (1, t)) = 0, 0 ≤ t ≤ T,

which can be written as (cf. (4.2)){ −(1/r)Yx(0, t) + r0 (Y (0, t)) = −(1/r)f1(0, t),

(1/r)Yx(1, t) + f0 (Y (1, t)) = (1/r)f1(1, t), 0 ≤ t ≤ T.
(4.9)

Also we obtain

c0(0, τ) = c0(1, τ) = 0 ⇔ α(0) = α(1) = 0, (4.10)

and the following boundary conditions for the remainder components⎧⎨⎩ R1ε(0, t) + r0

(
R2ε(0, t) + Y (0, t)

)
− r0

(
Y (0, t)

)
= 0,

R1ε(1, t) − f0

(
R2ε(1, t) + Y (1, t)

)
+ f0

(
Y (1, t)

)
= 0, 0 ≤ t ≤ T.

(4.11)

Summarizing, we see that the components of the regular part satisfy the reduced
problem P0, which comprises (4.2), (4.3), (4.6) and (4.9), while the remainder
components satisfy the problem (4.5), (4.8), (4.11).

As for conditions (4.10), we have already pointed out at the end of Chapter 1
that they are needed to eliminate possible discrepancies which may occur due to
c0 at the corner points (x, t) = (0, 0) and (x, t) = (1, 0). As we will see in the
next section, these conditions are also compatibility conditions that we need to
derive results on the existence, uniqueness and smoothness of the solutions of the
problems involved in our asymptotic analysis.
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4.2 Existence, uniqueness and regularity of
the solutions of problems Pε and P0

Let us start with problem Pε, which comprises (LS), (IC), (BC.3). This is a
particular case of problem (2.14), (2.15), (2.16) (see Chapter 2), so on account of
Theorem 2.0.33 we have:

Theorem 4.2.1. Assume that

r, g are nonnegative constants; (4.12)

r0, f0 : R → R are continuous nondecreasing functions; (4.13)

f1, f2 ∈ L1
(
0, T ; L2(0, 1)

)
, u0, v0 ∈ L2(0, 1).

Then problem Pε has a unique weak solution (uε, vε) ∈ C
(
[0, T ]; L2(0, 1)

)2. If, in
addition,

f1, f2 ∈ W 1,1(0, T ; L2(0, 1)), (4.14)

u0, v0 ∈ H1(0, 1), and satisfy the zeroth order compatibility conditions:{
u0(0) + r0 (v0(0)) = 0,

u0(1) − f0 (v0(1)) = 0,
(4.15)

then the solution (uε, vε) of problem Pε belongs to the space W 1,∞(
0, T ; L2(0, 1)

)2

and uεx, vεx ∈ L∞ (
0, T ; L2(0, 1)

)
.

In the following we need higher regularity of the solution in order to validate
the above asymptotic expansion, in particular to obtain estimates for the remain-
der components with respect to the uniform convergence norm. To this purpose, we
will consider in a first stage the particular case r = g = 0, for which we can make
use of some d’Alembert like formulae. We start with the following C1 regularity
result:

Proposition 4.2.2. Assume that r = g = 0 and

r0, f0 ∈ C1(R), r′0 ≥ 0, f ′
0 ≥ 0; (4.16)

f1, f2 ∈ C1([0, T ]; C[0, 1]); (4.17)

u0, v0 ∈ C1[0, 1] satisfy (4.15), and the following first order compatibility condi-
tions hold {

f1(0, 0) − v′0(0) + εr′0 (v0(0)) [f2(0, 0) − u′
0(0)] = 0,

f1(1, 0) − v′0(1) − εf ′
0 (v0(1)) [f2(1, 0) − u′

0(1)] = 0.
(4.18)

Then, the (strong) solution (uε, vε) of problem Pε belongs to C1(DT )
2
.
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Proof. Without any loss of generality we suppose that ε = 1. For simplicity we
will denote by (u, v) the solution of Pε corresponding to ε = 1. It is easily seen
that the general solution of system (LS) with r = g = 0 is given by the following
d’Alembert type formulae:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

u(x, t) = 1
2 [μ(x − t) + η(x + t)]

+ 1
2

∫ t

0
[(f1 + f2)(x − s, t − s) + (f1 − f2)(x + s, t − s)]ds,

v(x, t) = 1
2 [μ(x − t) − η(x + t)]

+ 1
2

∫ t

0 [(f1 + f2)(x − s, t − s) − (f1 − f2)(x + s, t − s)]ds,

(4.19)

where μ : [−T, 1] → R, η : [0, 1 + T ] → R are some arbitrary C1 functions. We
consider that in the above formulae f1 and f2 are extended to R × [0, T ] by{

fi(x, t) := fi(2 − x, t), for i = 1, 2, 1 < x ≤ 2,

fi(x, t) := fi(−x, t), for i = 1, 2, − 1 ≤ x < 0,

and so on. These extensions belong to C1([0, T ]; C(R)). When necessary, every
function defined on DT will be extended in a similar manner. In the following we
will show that the unknown functions μ and η of system (4.19) can be determined
from the conditions that u and v satisfy both (IC) and (BC.3).
First, we obtain from (IC){

μ(x) = u0(x) + v0(x),
η(x) = u0(x) − v0(x), 0 ≤ x ≤ 1,

(4.20)

thus μ and η are uniquely determined on the interval [0, 1]. By employing formulae
(4.19) in (BC.3) we obtain that⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(1/2)[μ(−t) + η(t)] +
∫ t

0 f1(s, t − s)ds

+r0

(
(1/2)[μ(−t) − η(t)] +

∫ t

0 f2(s, t − s)ds
)

= 0,

(1/2)[μ(1 − t) + η(1 + t)] +
∫ t

0 f1(1 − s, t − s)ds

= f0

(
(1/2)[μ(1 − t) − η(1 + t)] +

∫ t

0 f2(1 − s, t − s)ds
)

,

(4.21)

for all t ∈ [0, T ]. For simplicity we assume that T ≤ 1. It is easy to see that μ and
η can uniquely and completely be determined from (4.21). Indeed, if we denote by
z1(t), z2(t) the above arguments of functions r0, f0, i.e.,

z1(t) := (1/2)[μ(−t) − η(t)] +
∫ t

0

f2(s, t − s)ds,

z2(t) := (1/2)[μ(1 − t) − η(1 + t)] +
∫ t

0

f2(1 − s, t − s)ds,



48 Chapter 4. Hyperbolic Systems with Algebraic Boundary Conditions

then equations (4.21) can be written in the form:{
(I + r0)(z1(t)) = h1(t),
(I + f0)(z2(t)) = h2(t), 0 ≤ t ≤ T,

(4.22)

where {
h1(t) = −η(t) − ∫ t

0
(f1 − f2)(s, t − s)ds,

h2(t) = μ(1 − t) +
∫ t

0 (f1 + f2)(1 − s, t − s)ds, 0 ≤ t ≤ T,

are known functions (see (4.20)). Since r0, f0 are maximal monotone, it follows
that z1 and z2 are uniquely determined from (4.22) (see Theorem 2.0.9). Thus
μ and η are also uniquely determined. In addition, the compatibility conditions
(4.15) and (4.18) imply that μ ∈ C1[−T, 1] and η ∈ C1[0, 1 + T ]. Therefore, on
account of (4.19), we obtain that (u, v) ∈ C1([0, T ]; C[0, 1])2. Since (u, v) satisfies
system (LS) it follows that (u, v) ∈ C1(DT )

2
. �

Remark 4.2.3. Conditions (4.15), (4.18) are necessary conditions for the C1 regu-
larity of (uε, vε). Indeed, by the continuity of u and v in DT , we can take t = 0 in
(BC.3) and obtain (4.15). Since u and v are continuously differentiable in DT , we
can differentiate both the equations of (BC.3) and then take t = 0, thus obtaining
(4.18).
Remark 4.2.4. Note that, under the assumptions of Proposition 4.2.2 problem
Pε is equivalent to system (4.19), (4.20), (4.21). But, this system may have a
solution under weaker assumptions. In this situation, it is quite natural to call
it a generalized solution of problem Pε. For example, under the following weaker
assumptions: (4.13), f1, f2 ∈ C(DT ), u0, v0 ∈ C[0, 1] and satisfy the compatibility
conditions (4.15), problem Pε has a unique generalized solution (uε, vε) ∈ C(DT )2.
See the proof of the above proposition.
Remark 4.2.5. Both Proposition 4.2.2 and the last statement of Remark 4.2.4
remain valid if (BC.3) are replaced by boundary conditions of the form{

u(0, t) + α1(t)v(0, t) = 0,

u(1, t) − α2(t)v(1, t) = 0, 0 < t < T.
(BC.3)′

Thus, if (4.17) hold, α1, α2 ∈ C1[0, T ], α1, α2 ≥ 0, u0, v0 ∈ C1[0, 1] and the
following compatibility conditions hold{

u0(0) + α1(0)v0(0) = 0,

u0(1) − α2(1)v0(1) = 0,
(4.23)

{
f1(0, 0) − v′0(0) + ε[α′

1(0)v0(0) + α1(0)(f2(0, 0) − u′
0(0))] = 0,

f1(1, 0) − v′0(1) − ε[α′
2(1)v0(1) + α2(1)(f2(1, 0) − u′

0(1))] = 0,
(4.24)
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then Pε (with (BC.3)′ instead of (BC.3)) has a unique solution (uε, vε) ∈ C1(DT )2.
If we assume the following weaker conditions: α1, α2 ∈ C[0, T ], α1, α2 ≥ 0, f1, f2 ∈
C(DT ), u0, v0 ∈ C[0, 1], and (4.23) are satisfied, then Pε (with (BC.3)′ instead of
(BC.3)) has a unique generalized solution (uε, vε) ∈ C(DT )2.

We continue with another existence result which will be essential in our treatment.

Proposition 4.2.6. Assume that r = g = 0 and (4.13) holds. If

f1, f2 ∈ L∞(0, T ; Lp(0, 1)) (or f1, f2 ∈ C([0, T ]; Lp(0, 1))),

u0, v0 ∈ Lp(0, 1), where p ∈ [1,∞), then problem Pε has a unique generalized
solution (uε, vε) ∈ L∞(0, T ; Lp(0, 1))2 (C([0, T ]; Lp(0, 1))2, respectively).

Proof. For simplicity and without any loss of generality, we assume again that
T ≤ 1. We suppose first that f1, f2∈L∞(0, T ; Lp(0, 1)) (C([0, T ]; Lp(0, 1))), and
u0, v0 ∈ Lp(0, 1). Since both (I + f0)−1, (I + r0)

−1 are Lipschitzian and

(t, s) → fi(s, t − s), (t, s) → fi(1 − s, t − s), i = 1, 2,

are Lebesgue measurable, in view of (4.20) and (4.21) we obtain μ∈Lp(−T, 1) and
η∈Lp(0, 1+T ). On the other hand, μ(x− t), η(x+ t) ∈ C ([0, T ]; Lp(0, 1)) and the
integral terms in (4.19) belong to L∞ (0, T ; Lp(0, 1)) (C([0, T ]; Lp(0, 1)), respec-
tively). Thus (uε, vε) ∈L∞(0, T ; Lp(0, 1))2 (C([0, T ]; Lp(0, 1))2, respectively). �
Remark 4.2.7. It is easily seen that Proposition 4.2.6 is also valid if (BC.3) are
replaced by boundary conditions of the form (BC.3)′ with appropriate assumptions
on α1 and α2. Also, one can consider non-homogeneous boundary conditions and
derive similar existence results.

Using the previous results, we are going to derive higher regularity for the solution
of problem Pε in the case r > 0 and/or g > 0. The first step in this direction is
the following proposition.

Proposition 4.2.8. Assume that (4.13) holds, and r > 0 and/or g > 0. If f1, f2 ∈
C(DT ), u0, v0 ∈ C[0, 1] and satisfy (4.15), then problem Pε has a unique gener-
alized solution (uε, vε) ∈ C(DT )

2
. More precisely, (uε, vε) satisfies (4.19), (4.20),

(4.21) where f1, f2 are replaced by f1 − ruε, f2 − gvε.
If the following weaker assumptions are satisfied

f1, f2 ∈ L∞(0, T ; L2(0, 1)), u0, v0 ∈ L2(0, 1),

then problem Pε has a unique generalized solution (uε, vε) ∈ L∞(0, T ; L2(0, 1))2.

Proof. In view of Theorem 4.2.1, there exists a unique weak solution (uε, vε) ∈
C
(
[0, T ]; L2(0, 1)

)2 of problem Pε. Using Banach’s Fixed Point Theorem, one can
show that the solution is more regular, more precisely it belongs to the space
C(DT )2, if f1, f2 ∈ C(DT ), u0, v0 ∈ C[0, 1] and satisfy (4.15). To this purpose, we
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consider the space Z=C(DT )
2

equipped with the norm ‖(u, v)‖Z :=max(‖u‖, ‖v‖),
where

‖u‖ := sup
(x,t)∈DT

e−Lt | u(x, t) |,

and L is a large positive constant. Define the operator S : Z → Z, which assigns
to each pair γ = (γ1, γ2) ∈ C(DT )

2
the unique solution of system (4.19), (4.20),

(4.21), where f1, f2 are replaced by f1−rγ1, f2−gγ2. According to Remark 4.2.4
this solution belongs C(DT )

2
, and hence operator S is well defined.

For a sufficiently large L, operator S : Z → Z is a strict contraction, i.e.,

‖Sγ − Sγ̂‖Z ≤ k‖γ − γ̂‖Z ∀ γ = (γ1, γ2), γ̂ = (γ̂1, γ̂2) ∈ Z

where 0 < k < 1. Indeed, we have, for example,∣∣∣∫ t

0

(f1 − rγ1 + f2 − gγ2)(x − s, t − s)ds

−
∫ t

0

(f1 − rγ̂1 + f2 − gγ̂2)(x − s, t − s)ds
∣∣∣

≤ 2 max{r, g}‖γ − γ̂‖Z

∫ t

0

eL(t−s)ds ≤ 2
L

max{r, g}eLt‖γ − γ̂‖Z ,

for all t ∈ [0, T ]. Therefore∥∥∥∫ t

0

(f1 − rγ1 + f2 − gγ2)(x − s, t − s)ds

−
∫ t

0

(f1 − rγ̂1 + f2 − gγ̂2)(x − s, t − s)ds
∥∥∥

Z
≤ 2

L
max{r, g}‖γ − γ̂‖Z .

Using (4.20) and (4.21), with f1−rγ1, f2−gγ2 instead of f1, f2, we obtain similar
estimates for

‖μ(x − t) − μ̂(x − t)‖Z , ‖η(x + t) − η̂(x + t)‖Z .

In order to do that, we can make use of (4.22) and the fact that both (I + f0)
−1,

(I + r0)
−1 are Lipschitz continuous. Thus, for a sufficiently large L, operator S is

indeed a strict contraction. So it has a unique fixed point.

The last part of the proposition follows by similar arguments.

In this case, space Z is replaced by Z := L∞(0, T ; L2(0, 1))2 with the norm
‖(u, v)‖Z :=max(‖u‖, ‖v‖), where

‖u‖ := ess supt∈(0,T )e
−Lt‖u(·, t)‖L2(0,1). �

Remark 4.2.9. Proposition 4.2.8 is also valid in the case of time-dependent bound-
ary conditions of the type (BC.3)′. Moreover, the result can be extended to the
case of non-homogeneous boundary conditions.
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Finally, we can state and prove the following regularity result, which will be
essential for our treatment:

Theorem 4.2.10. Assume that (4.12), (4.16), (4.17) hold, u0, v0 belong to C1[0, 1]
and satisfy (4.15), and the following first order compatibility conditions are valid{

f1(0, 0) − ru0(0) − v′0(0) + εr′0 (v0(0)) [f2(0, 0) − gv0(0) − u′
0(0)] = 0,

f1(1, 0) − ru0(1) − v′0(1) − εf ′
0 (v0(1)) [f2(1, 0) − gv0(1) − u′

0(1)] = 0.
(4.25)

Then, solution (uε, vε) of problem Pε belongs to C1(DT )
2
.

Proof. We assume again, without loss of generality, that ε = 1 and, for simplicity,
we re-denote (uε, vε) by (u, v). We know from Proposition 4.2.8 that (u, v) belongs
to C(DT )

2
.

Now, we consider the following problem, which is obtained by formal differentiation
with respect to t of problem Pε :{

ũt + ṽx = −rũ + f1t,

ṽt + ũx = −gṽ + f2t in DT ,
(4.26)

{
ũ(x, 0) = f1(x, 0) − ru0(x) − v′0(x),
ṽ(x, 0) = f2(x, 0) − gv0(x) − u′

0(x), 0 < x < 1,
(4.27)

{
ũ(0, t) + r′0 (v(0, t)) ṽ(0, t) = 0,

ũ(1, t) − f ′
0 (v(1, t)) ṽ(1, t) = 0, 0 < t < T.

(4.28)

It follows from Remark 4.2.9 that this problem has a unique generalized solution
(ũ, ṽ) ∈ C(DT )

2
.

Let us prove that (ũ, ṽ) = (ut, vt). First, we note that (u, v) satisfies system
(4.19), (4.20), (4.21) with f1 − ru and f2 − gv instead of f1 and f2. By differ-
entiating this system with respect to t, we see that (ut, vt), which belongs to
L∞(

0, T ; L2(0, 1)
)2 (see Theorem 4.2.1), satisfies (4.26), (4.27), (4.28) in the gen-

eralized sense. By the uniqueness property of the solution to (4.26), (4.27), (4.28)
in the class of L∞(

0, T ; L2(0, 1)
)2 (see Proposition 4.2.8 and Remark 4.2.9), we get

(ut, vt)=(ũ, ṽ), and hence (ut, vt)∈C(DT )
2
. Finally, using system (LS), it follows

that (u, v) ∈ C1(DT )
2
. �

Remark 4.2.11. It should be noted that more smoothness of the data and ad-
ditional compatibility conditions imply even more regularity of the solution of
problem Pε. For a discussion of this issue see [24], p. 126. In fact, any degree of
regularity can be reached under appropriate assumptions.
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The rest of this section is focused on the reduced problem P0, which consists
of the algebraic equation (4.2) and the boundary value problem (4.3), (4.6), (4.9).
Let us consider the Hilbert space H0 := L2(0, 1) endowed with the usual scalar
product and the associated norm denoted by ‖ · ‖0.
We define the operator A(t) : D(A(t)) ⊂ H0 → H0,

D(A(t)) = {p ∈ H2(0, 1); r−1p′(0) + σ1(t) = r0(p(0)),

− r−1p′(1) + σ2(t) = f0(p(1))}, A(t)p = −(1/r)p′′ + gp,

σ1(t) = −r−1f1(0, t), σ2(t) = r−1f1(1, t).

Denoting ỹ(t) = Y (·, t), h̃(t) = h(·, t) = (f2−r−1f1x)(·, t), 0 < t < T , it is obvious
that problem (4.3), (4.6), (4.9) can be expressed as the following Cauchy problem
in H0: {

ỹ′(t) + A(t)ỹ(t) = h̃(t), 0 < t < T,

ỹ(0) = v0.
(4.29)

Since we plan to prove high regularity properties of the solution of the reduced
problem, we note that by formal differentiation with respect to t of problem (4.3),
(4.6), (4.9) we obtain the following problem:⎧⎪⎪⎪⎨⎪⎪⎪⎩

zt − r−1zxx + gz = ht in DT ,

z(x, 0) = z0(x), 0 ≤ x ≤ 1,

r−1zx(0, t) + σ′
1(t) = α(t)z(0, t),

−r−1zx(1, t) + σ′
2(t) = β(t)z(1, t), 0 ≤ t ≤ T,

(4.30)

where z = Yt, z0 = h(0) − A(0)v0, α = r′0(Y (0, ·)), β = f ′
0(Y (1, ·)). We see that

this problem can be expressed as the following Cauchy problem in the Hilbert
space H0: {

z̃′(t) + A1(t)z̃(t) = ht(·, t), 0 < t < T,

z̃(0) = z0,
(4.31)

with z̃(t) := z(·, t) and A1(t) : D(A1(t)) ⊂ H0 → H0,

D(A1(t)) ={p ∈ H2(0, 1); r−1p′(0) + σ′
1(t) = α(t)p(0),

− r−1p′(1) + σ′
2(t) = β(t)p(1)}, A1(t)p = −r−1p′′ + gp.

We continue with a result about the existence, uniqueness, and regularity of the
solution to problem (4.29).

Theorem 4.2.12. Assume that

h ∈ W 2,2(0, T ; L2(0, 1)), σ1, σ2 ∈ H2(0, T ); (4.32)

r > 0, g ≥ 0, r0, f0 ∈ C2(R), r′0, f ′
0 ≥ 0; (4.33)

v0 ∈ D(A(0)), z0 := h(0) − A(0)v0 ∈ D(A1(0)). (4.34)
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Then, problem (4.29) has a unique strong solution ỹ(t) = Y (·, t), and

Y ∈ W 2,2(0, T ; H1(0, 1))
⋂

W 1,2(0, T ; H2(0, 1)).

Proof. First we note that under assumptions (4.33), operator A(t) defined above
is maximal monotone for all t ∈ [0, T ] (see Example 1 of Chapter 2). In addition,
A(t) is the subdifferential of the function φ(t, ·):H0→(−∞, +∞],

φ(t, p) =

⎧⎪⎨⎪⎩
1
2r

∫ 1

0
p′(x)2dx + g

2

∫ 1

0
p2(x)dx + j1(p(0)) + j2(p(1))

−σ1(t)p(0) − σ2(t)p(1), if p ∈ H1(0, 1),
+∞, otherwise.

where j1, j2 are primitives for r0, f0, respectively. For every t ∈ [0, T ], the effective
domain D(φ(t, ·)) = H1(0, 1). Thus, D(φ(t, ·)) does not depend on t. Let us show
that condition (2.12) of Theorem 2.0.32 is satisfied. Indeed, for every p ∈ H1(0, 1)
and 0≤s≤t≤T , we have

φ(t, p) − φ(s, p) ≤ (| p(0) | + | p(1) |)
∫ t

s

(| σ′
1(τ) | + | σ′

2(τ) |)dτ. (4.35)

Since j1, j2 are bounded from below by some affine functions, we have

φ(s, p) ≥ 1
2r

‖ p′ ‖2
0 −C1 | p(0) | −C2 | p(1) | −C3, ∀s ∈ [0, T ], p ∈ H1(0, 1),

where C1, C2, C3 are some positive constants. Thus, it is easily seen that

| p(0) | + | p(1) |≤ φ(s, p) + M1 ‖ p ‖2
0 +M2,

where M1, M2 are positive constants, and therefore, (4.35) implies (2.12) with
γ(t) =

∫ t

0 (| σ′
1(τ) | + | σ′

2(τ) |)dτ . We have used the following obvious inequality

p2(x) ≤ (1 + η) ‖ p ‖2
0 +η−1 ‖ p′ ‖2

0, ∀x ∈ [0, 1], η > 0, p ∈ H1(0, 1). (4.36)

So, according to Theorem 2.0.32, problem (4.29) has a unique strong solution
ỹ(t) := Y (·, t),

Y ∈ W 1,2(0, T ; H0)
⋂

L2(0, T ; H2(0, 1)).

Now, we are going to prove that Y ∈ W 1,2(0, T ; H1(0, 1)). We start from the
obvious inequalities

1
2

d

dt
‖ỹ(t + δ) − ỹ(t)‖2

0 +
1
r
‖Yx(·, t + δ) − Yx(·, t)‖2

0

≤ | σ1(t + δ) − σ1(t) | · | Y (0, t + δ) − Y (0, t) |
+ | σ2(t + δ) − σ2(t) | · | Y (1, t + δ) − Y (1, t) |
+ ‖ h̃(t + δ) − h̃(t)‖0 · ‖ỹ(t + δ) − ỹ(t)‖0,
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for a.a. 0 ≤ t ≤ t + δ ≤ T , and

1
2

d

dδ
‖ỹ(δ) − v0‖2

0 +
1
r
‖Yx(·, δ) − v′0‖2

0 ≤| σ1(δ) − σ1(0) | · | Y (0, δ) − v0(0) |
+ | σ2(δ) − σ2(0) | · | Y (1, δ) − v0(1) | + ‖ h̃(δ) − A(0)v0‖0 · ‖ỹ(δ) − v0‖0,

for a.a. δ ∈ (0, T ). Since H1(0, 1) is continuously embedded into C[0, 1], we infer
from the above inequalities the following estimates

1
2

d

dt
‖ỹ(t + δ) − ỹ(t)‖2

0 +
1
r
‖Yx(·, t + δ) − Yx(·, t)‖2

0

≤C4

(
| σ1(t + δ) − σ1(t) |2 + | σ2(t + δ) − σ2(t) |2

)
+

1
2r

‖Yx(·, t + δ) − Yx(·, t)‖2
0 +

(
‖ h̃(t + δ) − h̃(t)‖0

+ C5(| σ1(t + δ) − σ1(t) | + | σ2(t + δ) − σ2(t) |)
)
‖ỹ(t + δ) − ỹ(t)‖0,

for a.a. 0 ≤ t ≤ t + δ ≤ T , and

1
2

d

dδ
‖ỹ(δ) − v0‖2

0 +
1
r
‖Yx(·, δ) − v′0‖2

0 ≤ 1
2r

‖Yx(·, δ) − v′0‖2
0

+ C6

(
| σ1(δ) − σ1(0) |2 + | σ2(δ) − σ2(0) |2

)
+

(
‖ h̃(δ) − A(0)v0‖0

+ C7(| σ1(δ) − σ1(0) | + | σ2(δ) − σ2(0) |)
)
‖ỹ(δ) − v0‖0,

for a.a. δ ∈ (0, T ), where C4, C5, C6, C7 are some positive constants. Integration
over [0, T − δ] and [0, δ] of the above inequalities leads us to

1
2r

∫ T−δ

0

‖Yx(·, t + δ) − Yx(·, t)‖2
0 dt ≤ 1

2
‖ ỹ(δ) − v0 ‖2

0

+
∫ T−δ

0

[
C4

(
| σ1(t + δ) − σ1(t) |2 + | σ2(t + δ) − σ2(t) |2

)
+

(
C5(| σ1(t + δ) − σ1(t) | + | σ2(t + δ) − σ2(t) |)

+ ‖ h̃(t + δ) − h̃(t)‖0

)
‖ỹ(t + δ) − ỹ(t)‖0

]
dt,

(4.37)

for all δ ∈ (0, T ], and

1
2
‖ ỹ(δ) − v0 ‖2

0≤
∫ δ

0

[
C6

(
| σ1(s) − σ1(0) |2 + | σ2(s) − σ2(0) |2

)
+

(
C7(| σ1(s) − σ1(0) | + | σ2(s) − σ2(0) |)

+ ‖ h̃(s) − A(0)v0‖0

)
‖ỹ(s) − v0‖0

]
ds,

(4.38)
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for all δ ∈ (0, T ]. Applying Lemma 2.0.19 to inequality (4.38) and using σ1, σ2 ∈
H2(0, T ), h̃, ỹ ∈ W 1,2(0, T ; H0), we infer that

‖ỹ(δ) − v0‖0 ≤ C8δ, for all δ ∈ (0, T ],

and then, by (4.37), we get∫ T−δ

0

‖Yx(·, t + δ) − Yx(·, t)‖2
0dt ≤ C9δ

2,

from which it follows that Y ∈ W 1,2(0, T ; H1(0, 1)) (see Theorem 2.0.3).
Now, let us prove that Y ∈ W 2,2(0, T ; H1(0, 1)). Set V := H1(0, 1) and

denote its dual by V ∗. We will prove that Yt satisfies problem (4.30) derived by
formal differentiation with respect to t of problem (4.29). First, let us check that
Yt ∈ W 1,2(0, T ; V ∗). Note that

〈ϕ,Yt(·, t + δ) − Yt(·, t)〉 = 〈ϕ, r−1(Yxx(·, t + δ) − Yxx(·, t))〉
− g〈ϕ, Y (·, t + δ) − Y (·, t)〉 + 〈ϕ, h(·, t + δ) − h(·, t)〉 (4.39)

for a.a. t ∈ (0, T − δ) and all ϕ ∈ V , where 〈·, ·〉 denotes the pairing between V
and V ∗. Integration by parts in (4.39) yields

〈ϕ,Yt(·, t + δ) − Yt(·, t)〉 + 〈ϕ′, r−1(Yx(·, t + δ) − Yx(·, t))〉
+ [(r0(Y (0, t + δ)) − r0(Y (0, t)) − (σ1(t + δ) − σ1(t))]ϕ(0)
+ [(f0(Y (1, t + δ)) − f0(Y (1, t))) − (σ2(t + δ) − σ2(t))]ϕ(1)
+ g〈ϕ, Y (·, t + δ) − Y (·, t)〉 = 〈ϕ, h(·, t + δ) − h(·, t)〉

for a.a. t ∈ (0, T − δ), ∀ϕ ∈ V . This equation together with (4.32) and (4.33)
implies

‖ Yt(·, t + δ) − Yt(·, t) ‖V ∗ ≤ C10(‖ ỹ(t+δ)− ỹ(t) ‖V + ‖ h(·, t+δ)−h(·, t) ‖0 +δ),

where C10 is a positive constant. Thus,∫ T−δ

0

‖ Yt(·, t + δ) − Yt(·, t) ‖2
V ∗ dt ≤ C11δ

2, ∀δ ∈ (0, T ],

and so it follows by Theorem 2.0.3 that Yt ∈ W 1,2(0, T ; V ∗). Therefore, one can
differentiate with respect to t the equation in Y :

〈ϕ, Yt(·, t)〉 + 〈ϕ′, r−1Yx(·, t)〉 + g〈ϕ, Y (·, t)〉 + (r0(Y (0, t)) − σ1(t))ϕ(0)
+ (f0(Y (1, t)) − σ2(t))ϕ(1) = 〈ϕ, h(·, t)〉, ∀ϕ ∈ V,

thus obtaining

〈ϕ, zt(·, t)〉 + 〈ϕ′, r−1zx(·, t)〉 + g〈ϕ, z(·, t)〉 + (α(t)z(0, t) − σ′
1(t))ϕ(0)

+ (β(t)z(1, t) − σ′
2(t))ϕ(1) = 〈ϕ, ht(·, t)〉, ∀ϕ ∈ V,

(4.40)
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where z = Yt, α(t) = r′0(Y (0, t)), β(t) = f ′
0(Y (1, t)). Obviously, α, β ∈ H1(0, T ),

α ≥ 0, β ≥ 0, and
z(·, 0) = z0. (4.41)

One can see that z is the unique solution of problem (4.40), (4.41). Indeed, if we
choose z0 = 0, σ′

1 = σ′
2 = 0, ϕ = z(·, t) and ht ≡ 0 in (4.40), (4.41), we see that

d

dt
‖ z(·, t) ‖2

0≤ 0 for a.a. t ∈ (0, T ) ⇒ z ≡ 0.

Thus z := Yt is a variational solution of problem (4.30), which can be also written
in the form of the Cauchy problem (4.31).
In fact, problem (4.31) has a unique strong solution. To show this, we notice that
operator A1(t) is a maximal monotone operator for all t ∈ [0, T ]. Moreover, A1(t)
is the subdifferential of the function φ1(t, ·):H0→(−∞, +∞],

φ1(t, p) =

⎧⎪⎨⎪⎩
1
2r

∫ 1

0 p′(x)2dx + g
2

∫ 1

0 p(x)2dx + α(t)
2 p(0)2 + β(t)

2 p(1)2

−σ′
1(t)p(0) − σ′

2(t)p(1), if p ∈ H1(0, 1),
+∞, otherwise.

For every t ∈ [0, T ], D(φ1(t, ·)) = H1(0, 1). Let us show that condition (2.12) of
Theorem 2.0.32 is satisfied by φ1. Indeed, for every p ∈ H1(0, 1) and 0≤s≤t≤T ,
we have

φ1(t, p) − φ1(s, p) ≤1
2
(p(0)2 + p(1)2)

∫ t

s

(| α′ | + | β′ |)(τ)dτ

+ (| p(0) | +p(1) |)
∫ t

s

(| σ′
1 | + | σ′

2 |)(τ)dτ.

(4.42)

Since
φ1(s, p) ≥ 1

2r
‖ p′ ‖2

0 −C12 | p(0) | −C13 | p(1) |,
where C12, C13 are some positive constants, one can easily derive (2.12) from
(4.42). So, according to Theorem 2.0.32, problem (4.31) has a unique strong solu-
tion z̃(t) := z(·, t), z(·, t) ∈ D(φ1(t, ·)) = H1(0, 1)∀ t ∈ [0, T ],

z ∈ W 1,2(0, T ; H0)
⋂

L2(0, T ; H2(0, 1)),

and there exists a function ϑ ∈ L1(0, T ) such that

φ1(t, z̃(t)) ≤ φ1(0, z̃(0)) +
∫ t

0

ϑ(s)ds, ∀ t ∈ [0, T ],

which implies

1
2r

∫ 1

0

zx(x, t)2dx ≤ C14 + σ′
1(t)z(0, t) + σ′

2(t)z(1, t)

≤ C15 + C16 ‖ z(·, t) ‖2
0 +

1
4r

‖ zx(·, t) ‖2
0, ∀ t ∈ [0, T ],
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from which we get ‖ zx(·, t) ‖0≤ C17. Therefore, z ∈ L∞(0, T ; H1(0, 1)). We have
used σ1, σ2 ∈ H2(0, T ), z(·, t) ∈ H1(0, 1)∀ t ∈ [0, T ], as well as inequality (4.36).
As z = Yt, we have already proved that

Y ∈ W 2,2(0, T ; L2(0, 1))
⋂

W 1,2(0, T ; H2(0, 1))
⋂

W 1,∞(0, T ; H1(0, 1)).

It remains to show that Ytt = zt ∈ L2(0, T ; H1(0, 1)). To this purpose one can
apply a reasoning similar to that used in the first part of this proof. We need only
some slight modifications which we are going to point out. Starting from equations
(4.31)1 and

(z − z0)t − r−1(zxx − z′′0 ) + g(z − z0) = ht − A1(0)z0,

one gets the following estimates
1
2

d

dt
‖z̃(t + δ) − z̃(t)‖2

0 +
1
r
‖zx(·, t + δ) − zx(·, t)‖2

0

≤
(
| σ′

1(t + δ) − σ′
1(t) | + | z(0, t) | · | α(t + δ) − α(t) |

)
| z(0, t + δ) − z(0, t) |

+
(
| σ′

2(t + δ) − σ′
2(t) | + | z(1, t) | · | β(t + δ) − β(t) |

)
| z(1, t + δ) − z(1, t) |

+ ‖ h̃′(t + δ) − h̃′(t)‖0 · ‖z̃(t + δ) − z̃(t)‖0,

for a.a. 0 ≤ t ≤ t + δ ≤ T , and
1
2

d

dδ
‖z̃(δ) − z0‖2

0 +
1
r
‖zx(·, δ) − z′0‖2

0

≤
(
| σ′

1(δ) − σ′
1(0) | + | z0(0) | · | α(δ) − α(0) |

)
× | z(0, δ) − z0(0) | +

(
| σ′

2(δ) − σ′
2(0) | + | z0(1) | · | β(δ) − β(0) |

)
× | z(1, δ) − z0(1) | + ‖ h̃′(δ) − A1(0)z0‖0 · ‖z̃(δ) − z0(0)‖0,

for a.a. δ ∈ (0, T ). We have used the conditions α ≥ 0, β ≥ 0.
As z(0, ·), z(1, ·) ∈ L∞(0, T ), one can use the fact that H1(0, 1) is continuously
embedded into C[0, 1] to derive the following estimates

1
2

d

dt
‖z̃(t + δ) − z̃(t)‖2

0

+
1
r
‖zx(·, t + δ) − zx(·, t)‖2

0 ≤ 1
2r

‖zx(·, t + δ) − zx(·, t)‖2
0

+ C18

(
(σ′

1(t + δ) − σ′
1(t))

2 + (σ′
2(t + δ) − σ′

2(t))
2

+ (α(t + δ) − α(t))2 + (β(t + δ) − β(t))2
)

+
(
C19(| σ′

1(t + δ) − σ′
1(t) | + | σ′

2(t + δ) − σ′
2(t) |

+ | α(t + δ) − α(t) | + | β(t + δ) − β(t) |)
+ ‖ h̃t(t + δ) − h̃t(t)‖0

)
‖z̃(t + δ) − z̃(t)‖0,

(4.43)
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for a.a. 0 ≤ t ≤ t + δ ≤ T , and

1
2

d

dδ
‖z̃(δ) − z0‖2

0 +
1
r
‖zx(·, δ) − z′0‖2

0 ≤ 1
2r

‖zx(·, δ) − z′0‖2
0

+ C20

(
(σ′

1(δ) − σ′
1(0))2 + (σ′

2(δ) − σ′
2(0))2

+ (α(δ) − α(0))2 + (β(δ) − β(0))2
)

+
(
C21(| σ′

1(δ) − σ′
1(0) | + | σ′

2(δ) − σ′
2(0) |

+ | α(δ) − α(0) | + | β(δ) − β(0) |)
+ ‖ h̃′(δ) − A1(z0)‖0

)
‖z̃(δ) − z0‖0,

(4.44)

for a.a. δ ∈ (0, T ), where C18, . . . , C21 are some positive constants.
Note that every ζ ∈ H1(0, T ) satisfies the following estimate

| ζ(s1) − ζ(s2) |=
∣∣∣∫ s2

s1

ζ′(τ)dτ
∣∣∣ ≤‖ ζ′ ‖L2(0,T ) · | s1 − s2 |1/2 ∀ s1, s2 ∈ [0, T ].

Thus, since α, β, σ′
1, σ′

2 ∈ H1(0, T ) and h̃′, z̃ ∈ W 1,2(0, T ; H0), we can derive
from (4.44)

‖ z̃(δ) − z0 ‖2
0≤ C22δ

2 + C23

∫ δ

0

‖ z̃(s) − z0(0) ‖0 ds.

Then, Lemma 2.0.19 yields ‖ z̃(δ)−z0 ‖0≤ C24δ. This together with (4.43) implies
the desired conclusion, i.e., z ∈ W 1,2(0, T ; H1(0, 1)). �
Remark 4.2.13. In fact we can also prove that Y ∈ W 2,∞(0, T ; L2(0, 1)) (for de-
tails, see [24, p. 82]). In [24] a thorough discussion is also included concerning
different regularity issues, such as: regularity under more relaxed assumptions,
more regularity with respect to x, and higher regularity in the case of a more
general nonlinear parabolic equation. Here, we have included only facts which are
absolutely necessary for our treatment.

Summarizing what we have done so far, we can state the following concluding
result:

Corollary 4.2.14. Assume that

r > 0, g ≥ 0, r0, f0 ∈ C2(R), r′0 ≥ 0, f ′
0 ≥ 0;

f1, f2 are sufficiently regular;

u0 ∈ H2(0, 1), v0 ∈ H4(0, 1);

and the following compatibility conditions are fulfilled{
u0(0) + r0(v0(0)) = 0,

u0(1) − f0(v0(1)) = 0,
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⎧⎪⎪⎪⎨⎪⎪⎪⎩
f1(0, 0) − ru0(0) − v′0(0) = 0,

r′0(v0(0)) (f2(0, 0) − gv0(0) − u′
0(0)) = 0,

f1(1, 0) − ru0(1) − v′0(1) = 0,

f ′
0(v0(1)) (f2(1, 0) − gv0(1) − u′

0(1)) = 0,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
r−1v

(3)
0 (0) − gv′0(0) + f2x(0, 0) − r−1f1xx(0, 0) − rr′0(v0(0))×

× (
r−1v′′0 (0) − gv0(0) + f2(0, 0) − r−1f1x(0, 0)

)
= f1t(0, 0),

r−1v
(3)
0 (1) − gv′0(1) + f2x(1, 0) − r−1f1xx(1, 0) + rf ′

0(v0(1))×
× (

r−1v′′0 (1) − gv0(1) + f2(1, 0) − r−1f1x(1, 0)
)

= f1t(1, 0).

Then, all the conclusions of Theorems 4.2.10 and 4.2.12 hold.

Remark 4.2.15. It should be noted that in the statement of the above corollary,
the compatibility conditions are independent of ε, and (4.25) are satisfied for
all ε > 0. Note also that (4.15), (4.25) as well as the compatibility conditions
required for the reduced problem P0 form a compatible system of conditions.
These conditions include in particular our previous conditions (4.10), which were
required to eliminate possible discrepancies caused by correction c0 at the corner
points (x, t) = (0, 0) and (x, t) = (1, 0). So, we have created an adequate framework
for what we are going to do in the next section.

4.3 Estimates for the remainder components

Under the assumptions of Corollary 4.2.14, our expansion (4.1) is well defined, in
the sense that all its terms exist. We are now going to show it is a real asymptotic
expansion, that is the remainder tends to zero with respect to the sup norm. We
will show even more, that the remainder components satisfy certain estimates, as
seen in the following result:

Theorem 4.3.1. Assume that all the assumptions of Corollary 4.2.14 are fulfilled.
Then, for every ε > 0, the solution of problem Pε admits an asymptotic expansion
of the form (4.1) and the following estimates are valid:

‖R1ε‖C(DT ) = O(ε1/8), ‖R2ε‖C(DT ) = O(ε3/8).

Proof. Throughout this proof we denote by K1, K2, . . . some positive constants
which depend on the data, but are independent of ε. By Corollary 4.2.14, problem
(4.5), (4.8),(4.11) has a unique smooth solution (R1ε, R2ε).

In order to establish the desired estimates, we consider the Hilbert space
H := L2(0, 1)2, endowed with the scalar product

〈p, q〉 := ε

∫ 1

0

p1(x)q1(x)dx +
∫ 1

0

p2(x)q2(x)dx, p = (p1, p2), q = (q1, q2) ∈ H.
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Denote by ‖·‖ the corresponding Hilbertian norm. Note that both the scalar prod-
uct and the norm depend on ε. Also, we consider the operator Bε(t) : D

(Bε(t)
) ⊂

H →H ,

D
(Bε(t)

)
=

{
(p, q) ∈ (

H1(0, 1)
)2

, p(0) + r0

(
q(0) + Y (0, t)

)
= r0

(
Y (0, t)

)
,

p(1) − f0

(
q(1) + Y (1, t)

)
= −f0

(
Y (1, t)

)}
,

Bε(t)(p, q) =
(
ε−1q′ + rε−1p, p′ + gq

)
for all t ∈ [0, T ].

Obviously, problem (4.5), (4.8), (4.11) can be written as the following Cauchy
problem in H : {

R′
ε(t) + Bε(t)Rε(t) = Fε(t), 0 < t < T,

Rε(0) = 0,
(4.45)

where Rε(t) := (R1ε(·, t), R2ε(·, t)), Fε(t) :=
(− Xt(·, t),−c0x(·, τ)

)
, 0<t< T .

Taking the scalar product in H of (4.45)1 and Rε(t) and integrating the
resulting equation over [0, t], we get

1
2
‖Rε(t)‖2 +

∫ t

0

〈Bε(s)Rε(s), Rε(s)〉ds =
∫ t

0

〈Fε(s), Rε(s)〉ds (4.46)

for all t ∈ [0, T ]. We have denoted by ‖ · ‖0 the usual norm of L2(0, 1). An easy
computation involving assumptions r′0, f ′

0 ≥ 0 shows that

〈Bε(s)Rε(s), Rε(s)〉 ≥ r
∥∥R1ε(·, s)

∥∥2

0
+ g

∥∥R2ε(·, s)
∥∥2

0
for all s ∈ [0, T ]. (4.47)

Therefore,

1
2
‖Rε(t)‖2 ≤

∫ t

0

‖Fε(s)‖ · ‖Rε(s)‖ds for all t ∈ [0, T ].

By Lemma 2.0.19, it follows that

‖Rε(t)‖ ≤
∫ t

0

‖Fε(s)‖ds for all t ∈ [0, T ]. (4.48)

On the other hand,

‖Fε(s)‖2 = ε

∫ 1

0

Xs(x, s)2dx +
∫ 1

0

c0x

(
x, s/ε

)2
dx ≤ K1ε

for all s ∈ [0, T ]. Thus, ∫ T

0

‖Fε(s)‖ds = O(ε1/2). (4.49)
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Now, it is easily seen that (4.46), (4.47), (4.48) and (4.49) imply∥∥Rε(t)
∥∥2 = ε

∥∥R1ε(·, t)
∥∥2

0
+

∥∥R2ε(·, t)
∥∥2

0
≤ K2ε for all t ∈ [0, T ], (4.50)

∫ T

0

(
r
∥∥R1ε(·, s)

∥∥2

0
+ g

∥∥R2ε(·, s)
∥∥2

0

)
ds = O(ε). (4.51)

In order to continue the proof, we need the following auxiliary result:

Lemma 4.3.2. If the assumptions of Theorem 4.3.1 hold, then

‖vε‖C(DT ) = O(1).

Proof. We define the operator B1ε : D(B1ε) ⊂ H → H ,

D(B1ε) =
{
(p, q) ∈ H1(0, 1)

2
, p(0) + r0

(
q(0)

)
= 0, p(1) − f0

(
q(1)

)
= 0

}
,

B1ε(p, q) =
(
ε−1(q′ + rp), p′ + gq

)
.

Obviously, problem Pε can be written as the following Cauchy problem in H :{
U ′

ε(t) + B1εUε(t) = Gε(t), 0 < t < T,

Uε(0) = (u0, v0),
(4.52)

where Uε(t) :=
(
uε(·, t), vε(·, t)

)
, Gε(t) :=

(
ε−1f1(·, t), f2(·, t)

)
, 0 < t < T . The

assumptions of Theorem 2.0.20 are satisfied, therefore we have:

‖U ′
ε(t)‖ ≤ ‖Gε(0) − B1ε(u0, v0)‖ +

∫ t

0

‖G′
ε(s)‖ds ≤ K3ε

−1/2

for all t ∈ [0, T ], which implies

ε‖uεt(·, t)‖2
0 + ‖vεt(·, t)‖2

0 ≤ K2
3ε−1 ∀ t ∈ [0, T ]. (4.53)

On the other hand, by (4.50) we obtain the estimates:

‖vε(·, t)‖0 ≤ ‖Y (·, t)‖0 + ‖R2ε(·, t)‖0 ≤ K4, (4.54)
‖uε(·, t)‖0 ≤ ‖X(·, t)‖0 + ‖c0(·, τ)‖0 + ‖R1ε(·, t)‖0 ≤ K5, (4.55)

for all t ∈ [0, T ]. By making use of (4.53) and (4.55), we derive from the first
equation of (LS)

‖vεx(·, t)‖0 ≤ K6, 0 ≤ t ≤ T.

Together with (4.54), this last inequality shows that vε(·, t) is uniformly bounded
with respect to ε > 0 and t ∈ [0, T ] in H1(0, 1). Since H1(0, 1) is continuously
embedded into C[0, 1], our conclusion follows. �
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Let us continue the proof of the theorem. We are going to prove some es-
timates for R1εt, R2εt. Denote R′

ε(t) =
(
R1εt

(·, t), R2εt

(·, t)) and write system
(4.5) in t, t + δ ∈ [0, T ], δ > 0, then subtract one system from the other, and
finally take the scalar product in H of the resulting system with Rε(t+ δ)−Rε(t).
Thus, we get

1
2

d

dt
‖ Rε(t + δ) − Rε(t) ‖2

+ r ‖ R1ε(·, t + δ) − R1ε(·, t) ‖2
0 +E1ε(t, δ) + E2ε(t, δ)

≤‖ Fε(t + δ) − Fε(t) ‖ · ‖ Rε(t + δ) − Rε(t) ‖
(4.56)

for all 0 ≤ t < t + δ ≤ T , where

E1ε(t, δ) =
[(

f0(vε(1, t + δ)) − f0(Y (1, t + δ))
)− (

f0(vε(1, t)) − f0(Y (1, t))
)]

×
[
R2ε(1, t + δ) − R2ε(1, t)

]
,

E2ε(t, δ) =
[(

r0(vε(0, t + δ)) − r0(Y (0, t + δ))
)− (

r0(vε(0, t)) − r0(Y (0, t))
)]

×
[
R2ε(0, t + δ) − R2ε(0, t)

]
.

Integration of (4.56) over [0, t] yields

1
2
‖ Rε(t + δ) − Rε(t) ‖2 +r

∫ t

0

‖ R1ε(·, s + δ) − R1ε(·, s) ‖2
0 ds

+
∫ t

0

(
E1ε(s, δ) + E2ε(s, δ)

)
ds ≤ 1

2
‖ Rε(δ) ‖2

+
∫ t

0

‖ Fε(s + δ) − Fε(s) ‖ · ‖ Rε(s + δ) − Rε(s) ‖ ds

(4.57)

for all 0 ≤ t < t + δ ≤ T .
Now, we divide (4.57) by δ2. Then, if we take into account that Rε ∈ C1([0, T ]; H),
r0, f0 ∈ C2(R), Fε ∈ W 1,2(0, T ; H), and let δ → 0, we infer that

1
2
‖ R′

ε(t) ‖2 + r

∫ t

0

‖ R1εt(·, s) ‖2
0 ds ≤ K7 +

1
2
‖ R′

ε(0) ‖2

+
∫ t

0

‖ F ′
ε(s) ‖ · ‖ R′

ε(s) ‖ ds ∀ t ∈ [0, T ].
(4.58)

We have used the following inequality

lim
δ→0

∫ t

0

E1ε(s, δ)
δ2

ds =
∫ t

0

d

ds

[(
f0(vε(1, s)) − f0(Y (1, s))

)] · d

ds

(
R2ε(1, s)

)
ds

=
∫ t

0

(
f ′
0(vε(1, s))vεs(1, s) − f ′

0(Y (1, s))Ys(1, s)
)(

vεs(1, s) − Ys(1, s)
)
ds
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≥ −
∫ t

0

(
f ′
0(vε(1, s))vεs(1, s)Ys(1, s) + f ′

0(Y (1, s))vεs(1, s)Ys(1, s)
)
ds

= −f0(vε(1, s))Ys(1, s)
∣∣∣t
0
−f ′

0(Y (1, s))Ys(1, s)vε(1, s)
∣∣∣t
0

+
∫ t

0

f0(vε(1, s))Yss(1, s)ds +
∫ t

0

d2

ds2

(
f0(Y (1, s))

)
vε(1, s)ds ≥ −K8

for all t ∈ [0, T ], as well as the similar one

lim
δ→0

∫ t

0

E2ε(s, δ)
δ2

ds ≥ −K9 for all t ∈ [0, T ].

For the last two inequalities we have used Lemma 4.3.2. Now, if we combine
inequality (4.58) and the obvious estimates

‖R′
ε(0)‖ = ‖Fε(0)‖ ≤ K10,∫ t

0

‖ F ′
ε(s) ‖ ds ≤ K11 for all t ∈ [0, T ],

we get by Lemma 2.0.19

‖R′
ε(t)‖2 = ε‖R1εt(·, t)‖2

0 + ‖R2εt(·, t)‖2
0 ≤ K12, (4.59)

for all t ∈ [0, T ]. Therefore,

ε‖R1εt(·, t)‖2
0 ≤ K12, ‖R2εt(·, t)‖0 ≤ K12, (4.60)

for all t ∈ [0, T ]. Now, combining (4.58) with (4.59) we find

‖R1εt‖L2(DT ) ≤ K13. (4.61)

From (4.51) and (4.61), we derive

‖R1ε(·, t)‖2
0 = 2

∫ t

0

〈R1εs(·, s), R1ε(·, s)〉0ds

≤ 2
∫ t

0

‖R1εs(·, s)‖0 · ‖R1ε(·, s)‖0ds

≤ 2‖R1εt‖L2(DT ) · ‖R1ε‖L2(DT ) = O(ε1/2) ∀ t ∈ [0, T ]. (4.62)

Using (4.5), (4.50), (4.60) and (4.62), we obtain

‖R1εx(·, t)‖0 ≤ K14, ‖R2εx(·, t)‖0 ≤ K15ε
1/4 for all t ∈ [0, T ]. (4.63)

By the mean value theorem, for every t∈[0, T ] and ε > 0 there exists a point
xtε∈[0, 1] such that ‖R1ε(·, t)‖2

0=R1ε(xtε, t)2. Since

R1ε(x, t)2 = R1ε(xtε, t)2 + 2
∫ x

xtε

R1εξ(ξ, t)R1ε(ξ, t)dξ

≤ R1ε(xtε, t)2 + 2‖R1ε(·, t)‖0 · ‖R1εx(·, t)‖0,
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we obtain by (4.62) and (4.63) that

R1ε(x, t)2 ≤ K16ε
1/4 for all (x, t) ∈ DT .

Similarly, we can show that

R2ε(x, t)2 ≤ K17ε
3/4 for all (x, t) ∈ DT .

The proof is complete. �
Remark 4.3.3. We suspect that the above estimates could be proved under weaker
assumptions on the data. Also, estimates in weaker norms are expected under even
more relaxed assumptions on the data, including less compatibility. Furthermore,
one may investigate only simple convergence to zero of the remainder components
with respect to different norms. From a practical point of view, it is important to
relax our requirements. This seems to be possible, at the expense of getting weaker
approximation results. Note that the set of regular data (u0, v0, f1, f2), as required
in Corollary 4.2.14, is dense in the space V1 := L2(0, 1) × H1(0, 1) × H1(DT ) ×
L2(DT ). It is easily seen that for (u0, v0, f1, f2) ∈ V1, both problems Pε and P0

have unique weak solutions (i.e., limits of strong solutions in C([0, T ]; L2(0, 1))2,
and L2(DT )×{C([0, T ]; L2(0, 1))∩L2(0, T ; H1(0, 1))}, respectively), provided that
f0 and r0 are smooth nondecreasing functions. This remark could be a starting
point in proving further approximation results.



Chapter 5

Hyperbolic Systems with
Dynamic Boundary Conditions

In this chapter we investigate the first four problems presented in Chapter 3. All
these problems include dynamic boundary conditions (which involve the deriva-
tives of v(0, t), v(1, t); (BC.2) also include integrals of these functions). Note that
all the four problems are singularly perturbed of the boundary layer type with
respect to the sup norm.

The chapter consists of four sections, each of them addressing one of the four
problems.

As a first step in our treatment, we construct a formal asymptotic expansion
for each of the four problems, by employing the method presented in Chapter 1.
For three of the four problems we construct zeroth order asymptotic expansions.
In the case of problem (LS), (IC), (BC.1), we construct a first order expansion of
the solution in order to offer an example of a higher order asymptotic expansion.
It should be pointed out that first or even higher order asymptotic expansions can
be constructed for all the problems considered in this chapter but additional as-
sumptions on the data should be required and much more laborious computations
are needed.

Once a formal asymptotic expansion is determined, we will continue with its
validation. More precisely, as a second step in our analysis, we will formulate and
prove results concerning the existence, uniqueness, and higher regularity of the
terms which occur in each of the previously determined asymptotic expansions.
As in the previous chapter, we need higher regularity to show that our asymptotic
expansions are well defined and to derive estimates for the remainder components.
Our investigations here are mainly based on classic methods in the theory of evolu-
tion equations in Hilbert spaces associated with monotone operators as well as on
linear semigroup theory. It should be pointed out that each of the four problems
requires a different framework and separate analysis. All the operators associated
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with the corresponding reduced (unperturbed) problems are subdifferentials, ex-
cept for the reduced problem in Subsection 5.4.2. When the PDE system under
investigation is nonlinear (see Subsections 5.2.2 and 5.3.2), the treatment becomes
much more complex.

The third and final step in our asymptotic analysis is to derive estimates for
the remainders of the asymptotic expansions, in order to validate completely these
expansions (see Subsections 5.1.3–5.4.3). In particular, note that our estimates
from Subsection 5.1.3 are of the order of ερ, ρ > 1, which enables us to say that
the corresponding asymptotic expansion is a real first order expansion with respect
to the sup norm.

Note also that Subsection 5.2.3 includes two different results: the former gives
estimates in a weaker norm, in which the boundary layer is not visible (and thus the
problem is regularly perturbed with respect to this norm), while the latter result
provides estimates in the sup norm (and the boundary layer is visible in this norm).
Obviously, the latter result is possible at the expense of stronger assumptions on
the data (i.e., higher smoothness and more compatibility conditions). Note also
that estimates in weaker norms are possible, under weaker assumptions, for all the
problems under investigation. The reader is encouraged to derive such estimates
under minimal assumptions.

5.1 A first order asymptotic expansion for the solution
of problem (LS), (IC), (BC.1)

In this section we will investigate the following initial-boundary value problem,
called Pε as usual: {

εut + vx + ru = f1,

vt + ux + gv = f2 in DT ,
(LS)

with initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and boundary conditions of the form{
r0u(0, t) + v(0, t) = 0,

u(1, t) − kvt(1, t) = f0

(
v(1, t)

)
+ e0(t), 0 ≤ t ≤ T.

(BC.1)

The present data f1, f2, u0, v0, r, g have the same meanings as in the previous
chapter; r0 ≥ 0, k > 0 are given constants and e0 : [0, T ] → R is a known function.
Note that (BC.1) are boundary conditions of algebraic-differential type, the latter
condition being a (nonlinear) dynamic one (since it involves vt(1, t)).
A reasoning similar to that used at the end of Chapter 1 reveals the existence of a
boundary layer phenomenon in a neighborhood of the segment {(x, 0); 0 ≤ x ≤ 1}.
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5.1.1 Formal expansion

Here we construct a first order asymptotic expansion for the solution Uε =(uε(x,t),
vε(x, t)) of problem Pε introduced above.
We are going to apply the usual technique described in Chapter 1. More precisely,
we will try to find a first order asymptotic expansion in the form

Uε = U0(x, t) + εU1(x, t) + V0(x, τ) + εV1(x, τ) + Rε(x, t), (x, t) ∈ DT , (5.1)

where:

τ = t/ε is the fast variable;
U0 = (X0(x, t), Y0(x, t)),
U1 = (X1(x, t), Y1(x, t)) are the regular terms;
V0 = (c0(x, τ), d0(x, τ)),
V1 = (c1(x, τ), d1(x, τ)) are the boundary layer functions;
Rε = (R1ε(x, t), R2ε(x, t)) is the remainder of the order one.

Now, we require Uε given by (5.1) to satisfy Pε formally and identify the coefficients
of like powers of εk, k = −1, 0, 1.
For the components of the zeroth order regular term we obtain as in the previous
chapter {

X0 = (1/r)(f1 − Y0x),
Y0t − (1/r)Y0xx + gY0 = f2 − (1/r)f1x in DT ,

(5.2)

Y0(x, 0) = v0(x), 0 ≤ x ≤ 1. (5.3)

We have re-denoted the equations for the convenience of the reader. For the zeroth
order boundary layer functions we obtain the formulae

c0(x, τ) = α(x)e−rτ , d0(x, τ) ≡ 0, (5.4)

where function α has the known expression which is derived from (IC),

α(x) = u0(x) + (1/r)
(
v′0(x) − f1(x, 0)

)
.

For the components of the first order regular term we can easily derive the system{
X0t + Y1x + rX1 = 0,

Y1t + X1x + gY1 = 0 in DT ,
(5.5)

which can be written in the following equivalent form

X1 = −(1/r)(X0t + Y1x), (5.6)

Y1t − (1/r)Y1xx + gY1 = (1/r)X0xt in DT . (5.7)
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The components of the first order remainder satisfy formally{
εR1εt + R2εx + rR1ε = −ε2X1t,

R2εt + R1εx + gR2ε = −ε(c1x + gd1) in DT .
(5.8)

The first order boundary layer functions satisfy the system{
c1τ + d1x + rc1 = 0,

d1τ + c0x = 0,

and so it is easily seen that{
c1(x, τ) = β(x)e−rτ − (α′′(x)/r)τe−rτ ,

d1(x, τ) = (1/r)α′(x)e−rτ ,

where function β can be determined from (IC). Indeed, from (IC) we get

d1(x, 0) + Y1(x, 0) = 0 ⇔
Y1(x, 0) = −(1/r)α′(x), 0 ≤ x ≤ 1, (5.9)

X1(x, 0) + c1(x, 0) = 0 ⇔
β(x) = (1/r)X0t(x, 0) − (1/r2)α′′(x), 0 ≤ x ≤ 1. (5.10)

For the remainder components we obtain the initial conditions:

R1ε(x, 0) = R2ε(x, 0) = 0, 0 ≤ x ≤ 1. (5.11)

Now, let us use (BC.1). We first derive the equation

r0X0(0, t) + Y0(0, t) = 0, 0 ≤ t ≤ T,

which yields (see (5.2)):

Y0(0, t) − (r0/r)Y0x(0, t) = −(r0/r)f1(0, t), 0 ≤ t ≤ T. (5.12)

Next, we derive a condition similar to (4.10)1 of the previous chapter, namely
c0(0, τ) = 0, i.e.,

α(0) = 0 ⇔ ru0(0) = f1(0, 0) − v′0(0). (5.13)

We can also derive from (BC.1) :

r0X1(0, t) + Y1(0, t) = 0, 0 ≤ t ≤ T,

and, consequently (see (5.6)),

Y1(0, t) − (r0/r)Y1x(0, t) = (r0/r)X0t(0, t), 0 ≤ t ≤ T. (5.14)
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In addition, we obtain the equation

r0c1(0, τ) + d1(0, τ) = 0,

i.e., {
α′′(0) = 0,

α′(0) + rr0β(0) = 0.
(5.15)

From the latter boundary condition we get

X0(1, t) − kY0t(1, t) = f0(Y0(1, t)) + e0(t), 0 ≤ t ≤ T,

X1(1, t) − kY1t(1, t) = f ′
0(Y0(1, t))Y1(1, t), 0 ≤ t ≤ T.

Clearly, these equations can be rewritten (see (5.2)1, (5.6)) as:

kY0t(1, t) + (1/r)Y0x(1, t) + f0(Y0(1, t)) = (1/r)f1(1, t) − e0(t), (5.16)

kY1t(1, t) + (1/r)Y1x(1, t) + f ′
0(Y0(1, t))Y1(1, t) = −(1/r)X0t(1, t), (5.17)

for all t ∈ [0, T ]. Another equation given by the identification procedure is

c0(1, τ) − kd1τ (1, τ) = 0,

which is satisfied if and only if

α(1) + kα′(1) = 0. (5.18)

Note that equations (5.13), (5.15) and (5.18) guarantee that our boundary layer
functions c0, c1 and d1 do not introduce any discrepancies at the corner points
(0, 0) and (1, 0) of DT . We will see in the next subsection that these equations
are also among the compatibility conditions which we will require to get enough
smoothness for the terms of expansion (5.1).

Let us also point out that, unlike d0, d1 is not zero. This means that the
boundary layer phenomenon comes also into effect for the latter component of the
solution, but starting with the second term (first order term) of the asymptotic
expansion of order N , N ≥ 1.
Finally, it is easily seen that Rε should satisfy the following boundary conditions:⎧⎪⎨⎪⎩

r0R1ε(0, t) + R2ε(0, t) = 0,

R1ε(1, t) − kR2εt(1, t) = f0(vε(1, t)) − f0(Y0(1, t))
−εf ′

0(Y0(1, t))Y1(1, t) − εc1(1, τ), 0 < t < T.

(5.19)

It is worth noting that the first term of expansion (5.1), U0 = (X0(x, t), Y0(x, t)),
coincides with the solution of the reduced problem P0 which comprises the alge-
braic equation (5.2)1 and the boundary value problem (5.2)2, (5.3), (5.12), (5.16).

In conclusion, if there are smooth solutions for Pε, ε > 0, P0, and for problem
(5.6), (5.7), (5.9), (5.14), (5.17), denoted by P1, then Uε can be represented by
(5.1), where Rε = (R1ε, R2ε) satisfies (5.8), (5.11), (5.19).

Note that a zeroth order asymptotic expansion for the solution of Pε had
previously been constructed in [35] under weaker assumptions on the data.
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5.1.2 Existence, uniqueness and regularity of the solutions
of problems Pε, P0 and P1

We start this subsection with problem Pε. Note that this problem is a particular
case of problem (2.14), (2.15), (2.17) presented in Chapter 2. Therefore, we can
apply Theorem 2.0.34. However, we plan to obtain higher regularity results for the
solution Uε of Pε, so we have to pay more attention to this problem.

Let us consider the Hilbert space H1 =
(
L2(0, 1)

)2 × R, endowed with the
scalar product

〈h1, h2〉 = ε

∫ 1

0

p1(x)p2(x)dx +
∫ 1

0

q1(x)q2(x)dx + ka1a2,

for all hi = (pi, qi, ai) ∈ H1, i = 1, 2,

and the associated Hilbertian norm, denoted by ‖ · ‖.
Define the operator Bε : D(Bε) ⊂ H1 → H1 by:

D(Bε) =
{
(p, q, a); p, q ∈ H1(0, 1), r0p(0) + q(0) = 0, a = q(1)

}
,

Bε(p, q, a) =
(
ε−1 (q′ + rp) , p′ + gq, k−1 (−p(1) + f0 (a))

)
.

Obviously, Bε is a special case of operator B1 considered in Example 4, Chapter 2.
Therefore, by Proposition 2.0.16, Bε is a maximal monotone operator.
We associate with problem Pε the following Cauchy problem in H1:{

w′
ε(t) + Bεwε(t) = Fε(t), 0 < t < T,

wε(0) = w0,
(5.20)

where

w0 = (u0, v0, ξ0), wε(t) = (uε(·, t), vε(·, t), ξε(t)) ,

Fε(t) =
(
ε−1f1(·, t), f2(·, t),−k−1e0(t)

)
, 0 < t < T.

Let us reformulate Theorem 2.0.34 for the present particular case:

Theorem 5.1.1. Assume that

g, r are nonnegative constants, and r0, k > 0; (5.21)

f0 : R → R is a continuous nondecreasing function; (5.22)

u0, v0 ∈ H1(0, 1), r0u0(0) + v0(0) = 0, ξ0 = v0(1), (f1, f2, e) ∈ W 1,1(0, T ; H1).

Then, problem (5.20) has a unique strong solution wε ∈ W 1,∞(0, T ; H1), with
ξε(t) = vε(1, t) for all t∈[0, T ]. In addition, uε, vε ∈ L∞ (

0, T ; H1(0, 1)
)
.
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Remark 5.1.2. Obviously, the assumptions on u0, v0 in Theorem 5.1.1 say nothing
else but that

w0 = (u0, v0, ξ0) ∈ D(Bε).

The equation r0u0(0) + v0(0) = 0 is called a zeroth order compatibility condition.

In order to obtain higher regularity results we can use the classical method:
first we differentiate formally our problem Pε with respect to t, then we establish
some regularity of the solution of the resulting problem, and then we return to the
original problem to derive higher regularity for its solution. This method provides
immediate results in the case of linear problems. Nonlinear problems require much
more work. Now, we prove the following result:

Theorem 5.1.3. Assume (5.21) and

f0 ∈ C2(R), f ′
0 ≥ 0, f1, f2 ∈ W 2,∞ (

0, T ; L2(0, 1)
)
, e0 ∈ W 2,∞(0, T ); (5.23)

w0 ∈ D(Bε), w01 := Fε(0) − Bεw0 ∈ D(Bε). (5.24)

Then the strong solution wε of the Cauchy problem (5.20) satisfies

wε ∈ C2([0, T ]; H1), uε, vε ∈ C1([0, T ]; H1(0, 1)).

Proof. By Theorem 5.1.1, we know that problem (5.20) has a unique strong so-
lution wε ∈ W 1,∞(0, T ; H1), with ξε(t) = vε(1, t) for all t∈[0, T ]. Next, we define
the operators Cε(t) : D(Cε(t)) = H1 → H1,

Cε(t)(p, q, a) = dε(t)(0, 0, a) − F ′
ε(t),

where dε(t) := k−1f ′
0 (vε(1, t)) , dε(t) ≥ 0 for all t ∈ [0, T ]. Denote by B0ε the

operator obtained by taking f0 ≡ 0 in the definition of Bε.

Obviously, operator Eε(t) = B0ε + Cε(t), with D (Eε(t)) = D(Bε), is maximal
monotone for all t ∈ [0, T ].
Moreover, since d′ε ∈ L∞(0, T ) and Fε

′′ ∈ L∞(0, T ; H1), there exists a positive
constant Lε such that

‖Eε(t)x − Eε(s)x‖ ≤ Lε | t − s | (1 + ‖x‖),

for all x ∈ D(Bε) and all s, t ∈ [0, T ]. Therefore, according to Theorem 2.0.31, the
following Cauchy problem{

z′ε(t) + Eε(t)zε(t) = 0, 0 < t < T,

zε(0) = w01,
(5.25)

has a unique strong solution

zε(t) = (ũε(·, t), ṽε(·, t), ξ̃ε(t)) ∈ W 1,∞(0, T ; H1),
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such that zε(t) ∈ D(Bε) for all t ∈ [0, T ], which implies ξ̃ε(t) = ṽε(1, t) for all t ∈
[0, T ]. On the other hand, operator B0ε is linear and maximal monotone. If we
denote by {Sε(t), t ≥ 0 } the continuous semigroup of contractions generated by
−B0ε, then the solutions of problems (5.20) and (5.25) satisfy

wε(t) = Sε(t)w0 +
∫ t

0

Sε(t − s)F1ε(s)ds, 0 ≤ t ≤ T, (5.26)

zε(t) = Sε(t)w01 +
∫ t

0

Sε(t − s)F2ε(s)ds, 0 ≤ t ≤ T, (5.27)

where:

F1ε(t) = Fε(t) − (0, 0, k−1f0 (vε(1, t)) ,

F2ε(t) = F ′
ε(t) − (0, 0, dε(t)ṽε(1, t)) , 0 ≤ t ≤ T.

Since w0 ∈ D(B0ε) = D(Bε) and F1ε ∈ W 1,∞(0, T ; H1), we can differentiate (5.26)
(see Theorem 2.0.27) to obtain

w′
ε(t) = Sε(t)w01 +

∫ t

0

Sε(t − s)F ′
1ε(s)ds, 0 ≤ t ≤ T. (5.28)

From (5.27) and (5.28) it follows that

‖w′
ε(t) − zε(t)‖ ≤

∫ t

0

‖F ′
1ε(s) − F2ε(s)‖ds

≤ Kε

∫ t

0

‖w′
ε(s) − zε(s)‖ds, 0 ≤ t ≤ T, (5.29)

where Kε = sup{| dε(t) |; t ∈ [0, T ]}. Gronwall’s lemma applied to (5.29) yields
w′

ε(t) = zε(t) for all t ∈ [0, T ].
Therefore, wε ∈ W 2,∞(0, T ; H1), i.e.,

uε, vε ∈ W 2,∞(0, T ; L2(0, 1)), vε(1, ·) ∈ W 2,∞(0, T ).

In fact, wε is even more regular. Indeed, zε = w′
ε satisfies the problem{

z′ε(t) + B0εzε(t) = F3ε(t), 0 < t < T,

z(0) = w01,

where F3ε(t) = F ′
ε(t) − (0, 0, k−1f ′

0(vε(1, t))vεt(1, t)) for all t ∈ [0, T ].
Since w01 ∈ D(B0ε) = D(Bε) and F3ε ∈ W 1,∞(0, T ; H1), it follows by Theo-
rem 2.0.27 that zε ∈ C1([0, T ]; H1), B0εzε ∈ C([0, T ]; H1), i.e.,

wε ∈ C2([0, T ]; H1), uε, vε ∈ C1([0, T ]; H1(0, 1)). �
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Remark 5.1.4. Hypotheses (5.24) hold if the following sufficient conditions (ex-
pressed in terms of the data) are fulfilled: u0, v0 ∈ H2(0, 1),⎧⎪⎪⎪⎨⎪⎪⎪⎩

r0u0(0) + v0(0) = 0,

f1(0, 0) = v′0(0) + ru0(0),
f2(0, 0) = u′

0(0) + gv0(0),
k[f2(1, 0) − u′

0(1) − gv0(1)] = −e0(0) + u0(1) − f0 (v0(1)) .

(5.30)

Let us point out that all these conditions are independent of ε, and so they are
good for any value of ε > 0. This is important for our asymptotic analysis.

In the following we are going to investigate the reduced problem P0, which
comprises the algebraic equation (5.2)1 and the boundary value problem (5.2)2,
(5.3), (5.12), (5.16). In this case, we choose as a basic setup the space H2 =
L2(0, 1) × R, which is a Hilbert space with the scalar product

〈(p, a), (q, b)〉H2
:=

∫ 1

0

p(x)q(x)dx + kab,

and we denote by ‖ · ‖H2
the associated norm. Let us define an operator A(t) :

D(A(t)) ⊂ H2 → H2, by

D(A(t)) =
{
(p, a) ∈ H2; p ∈ H2(0, 1), a = p(1), r−1p′(0) + α1(t) = r−1

0 p(0)
}

,

A(t)(p, a) =
(−r−1p′′ + gp, k−1[r−1p′(1) + f0(a)]

)
, α1(t) = −r−1f1(0, t).

It is easily seen that A(t) = ∂φ(t, ·), t ∈ [0, T ], where

φ(t, ·) : H2 → (−∞, +∞],

φ(t, (p, a)) =

⎧⎪⎪⎨⎪⎪⎩
1
2r

∫ 1

0
p′(x)2dx + g

2

∫ 1

0
p(x)2dx + 1

2r0
p(0)2

−α1(t)p(0) + l0(a), if p ∈ H1(0, 1) and a = p(1),

+∞, otherwise,

in which l0 : R → R is a primitive of f0 (see also [24], p. 93). Obviously, for every
t ∈ [0, T ], D(φ(t, ·)) = {(p, a); p ∈ H1(0, 1), a = p(1)} =: V , which is independent
of t. In addition, V is a Hilbert space with the scalar product:

〈(p1, a1), (p2, a2)〉V =
∫ 1

0

(p′1p
′
2 + p1p2)dx + ka1a2, ∀ (pi, ai) ∈ V, i = 1, 2.

We associate with P0 the following Cauchy problem in H2 :{
Z ′(t) + A(t)Z(t) = h(t), 0 < t < T,

Z(0) = Z0,
(5.31)



74 Chapter 5. Hyperbolic Systems with Dynamic Boundary Conditions

where

Z(t) = (Y0(·, t), ζ(t)) , Z0 = (v0, ζ0), h(t) = (h1(·, t), h2(t)) ,

h1(x, t) = (f2 − r−1f1x)(x, t), h2(t) = k−1(r−1f1(1, t) − e0(t)).

In the following we are interested in higher order regularity of the solution. Thus
we will formally differentiate several times problem (5.31). Consequently, we need
to introduce several operators and notations. First, let B(t) : D(B(t)) ⊂ H2 → H2

be defined by

D(B(t)) =
{
(p, a) ∈ H2; p ∈ H2(0, 1), a = p(1), r−1p′(0) + α′

1(t) = r−1
0 p(0)

}
,

B(t)(p, a) =
(−r−1p′′ + gp, k−1[r−1p′(1) + α2(t)a]

)
, with α2(t) = f ′

0(Y0(1, t)).

We will use the notations B′(t) and B′′(t) for the operators which are obtained
from the definition of B(t) by replacing α′

1 by α′′
1 and α

(3)
1 , respectively. We also

define the function

h(t) = h′′(t) − k−1(0, α′
2(t)Y0t(1, t)),

and denote

Z01 = h(0) − A(0)Z0, Z02 = h′(0) − B(0)Z01,

Z03 = h(0) − B′(0)Z02.

Theorem 5.1.5. Assume that

r, r0, k are some positive constants, and g ≥ 0; (5.32)

f0 ∈ C3(R), f ′
0 ≥ 0, h ∈ W 3,2(0, T ; H2), α1 ∈ H4(0, T ); (5.33)

Z0 ∈ D(A(0)), Z01 ∈ D(B(0)), Z02 ∈ D(B′(0)), Z03 ∈ V. (5.34)

Then, problem (5.31) has a unique strong solution Z ∈ W 4,2(0, T ; H2), ζ(t) =
Y0(1, t) for all t ∈ [0, T ], and Y0tttxx ∈ L2(DT ).

Proof. We will apply Theorem 2.0.32. As noted above, D(φ(t, ·) = V for all t ∈
[0, T ]. We are going to show that condition (2.12) is fulfilled. Indeed, for every
p ∈ H1(0, 1), 0 ≤ s ≤ t ≤ T , we have

φ(t, (p, p(1))) − φ(s, (p, p(1))) = −(α1(t) − α1(s))p(0)

≤| p(0) |
∫ t

s

| α′
1(τ) | dτ.

(5.35)

On the other hand, it follows from the definition of φ that

φ(s, (p, p(1))) ≥ K1 ‖ p′ ‖2
0 −K2 | p(1) | −K3 | p(0) | −K4,
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where ‖ · ‖0 denotes the usual norm of L2(0, 1)), and thus

| p(0) |≤ φ(s, (p, p(1))) + K5 ‖ (p, p(1)) ‖2
H2

+K6,

where Ki, i = 1, . . . , 6, are different positive constants. This inequality together
with (5.35) implies (2.12) with γ(t) =

∫ t

0
| α′

1(s) | ds. Therefore, according to
Theorem 2.0.32, problem (5.31) has a unique strong solution Z ∈ W 1,2(0, T ; H2),
such that ζ(t) = Y0(1, t) for almost all t ∈ (0, T ), and Y0 ∈ L∞(0, T ; H1(0, 1)). By
a reasoning similar to that used in the proof of Theorem 4.2.12, it follows that
Y0 ∈ W 1,2(0, T ; H1(0, 1)).

To prove higher regularity of the solution, we will formally differentiate prob-
lem (5.31) with respect to t.
First, let us check whether function t → (Y0t(·, t), Y0t(1, t)) ∈ W 1,2(0, T ; V ∗),
where V ∗ is the dual of V . We will reason as in the proof of Theorem 4.2.12.
We start with the following obvious equation which is satisfied by the solution of
problem (5.31):

〈(ϕ, ϕ(1)), Z ′(t)〉 + r−1〈ϕ′, Y0x(·, t)〉0 + g〈ϕ, Y0(·, t)〉0
− α1(t)ϕ(0) + r−1

0 Y0(0, t)ϕ(0) + f0(Y0(1, t))ϕ(1)
= 〈(ϕ, ϕ(1)), h(t)〉H2 ∀ (ϕ, ϕ(1)) ∈ V.

(5.36)

We have denoted by 〈·, ·〉0 the usual scalar product of L2(0, 1) and by 〈·, ·〉 the
pairing between V and V ∗. It follows from (5.36) that

〈(ϕ, ϕ(1)), Z ′(t + δ) − Z ′(t)〉 + r−1〈ϕ′, Y0x(·, t + δ) − Y0x(·, t)〉0
− (α1(t + δ) − α1(t))ϕ(0) + g〈ϕ, Y0(·, t + δ) − Y0(·, t)〉0
+ r−1

0 (Y0(0, t + δ) − Y0(0, t))ϕ(0)
+ (f0(Y0(1, t + δ)) − f0(Y0(1, t)))ϕ(1)
= 〈(ϕ, ϕ(1)), h(t + δ) − h(t)〉H2 ,

for all (ϕ, ϕ(1)) ∈ V , a.a. t, t + δ ∈ (0, T ), δ > 0. Therefore,

‖ Z ′(t + δ) − Z ′(t) ‖2
V ∗ ≤ K7(| α1(t + δ) − α1(t) |2

+ ‖ Z(t + δ) − Z(t) ‖2
V + ‖ h(t + δ) − h(t) ‖2

H2
),

where K7 is a positive constant. We have taken into account that H1(0, 1) is
continuously embedded into C[0, 1] and that f0 is Lipschitz continuous on bounded
sets. The above inequality leads us to∫ T−δ

0

‖ (Y0t(·, t+ δ)−Y0t(·, t), Y0t(1, t+ δ)−Y0t(1, t)) ‖2
V ∗ dt ≤ K8δ

2 ∀ δ ∈ (0, T ],

where K8 is another positive constant. Therefore, according to Theorem 2.0.3, t →
(Y0t(·, t), Y0t(1, t)) belongs to W 1,2(0, T ; V ∗). Thus, one can differentiate equation
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(5.36) and see that Z ′(t) =: Z(t) = (Y 0(·, t), Y 0(1, t)) satisfies the equation

〈(ϕ, ϕ(1)), Z
′
(t)〉 + r−1〈ϕ′, Y 0x(·, t)〉0 + g〈ϕ, Y 0(·, t)〉0

− α′
1(t)ϕ(0) + r−1

0 Y 0(0, t)ϕ(0) + α2(t)Y 0(1, t)ϕ(1)
= 〈(ϕ, ϕ(1)), h′(t)〉H2 ∀ (ϕ, ϕ(1)) ∈ V

(5.37)

as well as the initial condition
Z(0) = Z01. (5.38)

It is easy to check that problem (5.37), (5.38) has at most one solution. This
problem is a weak form of the following Cauchy problem in H2{

Z
′
(t) + B(t)Z(t) = h′(t), 0 < t < T,

Z(0) = Z01.
(5.39)

Obviously, α2 ∈ H1(0, T ), α2 ≥ 0. On the other hand, operator B(t) is the
subdifferential of the function φ1(t, ·) : H2 → (−∞, +∞],

φ1(t, (p, a)) =

⎧⎪⎪⎨⎪⎪⎩
1
2r

∫ 1

0
p′(x)2dx + g

2

∫ 1

0
p(x)2dx + 1

2α2(t)a2 + 1
2r0

p(0)2

−α′
1(t)p(0), if p ∈ H1(0, 1) and a = p(1),

+∞, otherwise,

with D(φ1(t, ·)) = V for all t ∈ [0, T ]. One can apply again Theorem 2.0.32 (since
condition (2.12) is fulfilled). Therefore problem (5.39) has a unique strong solution
Z, Z ∈ W 1,2(0, T ; H2), Y 0x ∈ L∞(0, T ; L2(0, 1)).
Moreover, since Z01 ∈ D(B(0)), it follows by a standard reasoning (see Theo-
rem 4.2.12) that Y 0 ∈ W 1,2(0, T ; H1(0, 1)). As Z satisfies problem (5.37), (5.38),
one can see that Z = Z ′ and so

Y0 ∈ W 2,2(0, T ; H1(0, 1)), Y0(1, ·) ∈ H2(0, T ).

Now, using similar arguments, we can differentiate equation (5.37) and see that
Z

′
(t) = Z ′′(t) =: Z(t) = (Y 0(·, t), Y 0(1, t)) satisfies a similar equation,

〈(ϕ, ϕ(1)), Z
′
(t)〉 + r−1〈ϕ′, Y 0x(·, t)〉0 + g〈ϕ, Y 0(·, t)〉0

− α′′
1 (t)ϕ(0) + r−1

0 Y 0(0, t)ϕ(0) + α2(t)Y 0(1, t)ϕ(1)

= 〈(ϕ, ϕ(1)), h(t)〉H2 ∀ (ϕ, ϕ(1)) ∈ V,

(5.40)

as well as the initial condition
Z(0) = Z02. (5.41)

In fact, Z(t) = Z ′′(t) is the unique strong solution of the Cauchy problem in H2{
Z

′
(t) + B′(t)Z(t) = h(t), 0 < t < T,

Z(0) = Z02.
(5.42)
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Since Z02 ∈ D(B′(0)), h ∈ W 1,2(0, T ; H2), α′′
1 ∈ H1(0, T ), we get by known

arguments
Z ∈ W 1,2(0, T ; H2), Y 0 ∈ W 1,2(0, T ; H1(0, 1)),

and thus
Y0 ∈ W 3,2(0, T ; H1(0, 1)), Y0(1, ·) ∈ H3(0, T ).

To conclude the proof, it is sufficient to notice that under our assumptions Z̃(t) =
(Y0ttt(·, t), Y0ttt(1, t)) is the unique strong solution of the time-dependent Cauchy
problem {

Z̃ ′(t) + B′′(t)Z̃(t) = h̃(t), 0 < t < T,

Z̃(0) = Z03,
(5.43)

where h̃(t) = h
′
(t)−k−1(0, α′

2(t)Y0tt(1, t)). Since h̃ ∈ L2(0, T ; H2), α
(3)
1 ∈ H1(0, 1),

and Z03 ∈ V , one can apply again Theorem 2.0.32 which yields Z̃ ∈ W 1,2(0, T ; H2).
From (5.43) we derive Y0tttxx ∈ L2(DT ), which completes the proof. �
Remark 5.1.6. Our assumptions Z0 ∈ D(A(0)), Z01 ∈ D(B(0)) in the above
Theorem hold if the following sufficient conditions are fulfilled: v0, f1 and f2 are
smooth enough, and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

rv0(0) − r0v
′
0(0) = −r0f1(0, 0), ζ0 = v0(1),

(v′′0 (0) − rgv0(0) + rf2(0, 0) − f1x(0, 0)) − r0[r−1v
(3)
0 (0)

−gv′0(0) + f2x(0, 0)− r−1f1xx(0, 0)] = −r0f1t(0, 0),

v′0(1) + rf0

(
v0(1)

)− f1(1, 0) + re0(0)

= −k[v′′0 (1) − rgv0(1) − f1x(1, 0) + rf2(1, 0)],

(5.44)

We encourage the reader to formulate additional conditions for data which guar-
antee that Z02 ∈ D(B′(0)), and Z03 ∈ V .

Now, we are going to investigate problem P1. We associate with P1 the
Cauchy problem in H2 :{

Z ′
1(t) + C(t)Z1(t) = l(t), 0 < t < T,

Z(0) = Z10,
(5.45)

where C(t) : D(C(t)) ⊂ H2 → H2,

D(C(t)) = {(p, a) ∈ H2; p ∈ H2(0, 1), a = p(1),

r−1p′(0) + α3(t) = r−1
0 p(0)},

C(t) ((p, a)) =
(−r−1p′′ + gp, k−1[r−1p′(1) + α2(t)a]

)
,

Z1(t) = (Y1(·, t), ζ1(t)), Z10 = −r−1(α′(·), α′(1)),

l(t) = (r−1X0xt(·, t),−(kr)−1X0t(1, t)), α3(t) = r−1X0t(0, t).
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Obviously, if in addition to the assumptions of the previous theorem we require
f1 ∈ W 3,2(0, T ; H1(0, 1)), we can see (if we also take into account the equation
X0 = r−1(f1 − Y0x)), that l ∈ W 2,2(0, T ; H2) and α3 ∈ H2(0, T ). If we suppose in
addition that

Z10 ∈ D(C(0)), l(0) − C(0)Z10 ∈ D(C′(0)), (5.46)

where C′(t) is the operator obtained by replacing α3 with α′
3 in the definition of

C(t), then a device similar to that used in the proof of the preceding theorem
shows that problem P1 has a unique solution (X1, Y1) ∈ W 2,2(0, T ; L2(0, 1)) ×
W 2,2(0, T ; H1(0, 1)).
Remark 5.1.7. Assumption (5.46)1 reads

(−r−1α′(·),−r−1α′(1)
) ∈ D(C(0)).

Clearly, this condition is satisfied iff

α ∈ H3(0, 1), − r0α
′′(0) + r0rX0t(0, 0) + rα′(0) = 0. (5.47)

If we take into account (5.10), we see that (5.47) is equivalent to (5.15)2, which
was required in the previous subsection.
On the other hand,

l(0) − C(0)Z10

=

(
r−1X0xt(·, 0) − r−2α(3) + r−1gα′

−k−1r−1X0t(1, 0) + r−2k−1α′′(1) + r−1k−1α′(1)f ′
0(v0(1))

)T

.

Thus, if u0, v0, f1, f2 and e0 are smooth functions, then one can indicate explicit
sufficient conditions in terms of the data such that (5.46) are satisfied.

So, we are able to formulate the following concluding result:

Corollary 5.1.8. Assume that (5.32) holds. If u0, v0, f1, f2 and e0 are smooth
enough,

f0 ∈ C3(R), f ′
0 ≥ 0, (5.48)

and the compatibility conditions (5.30), (5.34), (5.46) are satisfied, then the con-
clusions of Theorems 5.1.3, 5.1.5 hold and problem P1 has a unique solution

(X1, Y1) ∈ W 2,2(0, T ; L2(0, 1)) × W 2,2(0, T ; H1(0, 1)). (5.49)

Remark 5.1.9. Concerning the above compatibility conditions (5.34), (5.46), we
have formulated just a partial system of sufficient conditions (see (5.44) and
(5.47)), but it is not difficult to give a complete system of conditions in terms
of the data. It is worth mentioning that such a system is compatible. For example,
equations (5.30)1,2, (5.44)1,⎧⎪⎨⎪⎩

r0u0(0) + v0(0) = 0,

f1(0, 0) = v′0(0) + ru0(0),
rv0(0) − r0v

′
0(0) = −r0f1(0, 0),

are compatible, the third one being a combination of the first two equations.
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Note also that all the conditions which have been introduced to avoid dis-
crepancies at the corner points (0, 0) and (1, 0) (i.e., (5.13), (5.15) and (5.18)) are
incorporated into our set of assumptions on the data. Indeed, (5.13) is exactly the
second equation above; condition (5.15)2 follows from (5.47), as remarked before;
in fact, in view of (5.2) and (5.12), we can see that equation (5.30)3 implies that
r0X0t(0, 0)+α′(0) = 0 and so (5.47) also yields (5.15)1; (5.18) follows from (5.30)4
and (5.44)3.

5.1.3 Estimates for the remainder components

We are going to show that, under appropriate assumptions, the components of
the first order remainder Rε are of the order of εα, with α = 9/8 and α = 11/8,
respectively, with respect to the uniform convergence norm. This is more than
enough to guarantee that (5.1) is a real first order asymptotic expansion.

Theorem 5.1.10. Assume that all the assumptions of Corollary 5.1.8 hold. Then,
for every ε > 0, the solution of problem Pε admits an asymptotic expansion of the
form (5.1) and the following estimates are valid:

‖R1ε‖C(DT ) = O(ε9/8), ‖R2ε‖C(DT ) = O(ε11/8),

‖R1εt‖C([0,T ];L2(0,1)) = O(ε1/2), ‖R2εt‖C([0,T ];L2(0,1)) = O(ε),

‖R1εx‖C([0,T ];L2(0,1)) = O(ε), ‖R2εx‖C([0,T ];L2(0,1)) = O(ε5/4).

Proof. Throughout this proof we denote by Mk (k = 1, 2, . . . , 19) different pos-
itive constants which depend on the data, but are independent of ε. Using the
conclusions of Corollary 5.1.8 as well as the definition of (R1ε, R2ε) (see (5.1)), we
obtain that, for every ε > 0, problem (5.8), (5.11), (5.19) has a unique solution
Rε ∈ W 2,2(0, T ; L2(0, 1))2. In fact,

Rε(t) = (R1ε(·, t), R2ε(·, t), R2ε(1, t)) , 0 < t < T,

satisfies the Cauchy problem in H1 (the Hilbert space H1 as well as operator B0ε

were defined in Subsection 5.1.2):{
R′

ε(t) + B0εRε(t) + (0, 0, σε(t)) = Lε(t), 0 < t < T,

Rε(0) = 0,
(5.50)

where Lε(t) = (L1ε(·, t), L2ε(·, t), L3ε(t)),

L1ε(x, t) = −εX1t(x, t),
L2ε(x, t) = −ε(c1x(x, τ) + gd1(x, τ)),

L3ε(t) = k−1(εc1(1, τ) + εf ′
0(Y0(1, t))Y1(1, t) + f0(Y0(1, t)) − f0(θε(t))),

σε(t) = k−1(f0(R2ε(1, t) + θε(t)) − f0(θε(t)),
θε(t) = Y0(1, t) + εY1(1, t) + εd1(1, τ).
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Let us take the scalar product in H1 of (5.50)1 and Rε(t). Integrating the resulting
equation over [0, t] we get

1
2
‖Rε(t)‖2 +

∫ t

0

〈B0εRε(s), Rε(s)〉ds + k

∫ t

0

σε(s)R2ε(1, s)ds

=
∫ t

0

〈Lε(s), Rε(s)〉ds,

(5.51)

for all t ∈ [0, T ]. Therefore

1
2
‖Rε(t)‖2 ≤

∫ t

0

‖Lε(s)‖ · ‖Rε(s)‖ds for all t ∈ [0, T ].

We have used the monotonicity of B0ε and f ′
0 ≥ 0 which implies the obvious

inequality ∫ t

0

σε(s)R2ε(1, s)ds ≥ 0 ∀ t ∈ [0, T ].

If we apply Lemma 2.0.19 to the previous inequality we get

‖Rε(t)‖ ≤
∫ t

0

‖Lε(s)‖ds, for all t ∈ [0, T ]. (5.52)

On the other hand,

‖Lε(s)‖2 ≤ε3

∫ 1

0

X1s(x, s)2dx

+ M1ε
2
[ ∫ 1

0

(
c1

(
x, (s/ε)

)2 + g2d1

(
x, (s/ε)

)2
)
dx

+ c1

(
1, (s/ε)

)2 + d1

(
1, (s/ε)

)2 + ε2
]
,

for all s ∈ [0, T ], because

| f0

(
θε(t)

)− f0

(
Y0(1, t)

)− εf ′
0

(
Y0(1, t)

)
Y1(1, t) |

≤ M2ε(d1(1, τ) + ε).

Therefore,

‖Lε(s)‖2 ≤ M3ε
3 + M4ε

4

+ M5ε
2e−2rs/ε

(
1 +

s2

ε2

)
for all s ∈ [0, T ].

An elementary computation yields∫ T

0

(
1 +

s

ε

)
e−

rs
ε ds = O(ε),
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and thus ∫ T

0

‖Lε(s)‖ds ≤ M6ε
3/2. (5.53)

Now, (5.52) and (5.53) imply

ε‖R1ε(·, t)‖2
0 + ‖R2ε(·, t)‖2

0 + kR2ε(1, t)2 ≤ M7ε
3 (5.54)

(we denoted by ‖ · ‖0 the usual norm of L2(0, 1)).
In the following we are going to derive some estimates for (R1εt, R2εt). First,

we see that R′
ε(t) =: Qε(t) = (Q1ε(·, t), Q2ε(·, t), Q2ε(1, t)) satisfies the problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

εQ1εt + Q2εx + rQ1ε = L1εt(t),
Q2εt + Q1εx + gQ2ε = L2εt(t),
Q2εt(1, t) − k−1Q1εt(1, t) + σ′

ε(t) = L′
3ε(t),

Qε(x, 0) = Lε(x, 0),
r0Q1ε(0, t) + Q2ε(0, t) = 0.

(5.55)

Taking the inner product in H1 of equations (5.55)1,2,3 by Qε(t) and integrating
the resulting equation over [0, t], we obtain

1
2
‖Qε(t)‖2 + r ‖ Q1ε ‖2

L2(Dt)

+ g ‖ Q2ε ‖2
L2(Dt)

+k

∫ t

0

σ′
ε(s)R2εs(1, s)ds

≤ 1
2
‖Lε(0)‖2 +

∫ t

0

‖L′
ε(s)‖ · ‖Qε(s)‖ds for all t ∈ [0, T ],

(5.56)

where Dt = (0, 1) × (0, t). Obviously, ‖Lε(0)‖2 ≤ M8ε
2, and∫ t

0

σ′
ε(s)R2εs(1, s)ds =

∫ t

0

[
f ′
0

(
θε(s) + R2ε(1, s)

)
× (

R2εs(1, s) + θεs(s)
)− f ′

0

(
θε(s)

)
θεs(s)

]
R2εs(1, s)ds

≥
∫ t

0

[f ′
0(θε(s) + R2ε(1, s)) − f ′

0(θε(s))]θεs(s)R2εs(1, s)ds

≥ −M9

∫ t

0

|R2ε(1, s)| · |R2εs(1, s)|ds

≥ −M10ε
3/2

∫ t

0

|R2εs(1, s)|ds

for all t ∈ [0, T ] (in the last inequality we have used (5.54)).
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It follows from (5.56) that

1
2
‖Qε(t)‖2 + r ‖ Q1ε ‖2

L2(Dt)
+g ‖ Q2ε ‖2

L2(Dt)

≤ 1
2
M8ε

2 + M11ε
3/2

∫ t

0

|R2εs(1, s)|ds +
∫ t

0

‖L′
ε(s)‖ · ‖Qε(s)‖ds

≤ 1
2
M8ε

2 +
∫ t

0

(‖L′
ε(s)‖ + M12ε

3/2)‖Qε(s)‖ds for all t ∈ [0, T ].

Therefore,

‖Qε(t)‖ ≤
√

M8ε +
∫ t

0

‖L′
ε(s)‖ds + M13ε

3/2 for all t ∈ [0, T ], (5.57)

and

r ‖ Q1ε ‖2
L2(Dt)

+ g ‖ Q2ε ‖2
L2(Dt)

≤ 1
2
M8ε

2 +
∫ t

0

(‖L′
ε(s)‖ + M12ε

3/2)‖Qε(s)‖ds
(5.58)

for all t ∈ [0, T ]. Since

L′
ε(t) =

⎛⎜⎝ −εX1tt(·, t)(
β′r + r−1α(3) − α(3)τ + gα′)e−rτ

k−1
(− rβ(1) − α′′(1)r−1 + τα′′(1)

)
e−rτ + εSε(t),

⎞⎟⎠
T

where Sε(t) is a bounded function, i.e.,

sup {| Sε(t) |; ε > 0, 0 ≤ t ≤ T } < ∞,

it follows that ∫ T

0

‖L′
ε(s)‖ds ≤ M14ε. (5.59)

Now, from (5.57) and (5.59) we infer that

‖Qε(t)‖2 = ε‖R1εt(·, t)‖2
0 + ‖R2εt(·, t)‖2

0 + kR2εt(1, t)2 ≤ M15ε
2. (5.60)

On the other hand, combining the obvious inequality∫ t

0

〈B0εRε(s), Rε(s)〉ds ≥ r‖R1ε‖2
L2(Dt)

+ g‖R2ε‖2
L2(Dt)

for all t ∈ [0, T ],

with (5.51), (5.53) and (5.54), we infer

r‖R1ε‖2
L2(DT ) + g‖R2ε‖2

L2(DT ) = O(ε3). (5.61)
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Similarly, from (5.58), (5.59), (5.60) one gets

r‖R1εt‖2
L2(DT ) + g‖R2εt‖2

L2(DT ) = O(ε2). (5.62)

As a consequence of (5.61) and of (5.62) we find

‖R1ε(·, t)‖2
0 = 2

∫ t

0

〈R1εs(·, s), R1ε(·, s)〉0ds

≤ 2‖R1εt‖L2(DT )‖R1ε‖L2(DT ) = O(ε5/2)
(5.63)

(we have denoted by 〈·, ·〉0 the usual scalar product of L2(0, 1)).
From (5.60), (5.63) and system (5.8) it follows that

‖R2εx(·, t)‖0 ≤ M16ε
5/4. (5.64)

By a similar reasoning we can show that

‖R1εx(·, t)‖0 ≤ M17ε. (5.65)

By using the obvious formulae

R2ε(x, t)2 − R2ε(1, t)2 = −2
∫ 1

x

R2ε(ξ, t)R2εx(ξ, t)dξ,

R1ε(x, t)2 − R1ε(0, t)2 = 2
∫ x

0

R1ε(ξ, t)R1εx(ξ, t)dξ,

for all (x, t) ∈ DT , on account of (5.54) and of (5.63)–(5.65), we derive the follow-
ing estimates

R2ε(x, t)2 ≤ R2ε(1, t)2 + 2‖R2ε(·, t)‖0 · ‖R2εx(·, t)‖0 ≤ M18ε
11/4,

R1ε(x, t)2 ≤ (1/r2
0)R2ε(0, t)2 + 2‖R1ε(·, t)‖0 · ‖R1εx(·, t)‖0 ≤ M19ε

9/4,

for all (x, t) ∈ DT . The proof is complete. �

5.2 A zeroth order asymptotic expansion for the

solution of problem (NS), (IC), (BC.1)

In this section we examine the case in which one of the equations of the telegraph
system is nonlinear and construct a zeroth order asymptotic expansion for the
corresponding boundary value problem.

One can extend this investigation to higher order asymptotic expansions (in
particular to first order expansions, as in the previous section) at the expense of
more assumptions on the data as well as some additional technical difficulties.
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More precisely, the problem we are going to investigate consists of the system{
εut + vx + ru = f1,

vt + ux + g(x, v) = f2 in DT ,
(NS)

the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and boundary conditions{
r0u(0, t) + v(0, t) = 0,

u(1, t) − kvt(1, t) = f0

(
v(1, t)

)
+ e0(t), 0 ≤ t ≤ T,

(BC.1)

where g : [0, 1] × R → R, f1, f2 : DT → R, e0 : [0, T ] → R, u0, v0 : [0, 1] → R,
f0 : R → R are known functions, r, r0, k are constants, r ≥ 0, k, r0 > 0, and
0 < ε � 1.
Remark 5.2.1. Note that all the results of this section can be extended to the more
general boundary conditions{

−u(0, t) = r∗(v(0, t)),
u(1, t) − kvt(1, t) = f0

(
v(1, t)

)
+ e0(t), 0 ≤ t ≤ T,

where r∗ is a nonlinear nondecreasing function. However, we prefer (BC.1) for the
sake of simplicity.

We will denote again by Uε = (uε(x, t), vε(x, t)) the solution of problem Pε,
which consists of (NS), (IC), (BC.1). P0 will designate the corresponding reduced
problem. Again, Pε is a singularly perturbed problem of the boundary layer type,
with respect to the sup norm of C(DT )2 (see Chapter 1), and the boundary layer
is a thin strip [0, 1]× [0, δ], δ > 0.

5.2.1 Formal expansion

Using previous arguments one can see that a zeroth order asymptotic expansion is

Uε = U0(x, t) + V0(x, τ) + Rε(x, t), (5.66)

where:

U0 = (X(x, t), Y (x, t)) is the zeroth order regular term;
V0 = (c0(x, τ), d0(x, τ)), τ = t/ε, is the boundary layer function;
Rε = (R1ε(x, t), R2ε(x, t)) is the remainder of the order zero.

By the reasoning used in Subsection 5.1.1 one can determine

d0 ≡ 0, c0(x, τ) = α(x)e−rτ , 0 ≤ x ≤ 1, τ ≥ 0,
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where α(x) = u0(x) + (1/r) (v′0(x) − f1(x, 0)) , 0 ≤ x ≤ 1. Moreover, X and Y
satisfy

X = (1/r)(f1 − Yx) in DT , (5.67)⎧⎪⎪⎪⎨⎪⎪⎪⎩
Yt − r−1Yxx + g(x, Y ) = f2 − r−1f1x in DT ,

Y (x, 0) = v0(x), 0 ≤ x ≤ 1,

Y (0, t) − (r0/r)Yx(0, t) = −(r0/r)f1(0, t),
kYt(1, t) + r−1Yx(1, t) + f0

(
Y (1, t)

)
= r−1f1(1, t) − e0(t), 0 ≤ t ≤ T.

(5.68)

For the components of the remainder we derive the following boundary value
problem {

εR1εt + R2εx + rR1ε = −εXt,

R2εt + R1εx + g(x, R2ε + Y ) − g(x, Y ) = −c0x in DT ,
(5.69)

R1ε(x, 0) = R2ε(x, 0) = 0, 0 ≤ x ≤ 1, (5.70)⎧⎪⎨⎪⎩
r0R1ε(0, t) + R2ε(0, t) = 0,

R1ε(1, t) − kR2εt(1, t) − f0 (vε(1, t)) + f0 (Y (1, t))
= −c0(1, τ), 0 ≤ t ≤ T.

(5.71)

By the identification procedure we also obtain

c0(0, τ) = 0 ⇔ α(0) = 0.

This equation will appear again in the next subsection as a necessary compatibility
condition for the data. So, with this condition, our correction c0 does not introduce
any discrepancy at the corner point (0, 0) of DT . Concerning the corner point
(1, 0), here the situation is completely different. Since we have a dynamic boundary
condition at x = 1, we may include the term c0(1, τ) into the (dynamic) equation
(5.71)2. This term is sizeable at t = 0, but the remainder remains “small” (even
if the derivative R2εt is not small around t = 0). Thus, c0 does not introduce any
discrepancy at (1, 0) and we do not need to require that α(1) = 0 (as needed in
the case of an algebraic boundary condition at x = 1). This discussion shows that
the case of dynamic boundary conditions makes a difference.

Summarizing, we can see that U0 = (X, Y ) satisfies the reduced problem P0,
which is made up by the algebraic equation (5.67) and the boundary value problem
(5.68), while the pair (R1ε, R2ε) satisfies the above problem (5.69), (5.70), (5.71),
which is of the same type as the original problem Pε.

5.2.2 Existence, uniqueness and regularity of the solutions
of problems Pε and P0

In this subsection we are going to investigate problems Pε and P0, which are
formulated in Subsection 5.2.1. First we consider problem Pε. The presence of the
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nonlinear term g in system (NS) makes our problem more complex. We choose as
in Subsection 5.1.2 the Hilbert space H1=

(
L2(0, 1)

)2×R, endowed with the same
scalar product and norm denoted ‖ · ‖. Instead of operator Bε, we now define the
operator B1ε : D(B1ε) ⊂ H1 → H1,

D(B1ε) :=
{
(p, q, a); p, q ∈ H1(0, 1), a = q(1), r0p(0) + q(0) = 0

}
,

B1ε(p, q, a) :=
(
ε−1 (q′ + rp) , p′ + g(·, q), k−1 (−p(1) + f0 (a))

)
.

We associate with Pε the following Cauchy problem in H1:{
w′

ε(t) + B1εwε(t) = Fε(t), 0 < t < T,

wε(0) = w0,
(5.72)

where

wε(t) = (uε(·, t), vε(·, t), ξε(t)) , w0 = (u0, v0, ξ0) ∈ H1,

Fε(t) =
(
ε−1f1(·, t), f2(·, t),−k−1e0(t)

)
, 0 < t < T.

For the time being, let us restate Theorem 2.0.34 for the case of our problem
(which is a particular case of problem (2.14), (2.15), (2.17)):

Theorem 5.2.2. Assume that

r is a nonnegative constant, and r0, k > 0; (5.73)

f0 : R → R is a continuous nondecreasig function; (5.74)

x → g(x, ξ) ∈ L2(0, 1) for all ξ ∈ R and ξ → g(x, ξ)
is continuous and nondecreasing on R for a.a. x ∈ (0, 1);

(5.75)

w0 ∈ D(B1ε), Fε ∈ W 1,1(0, T ; H1). (5.76)

Then, problem (5.72) has a unique strong solution wε ∈ W 1,∞(0, T ; H1), with
ξε(t) = vε(1, t) for all t ∈ [0, T ]. In addition, uε, vε ∈ L∞(0, T ; H1(0, 1)).

Next, we will state and prove a result concerning higher smoothness of solution wε:

Theorem 5.2.3. Assume that (5.73), (5.76) hold and, in addition,

f0 ∈ C1(R), f ′
0(x) ≥ 0 for all x ∈ R; (5.77)

x → g(x, ξ) ∈ L2(0, 1) ∀ξ ∈ R and ∂g/∂ξ =: gξ ∈ C([0, 1] × R), gξ ≥ 0. (5.78)

Then, the strong solution wε of the Cauchy problem (5.72) satisfies

wε ∈ C1([0, T ]; H1), uε, vε ∈ C([0, T ]; H1(0, 1)). (5.79)
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Proof. By Theorem 5.2.2 there exists a unique strong solution of problem (5.72),
wε ∈ W 1,∞(0, T ; H1), such that uε, vε ∈ L∞(0, T ; H1(0, 1)).

It remains to show assertions (5.79). To this end, we consider the Cauchy
problem in H1: {

w′
ε(t) + B0εwε(t) = Gε (t) , 0 < t < T,

wε(0) = Fε(0) − B1εw0,
(5.80)

where wε(t) =
(
uε(·, t), vε(·, t), ξε(t)

)
, Gε : (0, T ) → H1,

Gε(t) =

⎛⎜⎝ ε−1f1t(·, t)
f2t(·, t) − gξ (·, vε(·, t)) vεt(·, t)

−k−1[e′0(t) + f ′
0 (vε(1, t)) vεt(1, t)]

⎞⎟⎠
T

.

Here vε(·, t), vε(1, t) are the last two components of our solution wε;

B0ε : D(B1ε) ⊂ H1 → H1 is the operator B1ε with g ≡ 0, f0 ≡ 0.

Now, (5.77) and (5.78) imply that Gε ∈ L1(0, T ; H1).
Therefore, we can apply Theorem 2.0.21 to infer that problem (5.80) has a unique
weak solution wε ∈ C ([0, T ]; H1) , which satisfies the equation

wε(t) = Sε(t)wε(0) +
∫ t

0

Sε(t − s)Gε (s) ds, 0 ≤ t ≤ T, (5.81)

where {Sε(t), t ≥ 0} is the contractions semigroup generated by −B0ε. Since wε

is the strong solution of problem (5.72) and the function

F1ε(t) := Fε(t) −
(
0, g (·, vε(·, t)) , k−1f0 (vε(1, t))

)
, 0 ≤ t ≤ T,

belongs to W 1,1(0, T ; H1), we have

w′
ε(t) = Sε(t)wε(0) +

∫ t

0

Sε(t − s)F ′
1ε(s)ds, 0 ≤ t ≤ T.

Obviously, F ′
1ε = Gε and from (5.81) and the last equation it follows that wε(t) =

wε(t) for all t ∈ [0, T ], so wε ∈ C1([0, T ]; H1).
Finally, from (NS) we infer that uε, vε ∈ C([0, T ]; H1(0, 1)). Thus, the theorem is
completely proved. �

In the sequel, we are dealing with problem (5.68). We write it as a Cauchy
problem in the Hilbert space H2 = L2(0, 1)×R, defined in Subsection 5.1.2, with
the same scalar product and the corresponding induced norm, denoted ‖ · ‖H2 . To
this purpose, we define the operator A(t) : D(A(t)) ⊂ H2 → H2 by:

D(A(t)) =
{
(p, a) ∈ H2; p ∈ H2(0, 1), a = p(1), r−1p′(0) + α1(t) = r−1

0 p(0)
}

,

A(t)(p, a) =
(−r−1p′′ + g(·, p), k−1[r−1p′(1) + f0(a)]

)
, α1(t) = −r−1f1(0, t),
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and associate with problem (5.68) the following Cauchy problem in H2 :{
Z ′(t) + A(t)Z(t) = h(t), 0 < t < T,

Z(0) = Z0,
(5.82)

where

Z(t) = (Y (·, t), ζ(t)) , Z0 = (v0, ζ0), h(t) = (h1(·, t), h2(t)) ,

h1(x, t) = (f2 − r−1f1x)(x, t), h2(t) = k−1(r−1f1(1, t) − e0(t)).

Let us also define the operator B(t) : D(B(t)) ⊂ H2 → H2,

D(B(t)) =
{
(p, a) ∈ H2; p ∈ H2(0, 1), a = p(1), r−1p′(0) + α′

1(t) = r−1
0 p(0)

}
,

B(t)(p, a) =
(−r−1p′′, k−1r−1p′(1)

)
,

which will be needed to prove the following higher regularity result:

Theorem 5.2.4. Assume that (5.74) holds, and

r, r0, k are given positive constants; (5.83)

g = g(x, ξ) : [0, 1] × R → R is continuous, and
it is nondecreasing with respect to its second variable;

(5.84)

h ∈ W 1,1(0, T ; H2), α1 ∈ H1(0, T ); (5.85)

Z0 ∈ D(A(0)). (5.86)

Then, problem (5.82) has a unique strong solution Z ∈ W 1,2(0, T ; H2), with Y ∈
L2(0, T ; H2(0, 1))

⋂
W 1,2(0, T ; H1(0, 1)) and ζ(t) = Y (1, t) for all t ∈ [0, T ].

If, in addition,

f0 ∈ C2(R), f ′
0 ≥ 0, h ∈ W 2,1(0, T ; H2), α1 ∈ H2(0, T ); (5.87)

gξ, gξξ exist and are continuous on [0, 1]× R, gξ ≥ 0; (5.88)

Z01 := h(0) − A(0)Z0 ∈ D(B(0)), (5.89)

then Z ∈ W 2,2(0, T ; H2) and Y ∈ W 2,2(0, T ; H1(0, 1))
⋂

W 1,2(0, T ; H2(0, 1)).

Proof. The first part of the theorem follows by an argument similar to that used
in the proof of Theorem 5.1.5 (see also [24], p. 101). Indeed, it is sufficient to point
out that A(t) = ∂φ(t, ·), t ∈ [0, T ], where

φ(t, ·) : H2 → (−∞, +∞],

φ(t, (p, a)) =

⎧⎪⎪⎨⎪⎪⎩
1
2r

∫ 1

0
p′(x)2dx +

∫ 1

0
G(x, p(x))dx + 1

2r0
p(0)2

−α1(t)p(0) + l0(a), if p ∈ H1(0, 1) and a = p(1),

+∞, otherwise,
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in which l0 : R → R is a primitive of f0 whilst G(x, ξ) =
∫ ξ

0
g(x, τ)dτ (see also [24],

p. 93). For every t ∈ [0, T ], D(φ(t, ·)) = {(p, a); p ∈ H1(0, 1), a = p(1)} =: V ,
which is independent of t. V is a Hilbert space with the the scalar product
defined in Subsection 5.1.2. According to Theorem 2.0.32, problem (5.82) has
a unique strong solution Z ∈ W 1,2(0, T ; H2), with Y ∈ W 1,2(0, T ; H1(0, 1))

⋂
L2(0, T ; H2(0, 1)) and ζ(t) = Y (1, t) for all t ∈ [0, T ]. Now, assume that our addi-
tional assumptions (5.87)–(5.89) hold. Then, Z belongs to W 2,2(0, T ; V ∗), where
V ∗ is the dual of V , and Z(t) = (Y (·, t), Y (1, t)) satisfies the equation (see the
proof of Theorem 5.1.5)

〈(ϕ, ϕ(1)), (Ytt(·, t), Ytt(1, t))〉 + r−1〈ϕ′, Ytx(·, t)〉0
− α′

1(t)ϕ(0) + r−1
0 Yt(0, t)ϕ(0)

= 〈(ϕ, ϕ(1)), h(t)〉H2 ∀ (ϕ, ϕ(1)) ∈ V, a. a.t ∈ (0, T )

(5.90)

and the initial condition
Z ′(0) = Z01, (5.91)

where
h(t) = h′(t) − (gξ(·, Y (·, t))Yt(·, t), k−1f ′

0(Y (1, t))Yt(1, t))

(we have denoted by 〈·, ·〉0 the usual scalar product of L2(0, 1) and by 〈·, ·〉 the
pairing between V and V ∗). Obviously, Z ′(t) is the unique solution of problem
(5.90), (5.91). Now, let us consider the Cauchy problem in H2{

Z
′
(t) + B(t)Z(t) = h(t), 0 < t < T,

Z(0) = Z01,

where Z(t) = (Y (·, t), ζ(t)). This is obtained by formal differentiation with respect
to t of problem (5.82). Since B(t) is similar to A(t), one can make use again of
Theorem 2.0.32. Thus, since Z01 ∈ D(B(0)) and h ∈ L2(0, T ; H2), it follows that

Z ∈ W 1,2(0, T ; H2), Y x ∈ L2(0, T ; L2(0, 1)), ζ(t) = Y (1, t), t ∈ [0, T ].

Since Z also satisfies problem (5.90), (5.91) we infer that Z = Z ′. Therefore,

Y ∈ W 2,2(0, T ; L2(0, 1))
⋂

W 1,2(0, T ; H2(0, 1)), Y (1, ·) ∈ W 2,2(0, T ),

from which it follows that h belongs to W 1,1(0, T ; H2) and thus, by usual argu-
ments (see Theorem 5.1.5), one can conclude that Y = Yt ∈ W 1,2(0, T ; H1(0, 1)).
The proof is complete. �

Remark 5.2.5. From our hypotheses w0 ∈ D(B1ε) and Z0 ∈ D(A(0)) (see The-
orems 5.2.3, 5.2.4), it follows that α(0) = 0. This condition was determined in
Subsection 5.2.1 as a result of identifications.
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Taking into account the three theorems above we are going to state two
corollaries which show that our expansion (5.66) is well defined. Moreover, they
will be used in the next section to get estimates for the remainder components in
different norms, which will validate completely our asymptotic expansion.

Corollary 5.2.6. Assume that (5.74), (5.83), (5.84) hold and, in addition, the fol-
lowing conditions are fulfilled⎧⎪⎨⎪⎩

f1 ∈ W 1,1(0, T ; H1(0, 1)), f2 ∈ W 1,1
(
0, T ; L2(0, 1)

)
,

f1(0, ·) ∈ H1(0, T ), e0 ∈ W 1,1(0, T ), u0 ∈ H1(0, 1), v0 ∈ H2(0, 1),
r0u0(0) + v0(0) = 0, r0v

′
0(0) − rv0(0) = r0f1(0, 0).

Then, for every ε > 0, problem Pε admits a unique strong solution

(uε, vε) ∈ W 1,∞(0, T ; L2(0, 1))2
⋂

L∞(0, T ; H1(0, 1))2,

and problem P0 admits a unique solution

(X, Y ) ∈(L2(0, T ; H1(0, 1))
⋂

W 1,1(0, T ; L2(0, 1))

×(L2(0, T ; H2(0, 1))
⋂

W 1,2(0, T ; H1(0, 1)).

Corollary 5.2.7. Assume that (5.83) holds. If u0, v0, f1, f2 and e0 are smooth
enough, f0 ∈ C2(R), f ′

0 ≥ 0, g satisfies (5.84), (5.88), and the following com-
patibility conditions are fulfilled:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

r0u0(0) + v0(0) = 0,

r0v
′
0(0) − rv0(0) = r0f1(0, 0),

r(r−1v′′0 (0) − g(0, v0(0)) − r−1f1x(0, 0) + f2(0, 0)) + r0f1t(0, 0)

= r0(r−1v
(3)
0 (0) − gx(0, v0(0))

−gξ(0, v0(0))v′0(0) + f2x(0, 0) − r−1f1xx(0, 0)),
r−1v′0(1) + f0(v0(1)) + e0(0) − r−1f1(1, 0)
= k[−r−1v′′0 (1) + g(1, v0(1)) − f2(1, 0) + r−1f1x(1, 0)],

then, for every ε > 0, problem Pε admits a unique strong solution

(uε, vε) ∈ C1([0, T ]; L2(0, 1))2
⋂

C([0, T ]; H1(0, 1))2

and problem P0 admits a unique solution

(X, Y ) ∈(W 2,1(0, T ; L2(0, 1))
⋂

W 1,2(0, T ; H1(0, 1)))

×(W 1,2([0, T ]; H2(0, 1))
⋂

W 2,2(0, T ; H1(0, 1))).
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5.2.3 Estimates for the remainder components

We begin with some estimates concerning our expansion (5.66) with respect to the
Lp(0, T ; L2(0, 1)) × L∞(0, T ; C[0, 1]) norm, under fairly weak assumptions on the
data. We have the following result:

Theorem 5.2.8. Let p ∈ [2,∞). Assume that all the assumptions of Corollary 5.2.6
hold. Then, for every ε > 0, the solution of problem Pε admits an asymptotic
expansion of the form (5.66) and the following estimates hold:

‖uε − X‖Lp(0,T ;L2(0,1)) = O(ε1/p),

‖vε − Y ‖C([0,T ];L2(0,1)) = O(ε1/2), ‖vε − Y ‖L∞(0,T ;C[0,1]) = O(ε1/4).

Proof. Throughout this proof we denote by Mk (k = 1, 2, . . . ) different positive
constants which depend on the data, but are independent of ε. According to Corol-
lary 5.2.6, problem (5.69), (5.70), (5.71) has a unique solution

Rε ∈ (
W 1,1(0, T ; L2(0, 1)) ∩ L2(0, T ; H1(0, 1))

)
× (

W 1,2(0, T ; L2(0, 1)) ∩ L2(0, T ; H1(0, 1))
)
,

and (see Theorems 5.2.2 and 5.2.4) R2ε(1, ·) ∈ W 1,2(0, T ). It is easily seen that

Rε(t) := (R1ε(·, t), R2ε(·, t), R2ε(1, t))

is the strong solution of the following Cauchy problem in H1:{
R′

ε(t) + B0εRε(t) + σε(t) = G1ε(t), 0 < t < T,

Rε(0) = 0,
(5.92)

where H1 and B0ε were defined in the proof of Theorem 5.2.3, and

σε(t) := (0, σ1ε(t), σ2ε(t)) , σ1ε(t) = g(·, vε(·, t)) − g(·, Y (·, t)),
σ2ε(t) =k−1[f0(vε(1, t)) − f0(Y (1, t))],

G1ε(t) =
(− Xt(·, t),−c0x(·, τ), k−1c0(1, τ)

)
for all t ∈ (0, T ).

By a standard computation we get

‖Rε(t)‖2 + 2
∫ t

0

〈B0εRε(s) + σε(s), Rε(s)〉ds = 2
∫ t

0

〈G1ε(s), Rε(s)〉ds (5.93)

for all t ∈ [0, T ]. Together with

〈B0εRε(s) + σε(s), Rε(s)〉 ≥ 0, s ∈ [0, T ],

and Gronwall’s lemma, (5.93) yields

‖Rε(t)‖ ≤
∫ t

0

‖G1ε(s)‖ds, t ∈ [0, T ]. (5.94)
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On the other hand,

‖G1ε(s)‖2 = ε

∫ 1

0

Xs(x, s)2dx +
(∫ 1

0

α′(x)2dx + k−1α(1)2
)

e−2rs/ε

for all s ∈ [0, T ], which yields∫ T

0

‖G1ε(s)‖ds = O(ε1/2). (5.95)

Combining (5.94) with (5.95) one gets

‖Rε(t)‖2 = ε‖R1ε(·, t)‖2
0 + ‖R2ε(·, t)‖2

0 + kR2ε(1, t)2 ≤ M1ε (5.96)

for all t ∈ [0, T ], where ‖ · ‖0 denotes the usual norm of L2(0, 1).
As f0 and ξ → g(x, ξ), x ∈ [0, 1], are nondecreasing functions, we have∫ T

0

〈B0εRε(s) + σε(s), Rε(s)〉ds

≥ r0

∫ T

0

R1ε(0, s)2ds + r

∫ T

0

‖R1ε(·, s)‖2
0ds.

(5.97)

Since r > 0, it follows from (5.93), (5.95), (5.96) and (5.97)∫ T

0

‖R1ε(·, s)‖2
0ds = ‖R1ε‖2

L2(DT ) = O(ε). (5.98)

Combining the obvious inequality∫ T

0

‖R1ε(·, t)‖p
0dt =

∫ T

0

‖R1ε(·, t)‖2
0 · ‖R1ε(·, t)‖p−2

0 dt

≤ ‖R1ε‖p−2
C([0,T ];L2(0,1))

∫ T

0

‖R1ε(·, t)‖2
0dt,

with (5.96) and (5.98), we infer that

‖R1ε‖Lp(0,T ;L2(0,1)) ≤ ‖R1ε‖2/p
L2(DT )‖R1ε‖1−2/p

C([0,T ];L2(0,1)) = O(ε1/p).

Since uε = X + c0 + R1ε, and ‖c0‖Lp(0,T ;L2(0,1)) = O(ε1/p), we find

‖uε − X‖Lp(0,T ;L2(0,1)) ≤ ‖R1ε‖Lp(0,T ;L2(0,1)) + ‖c0‖Lp(0,T ;L2(0,1)) = O(ε1/p).

On the other hand, (5.96) implies that ‖R2ε(·, t)‖2
0 ≤ M1ε for all t ∈ [0, T ]. Since

wε(t) :=
(
uε(·, t), vε(·, t), vε(1, t)

)
is the strong solution of problem (5.72), we have

(see Theorem 2.0.20)

‖w′
ε(t)‖ ≤ ‖Fε(0) − B1εw0‖ +

∫ t

0

‖F ′
ε(s)‖ds ≤ M2ε

−1/2 for a.a. t ∈ (0, T ).
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Therefore,
ε‖uεt(·, t)‖2

0 + ‖vεt(·, t)‖2
0 ≤ M3ε

−1

for a.a. t ∈ (0, T ). On the other hand,

‖uε(·, t)‖0 ≤ ‖X(·, t)‖0 + ‖c0(·, τ)‖0 + ‖R1ε(·, t)‖0 ≤ M4 for all t ∈ [0, T ],

and from vεx = f1−εuεt− ruε in DT , we derive ‖vεx(·, t)‖0≤M5 for a.a. t ∈ [0, T ].
Therefore,

‖R2εx(·, t)‖0 ≤ ‖vεx(·, t)‖0 + ‖Yx(·, t)‖0 ≤ M6 for a.a. t ∈ (0, T ).

Finally, using (5.96), we find

R2ε(x, t)2 ≤ R2ε(1, t)2 + 2‖R2ε(·, t)‖0 · ‖R2εx(·, t)‖0 ≤ M7ε
1/2

for a.a. t ∈ (0, T ) and for all x ∈ [0, 1], and thus ‖R2ε‖L∞(0,T ;C[0,1]) = O(ε1/4).
This concludes the proof. �

Remark 5.2.9. Note that our boundary layer function c0 does not appear in the
statement of Theorem 5.2.8. This is quite natural because ‖ c0 ‖Lp(0,T ;L2(0,1)) =
O(ε1/p). In fact, this means that our problem is regularly perturbed with respect
to the given norm. In other words, the boundary layer is not visible in this norm.

Now, we are going to establish estimates with respect to the uniform norm for
the two components of the remainder. To this purpose, we need to require more
smoothness of the data as well as higher compatibility conditions.

Theorem 5.2.10. Assume that all the assumptions of Corollary 5.2.7 are fulfilled.
Then, for every ε > 0, the solution of problem Pε admits an asymptotic expansion
of the form (5.66) and the following estimates hold

‖R1ε‖C(DT ) = O(ε1/8), ‖R2ε‖C(DT ) = O(ε3/8).

Proof. We will use the same notation as in the proof of the previous theorem. Of
course, the estimates established there remain valid, since our present assumptions
are stronger. Note that X (the first component of the solution of P0) belongs
to W 2,1(0, T ; L2(0, 1)) (see Corollary 5.2.7) and thus Qε(t) := R′

ε(t) is the mild
solution of the Cauchy problem in H1:{

Q′
ε(t) + B0εQε(t) + σ′

ε(t) = G′
1ε(t), 0 < t < T,

Qε(0) = G1ε(0),

which is obtained by differentiating the Cauchy problem (5.92) with respect to t.
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Now, we continue with an auxiliary result:

Lemma 5.2.11. If u = (u1, u3, u3) ∈ C([0, T ]; H1) is the mild solution of the fol-
lowing Cauchy problem in H1{

u′(t) + B0εu(t) = f
(
t, u(t)

)
, 0 < t < T,

u(0) = u0,

where f : [0, T ]× H1 → H1, u0 ∈ H1 and f
(·, u(·)) ∈ L1(0, T ; H1), then

‖u(t)‖2 + 2r‖u1‖2
L2(Dt)

≤ ‖u0‖2 + 2
∫ t

0

〈f(s, u(s)), u(s)〉ds, 0 ≤ t ≤ T, (5.99)

where Dt := (0, 1) × (0, t).

Proof. Obviously,

u(t) = Sε(t)u0 +
∫ t

0

Sε(t − τ)f
(
τ, u(τ)

)
dτ, 0 ≤ t ≤ T, (5.100)

where {Sε(t), t ≥ 0} is the continuous semigroup of contractions generated by
−B0ε. Since D(B0ε) is dense in H1 and C1([0, T ]; H1) is dense in L1(0, T ; H1),
there exist sequences {u0n}n∈N

⊂ D(B0ε) and {fn}n∈N
⊂ C1([0, T ]; H1), such that

u0n → u0 in H1 and fn → h in L1(0, T ; H1), as n → ∞, where h(t) = f
(
t, u(t)

)
.

On account of Theorem 2.0.27, the Cauchy problem in H1{
u′

n(t) + B0εun(t) = fn(t), 0 < t < T,

un(0) = u0n,

has a unique strong solution un = (u1
n, u2

n, u3
n) ∈ C1([0, T ]; H1), which satisfies

un(t) = Sε(t)u0n +
∫ t

0

Sε(t − τ)fn(τ)dτ, 0 ≤ t ≤ T, ∀n ∈ N. (5.101)

From the obvious equality

‖un(t)‖2 + 2
∫ t

0

〈B0εun(s), un(s)〉ds = ‖u0n‖ + 2
∫ t

0

〈fn(s), un(s)〉ds (5.102)

for all t ∈ [0, T ], n ∈ N, we derive

‖un(t)‖2 + 2r‖u1
n‖2

L2(Dt)
≤ ‖u0n‖2 + 2

∫ t

0

〈fn(s), un(s)〉ds (5.103)

for all t ∈ [0, T ]. By (5.100) and (5.101) we obtain that un → u as n → ∞ in
C([0, T ]; H1). Therefore, inequality (5.99) follows from (5.103) by letting n → ∞.

�
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By Lemma 5.2.11 and the obvious inequality ‖G1ε(0)‖2 ≤ M8, we have

‖Qε(t)‖2 + 2r‖R1εt‖2
L2(Dt)

≤ M8 + 2
∫ t

0

〈G′
1ε(s) − σ′

ε(s), Qε(s)〉ds (5.104)

for all t ∈ [0, T ].
On the other hand,∫ t

0

〈σ′
ε(s), Qε(s)〉ds ≥ −M9

( ∫ t

0

| R2εs(1, s) | ds +
∫ t

0

‖R2εs(·, s)‖0ds
)
, (5.105)

∫ t

0

〈G′
1ε(s), Qε(s)〉ds ≤ε

∫ t

0

‖Xss(·, s)‖0 · ‖R1εs(·, s)‖0ds

+
r

ε

∫ t

0

e−
rs
ε (‖α′‖0 · ‖R2εs(·, s)‖0+ | α(1)R2εs(1, s) |) ds

≤M10

( ∫ t

0

(√
ε‖Xss(·, s)‖0 +

r

ε
e−

rs
ε

)
‖ Qε(s) ‖ ds

)
for all t ∈ [0, T ]. Combining the last inequality with (5.104) and (5.105), we get

‖Qε(t)‖2 ≤ M11

∫ t

0

(
1 +

√
ε‖Xss(·, s)‖0 +

r

ε
e−

rs
ε

)
‖ Qε(s) ‖ ds, 0 ≤ t ≤ T,

and thus, using Gronwall’s inequality, we can infer that

‖Qε(t)‖2 = ε‖R1εt(·, t)‖2
0 + ‖R2εt(·, t)‖2

0 + kR2εt(1, t)2 ≤ M12 (5.106)

for all t ∈ [0, T ]. Therefore,

ε‖R1εt(·, t)‖2
0 ≤ M12, ‖R2εt(·, t)‖0 ≤ M12 (5.107)

for all t ∈ [0, T ]. Now, combining (5.104) with (5.106), we find

‖R1εt‖2
L2(DT ) = O(1). (5.108)

In addition (see (5.70), (5.98) and (5.108)), we have

‖R1ε(·, t)‖2
0 = 2

∫ t

0

〈R1εs(·, s), R1ε(·, s)〉0ds

≤2
∫ t

0

‖R1εs(·, s)‖0 · ‖R1ε(·, s)‖0ds

≤2‖R1εt‖L2(DT ) ‖R1ε‖L2(DT ) ≤ M13ε
1/2.

(5.109)

Now, by (5.69), (5.107) and (5.109), it follows that

‖R1εx(·, t)‖0 ≤ M14, ‖R2εx(·, t)‖0 ≤ M15ε
1/4 ∀ t ∈ [0, T ]. (5.110)
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Taking into account (5.96), (5.109) and (5.110), we obtain

R2ε(x, t)2 = R2ε(1, t)2 − 2
∫ 1

x

R2εξ(ξ, t)R2ε(ξ, t)dξ

≤ R2ε(1, t)2 + 2‖R2ε(·, t)‖0 · ‖R2εx(·, t)‖0 ≤ M16ε
3/4,

R1ε(x, t)2 ≤ R1ε(0, t)2 + 2‖R1ε(·, t)‖0 · ‖R1εx(·, t)‖0

= (1/r2
0)R2ε(0, t)2 + 2‖R1ε(·, t)‖0 · ‖R1εx(·, t)‖0 ≤ M17ε

1/4

for all (x, t) ∈ DT . Thus, ‖R1ε‖C(DT ) = O(ε1/8), ‖R2ε‖C(DT ) = O(ε3/8). The
proof is complete. �

5.3 A zeroth order asymptotic expansion for the
solution of problem (NS), (IC), (BC.2)

In this section we consider the problem Pε consisting of the system{
εut + vx + ru = f1,

vt + ux + g(x, v) = f2 in DT ,
(NS)

the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and the nonlinear boundary conditions{
u(0, t) + k0vt(0, t) = −r0(v(0, t)) − l0

∫ t

0 v(0, s)ds + e0(t),

u(1, t) − k1vt(1, t) = r1(v(1, t)) + l1
∫ t

0
v(1, s)ds − e1(t), 0 ≤ t ≤ T,

(BC.2)

where r, k0, k1, l0, l1 are given nonnegative constants and g : [0, 1]×R → R, f1, f2 :
DT → R, e0, e1 : [0, T ] → R, u0, v0 : [0, 1] → R, r0, r1 : R → R are known
functions.

Note that in this case both the boundary conditions are of the dynamic type
and contain some integral terms.

Again, the present Pε is a singularly perturbed problem of the boundary layer
type with respect to the C(DT )2-norm, the boundary layer being a neighborhood
of the segment {(x, 0); 0 ≤ x ≤ 1}.

5.3.1 Formal expansion

In the following we will determine formally a zeroth order asymptotic expansion
of the solution Uε = (uε(x, t), vε(x, t)) of problem Pε, which will be of the same
form as in Subsection 5.2.1 (see (5.66)), i.e.,

Uε = U0(x, t) + V0(x, τ) + Rε(x, t). (5.111)
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We have relabeled the expansion for convenience, but U0, V0, Rε, τ have the
same meaning. Again, we make use of (5.111) in (NS) and (IC) to derive by
identification the same systems of equations and initial conditions, as previously
derived in Subsection 5.2.1. Here, we relabel them as follows:{

X = r−1(f1 − Yx),

Yt − r−1Yxx + g(x, Y ) = f2 − r−1f1x in DT ,
(5.112)

Y (x, 0) = v0(x), 0 ≤ x ≤ 1, (5.113)

d0 ≡ 0, c0(x, τ) = α(x)e−rτ , 0 ≤ x ≤ 1, τ ≥ 0, (5.114)

where α(x) = u0(x) + (1/r)(v′0(x) − f1(x, 0)), 0 ≤ x ≤ 1,{
εR1εt + R2εx + rR1ε = −εXt,

R2εt + R1εx + g(x, vε) − g(x, Y ) = −c0x in DT ,
(5.115)

R1ε(x, 0) = R2ε(x, 0) = 0, 0 ≤ x ≤ 1. (5.116)

Finally, we derive from (BC.2) by the identification procedure the following bound-
ary conditions (see also (5.112)1)⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

k0Yt(0, t) − r−1Yx(0, t) = −r0

(
Y (0, t)

)− l0
∫ t

0
Y (0, s)ds

−r−1f1(0, t) + e0(t),

−k1Yt(1, t) − r−1Yx(1, t) = r1

(
Y (1, t)

)
+ l1

∫ t

0
Y (1, s)ds

−r−1f1(1, t) − e1(t), 0 ≤ t ≤ T,

(5.117)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
R1ε(0, t) + k0R2εt(0, t) + r0

(
vε(0, t)

)− r0

(
Y (0, t)

)
= −l0

∫ t

0 R2ε(0, s)ds − c0(0, τ),
R1ε(1, t) − k1R2εt(1, t) − r1

(
vε(1, t)

)
+ r1

(
Y (1, t)

)
= l1

∫ t

0
R2ε(1, s)ds − c0(1, τ), 0 ≤ t ≤ T.

(5.118)

It is worth mentioning that in this case we do not have any condition for α at
x = 0 or x = 1. This is due to the fact that both the boundary conditions of Pε

are of the dynamic type (see Subsection 5.2.1 for an explanation).

5.3.2 Existence, uniqueness and regularity of the solutions
of problems Pε and P0

We start with problem Pε consisting of (NS), (IC), (BC.2). Our basic framework
for this problem will be the product space H3 := L2(0, 1)2 × R

4, which is a real
Hilbert space with the scalar product defined by

〈ω1, ω2〉H3
:=ε

∫ 1

0

p1(x)p2(x)dx +
∫ 1

0

q1(x)q2(x)dx

+ k0y
1
1y

2
1 + k1y

1
2y

2
2 + l0y

1
3y

2
3 + l1y

1
4y

2
4
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for all ωi = (pi, qi, y
i
1, y

i
2, y

i
3, y

i
4) ∈ H3, i = 1, 2. The corresponding norm will be

denoted by ‖ · ‖H3
. Next, we define the operator Jε : D(Jε) ⊂ H3 → H3,

D(Jε) :={(p, q, y) ∈ H3; p, q ∈ H1(0, 1), y1 = q(0), y2 = q(1)},
Jε(p, q, y) :=

(
ε−1(q′ + rp), p′ + g(·, q), k−1

0 [p(0) + r0(y1) + l0y3],

k−1
1 [−p(1) + r1(y2) + l1y4],−y1,−y2

)
,

where y := (y1, y2, y3, y4). We associate with Pε the Cauchy problem in H3:{
w′

ε(t) + Jεwε(t) = Fε(t), 0 < t < T,

wε(0) = w0,
(5.119)

where

wε(t) := (uε(·, t), vε(·, t), y1ε(t), y2ε(t), y3ε(t), y4ε(t)) ,

Fε(t) :=
(
ε−1f1(·, t), f2(·, t), k−1

0 e0(t), k−1
1 e1(t), 0, 0

)
, t ∈ [0, T ],

w0 :=(u0, v0, y0) ∈ H3, y0 := (y01, y02, y03, y04).

As far as problem Pε is concerned, we have:

Theorem 5.3.1. Assume that:

r, l0, l1 are given nonnegative constants, k0, k1 > 0; (5.120)

r0, r1 ∈ C1(R), r′0 ≥ 0, r′1 ≥ 0; (5.121)

x → g(x, ξ) ∈ L2(0, 1) ∀ξ ∈ R and ∂g/∂ξ =: gξ ∈ C([0, 1] × R), gξ ≥ 0; (5.122)

Fε ∈ W 1,1(0, T ; H3); (5.123)
w0 ∈ D(Jε), y03 = y04 = 0. (5.124)

Then, problem (5.119) has a unique strong solution wε ∈ C1([0, T ]; H3). In addi-
tion, uε, vε belong to the space C

(
[0, T ]; H1(0, 1)

)
, and y1ε(t) = vε(0, t), y2ε(t) =

vε(1, t) for all t ∈ [0, T ].

Proof. First we will prove that Jε is a maximal monotone operator. Indeed, the
monotonicity of Jε follows by an elementary computation, and for its maximality
we make use of the equivalent Minty condition, i.e., R(I + Jε) = H3, where I is
the identity operator on H3 (see Theorem 2.0.6). Thus, it suffices to show that for
every (h, k, z) ∈ H3 the equation

(p, q, y) + Jε ((p, q, y)) = (h, k, z)

has a solution (p, q, y) ∈ D(Jε). This equation can be rewritten as⎧⎪⎨⎪⎩
p + ε−1q′ + ε−1rp = h,

q + p′ + g(·, q) = k,

(−p(0), p(1)) = β ((q(0), q(1))) ,

(5.125)
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where β : R
2 → R

2 is some maximal monotone operator which comes out from cal-
culation. Problem (5.125) has a solution, since this problem represents the Minty
maximality condition for operator B given in Example 3, Chapter 2. Thus Jε

is indeed maximal monotone. Now, by Theorem 2.0.20, it follows that problem
(5.119) has a unique strong solution wε ∈ W 1,∞(0, T ; H3), wε(t) ∈ D(Jε) for all
t ∈ [0, T ], and hence y1ε(t) = vε(0, t), y2ε(t) = vε(1, t) ∀ t ∈ [0, T ]. Moreover,
uεx, vεx ∈ L∞(0, T ; L2(0, 1)) (see (NS)).

It remains to prove that wε ∈ C1([0, T ]; H3) and uεx, vεx ∈ C([0, T ]; L2(0, 1)).
These properties follow by arguments we have already used before (see the proof
of Theorem 5.2.3). We leave the details to the reader. �

We continue with problem (5.112)2, (5.113), (5.117). In this case, we choose as a
basic setup the space H4 := L2(0, 1) × R

4, with the scalar product defined by

〈ζ1, ζ2〉H4
:=

∫ 1

0

p1(x)p2(x)dx + k0y
1
1y

2
1 + k1y

1
2y

2
2 + l0y

1
3y

2
3 + l1y

1
4y

2
4

for all ζi = (pi, y
i
1, y

i
2, y

i
3, y

i
4) ∈ H4, i = 1, 2. Denote the associated norm by ‖ · ‖H4

.
We associate with problem (5.112)2, (5.113), (5.117) the Cauchy problem in H4:{

z′(t) + Lz(t) = h(t), 0 < t < T,

z(0) = z0,
(5.126)

where L : D(L) ⊂ H4 → H4,

D(L) :=
{
(p, y) ∈ H4; p ∈ H2(0, 1), y1 = p(0), y2 = p(1)

}
,

L(p, y) :=
(
− r−1p′′ + g(·, p), k−1

0 [−r−1p′(0) + r0

(
p(0)

)
+ l0y3],

k−1
1 [r−1p′(1) + r1

(
p(1)

)
+ l1y4],−y1,−y2

)
,

y =(y1, y2, y3, y4), z(t) = (Y (·, t), ξ1(t), ξ2(t), ξ3(t), ξ4(t)), z0 ∈ H4,

h(t) :=
(
f2(·, t) − r−1f1x(·, t), k−1

0

(−r−1f1(0, t) + e0(t)
)
,

k−1
1

(
r−1f1(1, t) + e1(t)

)
, 0, 0

)
, 0 < t < T.

It is easy to show that operator L is not cyclically monotone, i.e., L is not a
subdifferential. However, we are able to prove the following (fairly strong) result:

Theorem 5.3.2. Assume that

l0, l1 are given nonnegative constants, and r, k0, k1 > 0; (5.127)

r0, r1 ∈ C2(R), r′0 ≥ 0, r′1 ≥ 0; (5.128)
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g = g(x, ξ), gξ, gξξ : [0, 1]× R → R are continuous functions, gξ ≥ 0; (5.129)

h ∈ W 2,1(0, T ; H4); (5.130)

z0 = (v0, z01, z02, 0, 0) ∈ D(L), h(0) − Lz0 ∈ D(L). (5.131)

Then, problem (5.126) has a unique strong solution z ∈ C2([0, T ]; H4), with Y ∈
W 2,2

(
0, T ; H1(0, 1)

)⋂
C1([0, T ]; H2(0, 1)).

Proof. One can easily see that L is a monotone operator in H4. To show its
maximality we need to prove that for each (q, a) ∈ H4 there exists a (p, y) ∈ D(L)
such that

(p, y) + L(p, y) = (q, a).

This equation is equivalent to the problem of finding (p, y) ∈ D(L) which satisfies{
p − r−1p′′ + g(x, p) = q, 0 < x < 1,

(p′(0),−p′(1)) = α(p(0), p(1)),

where α : D(α) = R
2 → R

2 is some maximal monotone operator which comes out
by computation. Therefore, the maximality of L follows by the maximality of the
operator discussed in Example 1 of Chapter 2.
Since z0 ∈ D(L) and h ∈ W 2,1(0, T ; H4), one can apply Theorem 2.0.20 to derive
that problem (5.126) has a unique strong solution z ∈ W 1,∞(0, T ; H4) and z(t) ∈
D(L) for all t ∈ [0, T ], so ξ1(t) = Y (0, t), ξ2(t) = Y (1, t) for all t ∈ [0, T ].

Now, let us show that Y ∈ W 1,2(0, T ; H1(0, 1)). We can use our standard
reasoning. Indeed, starting with the obvious inequality

1
2

∫ T−δ

0

d

dt
‖z(t + δ) − z(t)‖2

H4
+

1
r

∫ T−δ

0

‖Yx(·, t + δ) − Yx(·, t)‖2
L2(0,1)

≤
∫ T−δ

0

‖h(t + δ) − h(t)‖H4
‖z(t + δ) − z(t)‖H4

∀ t ∈ [0, T − δ],

and taking into account that h ∈ W 2,1(0, T ; H4) and z ∈ W 1,∞(0, T ; H4), we infer
that ∫ T−δ

0

‖Yx(·, t + δ) − Yx(·, t)‖2
L2(0,1) ≤ Cδ2,

where C is some positive constant, which implies that (see Theorem 2.0.3) Y ∈
W 1,2(0, T ; H1(0, 1)).

Next, we will show that Y ∈ C2([0, T ]; L2(0, 1)). For this we will rewrite
problem (5.112)2, (5.113), (5.117) as another Cauchy problem in the Hilbert space
H5 := L2(0, 1) × R

2, endowed with the scalar product

〈θ1, θ2〉H5
:=

∫ 1

0

p1p2dx + k0y
1
1y

2
1 + k1y

1
2y

2
2 ∀ θi = (pi, y

i
1, y

i
2) ∈ H5, i = 1, 2,
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using the operator L0 : D(L0) ⊂ H5 → H5,

D(L0) :=
{
(p, y1, y2); p ∈ H2(0, 1), y1 = p(0), y2 = p(1)

}
,

L0(p, y1, y2) :=
(
−r−1p′′,−(rk0)

−1
p′(0), (rk1)

−1
p′(1)

)
,

which is the subdifferential of the function Φ0 : H5 → (−∞, +∞],

Φ0 ((p, y1, y2)) =

{
1
2r

∫ 1

0 p′(x)2dx, if p ∈ H1(0, 1), y1 = p(0), y2 = p(1),

+∞, otherwise.

Thus we have a new Cauchy problem in the new space H5:{
w′(t) + L0w(t) = h1(t), 0 < t < T,

w(0) = ζ0,
(5.132)

where w(t) = (Y (·, t), Y (0, t), Y (1, t)), ζ0 = (v0, v0(0), v0(1)) ∈ D(L0),

h1(t) :=

⎛⎜⎝ f2(·, t) − r−1f1x(·, t) − g (·, Y (·, t))
−k0

−1[r−1f1(0, t) − e0(t) + r0 (Y (0, t)) + l0
∫ t

0
Y (0, s)ds]

k1
−1[r−1f1(1, t) + e1(t) − r1 (Y (1, t)) − l1

∫ t

0
Y (1, s)ds]

⎞⎟⎠
T

,

0 < t < T . This new Cauchy problem is associated with a subdifferential, L0,
and we are going to take advantage of this fact. Since z ∈ W 1,∞(0, T ; H4) and
Y ∈ W 1,2(0, T ; H1(0, 1)), we have h1 ∈ W 1,2(0, T ; H5). On the other hand, ξ0 ∈
D(L0), and applying Theorem 2.0.27 we obtain that

w ∈ C1([0, T ]; H5), L0w ∈ C([0, T ]; H5) ⇒,

Y ∈ C([0, T ]; H2(0, 1))
⋂

C1([0, T ]; L2(0, 1)), Y (0, ·), Y (1, ·) ∈ C1[0, T ].

Using (5.131) we can see that h1(0) − L0ζ0 ∈ D(L0). Thus, according to Theo-
rem 2.0.24 we obtain that w := w′ is the strong solution of the problem{

w′(t) + L0w(t) = h′
1(t), 0 < t < T,

w(0) = h1(0) − L0ζ0.
(5.133)

Therefore,

w ∈ W 1,2(0, T ; H5), w(t) ∈ D(L0) for a.a. t ∈ (0, T ),

so h1∈W 2,1(0,T ;H5) and using Theorem 2.0.27 we derive that w∈C1([0,T ];H5),
L0w ∈ C([0, T ]; H5) and w(t) ∈ D(L0) for all t ∈ [0, T ]. Thus we have proved that

Y ∈ C2([0, T ]; L2(0, 1))
⋂

C1([0, T ]; H2(0, 1)), Y (0, ·), Y (1, ·) ∈ C2[0, T ].

Finally, using a standard reasoning one can show that Yt ∈ W 1,2
(
0, T ; H1(0, 1)

)
.

This completes the proof. �
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Corollary 5.3.3. Assume that (5.127) holds. If u0, v0, f1, f2, e0, e1 are smooth
enough, r0, r1 ∈ C2(R), r′0, r′1 ≥ 0, g satisfies (5.129) and the following compat-
ibility conditions are fulfilled⎧⎪⎪⎪⎨⎪⎪⎪⎩

(k0r)
−1

v′0(0) − k0
−1

(
r0 (v0(0)) + r−1f1(0, 0) − e0(0)

)
= r−1v0

′′(0) − g (0, v0(0)) + f2(0, 0) − r−1f1x(0, 0),

−(k1r)
−1

v′0(1) − k1
−1

(
r1 (v0(1)) − r−1f1(1, 0) + e1(0)

)
= r−1v0

′′(1) − g (1, v0(1)) + f2(1, 0) − r−1f1x(1, 0),

(5.134)

then, for every ε > 0, problem Pε has a unique strong solution

(uε, vε) ∈ C1([0, T ]; L2(0, 1))2
⋂

C([0, T ]; H1(0, 1))2

and problem P0 admits a unique solution

(X, Y ) ∈(W 2,1(0, T ; L2(0, 1))
⋂

C1([0, T ]; H1(0, 1)))

×(C1([0, T ]; H2(0, 1))
⋂

W 2,2(0, T ; H1(0, 1))).

5.3.3 Estimates for the remainder components

In this subsection we will prove some estimates for the components of the re-
mainder term with respect to the uniform convergence norm, which validate our
asymptotic expansion.

Theorem 5.3.4. Assume that all the assumptions of Corollary 5.3.3 are fulfilled.
Then, for every ε > 0, the solution of problem Pε admits an asymptotic expansion
of the form (5.111) and the following estimates hold:

‖R1ε‖C(DT ) = O(ε1/8), ‖R2ε‖C(DT ) = O(ε3/8).

Proof. In the sequel we will denote by Mk, k = 1, 2, . . . , different positive con-
stants which do not depend on ε. Since all the assumptions of Corollary 5.3.3 are
fulfilled, we obtain by virtue of Theorems 5.3.1, 5.3.2 and (5.111) that

(R1ε, R2ε) ∈
(
C1

(
[0, T ]; L2(0, 1)

)⋂
C

(
[0, T ]; H1(0, 1)

))2

,

with R2ε(0, ·), R2ε(1, ·) ∈ C1[0, T ], is the unique solution of problem (5.115),
(5.116), (5.118).
In the sequel we will denote

Rε(t) :=
(
R1ε(·, t), R2ε(·, t), R2ε(0, t), R2ε(1, t),

∫ t

0

R1ε(0, s)ds,

∫ t

0

R2ε(0, s)ds
)
.

By a reasoning similar to that we have already used in the proofs of Theo-
rems 5.1.10, 5.2.8 and 5.2.10 we derive the estimates

ε‖R1ε(·, t)‖2
0 + ‖R2ε(·, t)‖2

0 + k0R2ε(0, t)2 + k1R2ε(1, t)2 ≤ M1ε (5.135)
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for all t ∈ [0, T ] (we denote by ‖ · ‖0 the usual norm of L2(0, 1)), and

‖R1ε‖2
L2(DT ) = O(ε). (5.136)

On the other hand, Qε(t) := R′
ε(t), t ∈ [0, T ], is the mild solution of the following

Cauchy problem in H3 :{
Q′

ε(t) + J0εQε(t) + Jε(t) = N ′
ε(t), 0 < t < T,

Qε(0) = Nε(0),

where

Nε(t) := −
(
Xt(·, t), c0x(·, τ), k0

−1c0(0, τ),−k1
−1c0(1, τ), 0, 0

)
, t ∈ [0, T ],

J0ε is equal to a particular Jε, which was defined in the previous subsection, where
g, r0, r1 are null functions, and

Jε(t) :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

gξ

(·, vε(·, t)
)
R2εt(·, t) +

(
gξ

(·, vε(·, t)
)− gξ

(·, Y (·, t)))Yt(·, t)
k−1
0

(
r′0
(
vε(0, t)

)
R2εt(0, t) +

(
r′0
(
vε(0, t)

)− r′0(Y (0, t)
)
Yt(0, t)

)
k−1
1

(
(r′1

(
vε(1, t)

)
R2εt(1, t) +

(
r′1
(
vε(1, t)

)− r′1(Y (1, t)
)
Yt(1, t)

)
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

for all t ∈ [0, T ].
Now, by arguments similar to those used in the proof of Theorem 5.2.10 (see

Lemma 5.2.11) and by the obvious estimate ‖Nε(0)‖ ≤ M2, we obtain

‖Qε(t)‖2
H3

+2r‖R1εt‖2
L2(Dt)

(5.137)

≤M2
2 + 2

∫ t

0

〈N ′
ε(s) − Jε(s), Qε(s)〉H3

ds.

On the other hand, ‖ vε ‖C(DT )= O(1) (see the proof of Theorem 5.2.8) and thus,
since gξξ ∈ C([0, 1] × R) and r0, r1 ∈ C2(R), we have∫ t

0

〈Jε(s), Qε(s)〉H3ds ≥
∫ t

0

〈(gξ

(·, vε(·, s)
)− gξ

(·, Y (·, s)))Ys(·, s), R2εs(·, s)〉0ds

+
∫ t

0

(
r′0
(
vε(0, s)

)− r′0
(
Y (0, s)

))
Ys(0, s)R2εs(0, s)ds

+
∫ t

0

(
r′1
(
vε(1, s)

)− r′1(Y (1, s)
))

Ys(1, s)R2εs(1, s)ds

≥− M3

(∫ t

0

‖R2εs(·, s)‖0ds +
∫ t

0

| R2εs(0, s) | ds +
∫ t

0

| R2εs(1, s) | ds
)
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∀ t ∈ [0, T ] (we have denoted by 〈·, ·〉0 the usual scalar product of L2(0, 1)).
Note also that∫ t

0

〈N ′
ε(s), Qε(s)〉H3ds ≤ ε

∫ t

0

‖Xss(·, s)‖0 · ‖R1εs(·, s)‖0ds

+
r

ε
‖α′‖0

∫ t

0

e−
rs
ε ‖R2εs(·, s)‖0ds

+
r

ε
α(0)

∫ t

0

e−
rs
ε R2εs(0, s)ds +

r

ε
α(1)

∫ t

0

e−
rs
ε R2εs(1, s)ds

≤M4

∫ t

0

(√
ε‖Xss(·, s)‖0 +

r

ε
e−

rs
ε

)
‖ Qε(s) ‖H3 ds

for all t ∈ [0, T ].
By (5.137) and the last two inequalities we infer

‖Qε(t)‖2
H3

≤ M5

∫ t

0

(
1 +

√
ε‖Xss(·, s)‖0 +

r

ε
e−

rs
ε

)
‖ Qε(s) ‖H3 ds, 0 ≤ t ≤ T

and, using Gronwall’s lemma, we arrive at ‖Qε(t)‖H3
≤ M6 for all t ∈ [0, T ].

Therefore, by (5.137), we have

‖R1εt‖L2(DT ) = O(1) (5.138)

and obviously

ε‖R1εt(·, t)‖2
0 + ‖R2εt(·, t)‖2

0 + k0R2εt(0, t)2 + k1R2εt(1, t)2 ≤ M7 (5.139)

for all t ∈ [0, T ]. Now, using the inequality

‖R1ε(·, t)‖2
0 ≤ 2‖R1εt‖L2(DT ) ‖R1ε‖L2(DT ),

together with (5.135) and (5.138), we can easily obtain that

‖R1ε(·, t)‖0 ≤ M8ε
1/4 for all t ∈ [0, T ]. (5.140)

On the other hand, (5.139) implies

√
ε‖R1εt(·, t)‖0 ≤

√
M7, ‖R2εt(·, t)‖0 ≤

√
M7 for all t ∈ [0, T ].

Taking into account these estimates, as well as (5.115), (5.135) and (5.140), we
find that

‖R1εx(·, t)‖0 ≤ M9, ‖R2εx(·, t)‖0 ≤ M10ε
1/4 ∀ t ∈ [0, T ]. (5.141)
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From (5.135) and (5.141) we derive

R2ε(x, t)2 =R2ε(0, t)2 + 2
∫ x

0

R2εξ(ξ, t)R2ε(ξ, t)dξ

≤R2ε(0, t)2 + 2‖R2ε(·, t)‖0 · ‖R2εx(·, t‖)0 ≤ M11ε
3/4

for all (x, t) ∈ DT . Therefore, ‖R2ε‖C(DT ) = O(ε3/8).
Now we are going to prove the estimate for R1ε. For each t∈[0, T ] and ε > 0 there
exists an xtε∈[0, 1], such that R1ε(xtε, t)2≤M2

8 ε1/2. Therefore, from

R1ε(x, t)2 =R1ε(xtε, t)2 + 2
∫ x

xtε

R1εξ(ξ, t)R1ε(ξ, t)dξ

≤R1ε(xtε, t)2 + 2‖R1ε(·, t)‖0 · ‖R1εx(·, t)‖0,

we get ‖R1ε‖C(DT ) = O(ε1/8) (see also (5.140) and (5.141)). This concludes the
proof. �

5.4 A zeroth order asymptotic expansion for the
solution of problem (LS)′, (IC), (BC.1)

In what follows we will be interested in the case of a small capacitance. Therefore,
the small parameter ε will appear in the second equation of the system, multiplying
the term vt. More precisely, let us consider in DT = [0, 1] × [0, T ] the following
problem, denoted again Pε, which consists of the system{

ut + vx + ru = f1,

εvt + ux + gv = f2,
(LS)′

the initial conditions

u(x, 0) = u0(x), v(x, 0) = v0(x), 0 ≤ x ≤ 1, (IC)

and the nonlinear boundary conditions:{
r0u(0, t) + v(0, t) = 0,

u(1, t) − kvt(1, t) = f0 (v(1, t)) + e(t), 0 ≤ t ≤ T,
(BC.1)

where f1, f2 : DT → R, u0, v0 : [0, 1] → R, f0 : R → R, e : [0, T ] → R are given
functions, while r, g, r0, k are given nonnegative constants.

Again, by a reasoning similar to that used in Chapter 1 we can see that
problem Pε is singularly perturbed, of the boundary layer type, with respect to
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the uniform norm (i.e., the C(DT )2-norm). The boundary layer is located near
the line segment {(x, 0); 0 ≤ x ≤ 1}.

Obviously, we may study the case in which the term ru of system (LS)′ is
replaced by a nonlinear term of the form r∗(·, u). We prefer the linear case for
simplicity and clarity.
Moreover, condition (BC.1)1 may be replaced by a nonlinear one. We also note
that our approach may be used to investigate either pure algebraic boundary
conditions, or pure dynamic boundary conditions (i.e., both conditions involve the
time derivative vt).

5.4.1 Formal expansion

We look for a zeroth order asymptotic expansion for the solution Uε of problem
Pε formulated above,

Uε = U0(x, t) + V0(x, τ) + Rε(x, t) (5.142)

(see (5.66)), where U0, V0, Rε, τ were defined in Subsection 5.2.1. By the standard
identification procedure, we are led to the following reduced problem:

Y = g−1(f2 − Xx) in DT , (5.143)⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Xt − g−1Xxx + rX = f1 − g−1f2x in DT ,

X(x, 0) = u0(x), 0 ≤ x ≤ 1,

r0X(0, t) − g−1Xx(0, t) = −g−1f2(0, t),

kXtx(1, t) + gX(1, t) − gf0

(
g−1(f2(1, t) − Xx(1, t))

)
= ge(t) + kf2t(1, t), 0 ≤ t ≤ T.

(5.144)

Our boundary layer functions (correctors) are

c0 ≡ 0, d0(x, τ) = β(x)e−gτ , 0 ≤ x ≤ 1, τ ≥ 0,

where β(x) = v0(x) + g−1(u′
0(x) − f2(x, 0)).

The remainder Rε satisfies the boundary value problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

R1εt + R2εx + rR1ε = −d0x,

εR2εt + R1εx + gR2ε = −εYt in DT ,

R1ε(x, 0) = R2ε(x, 0) = 0, 0 ≤ x ≤ 1,

r0R1ε(0, t) + R2ε(0, t) = 0,

kR2εt(1, t) − R1ε(1, t) + f0 (vε(1, t)) − f0 (Y (1, t)) = 0, 0 ≤ t ≤ T.

(5.145)

In addition, we derive from (BC.1) the following two conditions

β(0) = β(1) = 0. (5.146)
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It is worth pointing out that in this case we do not need any correction for
the first component of the solution. This is quite natural since the small parameter
multiplies vt. Unlike all the previous cases, at the corner (1, 0) of DT we have the
condition β(1) = 0. To explain this, note that the term vt(1, t) of (BC.1)2 includes
−gβ(1)ε−1e−gτ , hence β(1) must be zero. Otherwise, a discrepancy would appear
at the corner (1, 0).

5.4.2 Existence, uniqueness and regularity of the solutions
of problems Pε and P0

We start with problem Pε. This is similar to problem Pε studied in Subsec-
tion 5.2.2. Our basic framework in this case will be the product space H1 =(
L2(0, 1)

)2 × R, endowed with the scalar product

〈ζ1, ζ2〉H1
:=

∫ 1

0

p1(x)p2(x)dx + ε

∫ 1

0

q1(x)q2(x)dx + ka1a2,

for all ζi = (pi, qi, ai) ∈ H1, i = 1, 2 and the corresponding norm denoted by
‖ · ‖H1

. We associate with our problem the following Cauchy problem in H1:{
w′

ε(t) + Bεwε(t) = Fε(t), 0 < t < T,

wε(0) = w0,
(5.147)

where Bε : D(Bε) ⊂ H1 → H1,

D(Bε) :=
{
(p, q, a) ∈ H1; p, q ∈ H1(0, 1), r0p(0) + q(0) = 0, a = q(1)

}
,

Bε ((p, q, a)) :=
(
q′ + rp, ε−1(p′ + gq), k−1 (−p(1) + f0(a))

)
,

wε(t) := (uε(·, t), vε(·, t), ξε(t)) , w0 ∈ H1,

Fε(t) :=
(
f1(·, t), ε−1f2(·, t),−k−1e(t)

)
, 0 < t < T.

One can prove the following result, which is similar to Theorem 5.2.3

Theorem 5.4.1. Assume that

r, g are nonnegative constants, r0, k > 0; (5.148)

f0 ∈ C1(R), f ′
0 ≥ 0, Fε ∈ W 1,1(0, T ;H1); (5.149)

w0 ∈ D(Bε). (5.150)

Then, problem (5.147) has a unique strong solution wε ∈ C1([0, T ];H1) with
ξε(t) = vε(1, t) for all t ∈ [0, T ]. In addition, uε, vε ∈ C([0, T ]; H1(0, 1)).
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In the sequel we deal with the reduced problem P0, which consists of the
algebraic equation (5.143) and the boundary value problem (5.144). In order to
homogenize the boundary conditions (5.144)3,4, we set

X(x, t) = X(x, t) − γ(t)x − δ(t),

where γ and δ will be determined from the system:{
r0X(0, t) − g−1Xx(0, t) = 0,

f2(1, t) − Xx(1, t) = −Xx(1, t), 0 ≤ t ≤ T.

One gets

γ(t) = f2(1, t), δ(t) = (r0g)−1(f2(1, t) − f2(0, t)), t ∈ [0, T ].

Obviously, X satisfies the following problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
Xt − g−1Xxx + rX = h1 in DT ,

X(x, 0) = u0(x), 0 < x < 1,

r0X(0, t) − g−1Xx(0, t) = 0,

kg−1Xtx(1, t) + X(1, t) − f0

(−g−1Xx(1, t)
)

= h2(t), 0 < t < T,

(5.151)

where⎧⎪⎨⎪⎩
h1(x, t) = f1(x, t) − g−1f2x(x, t) − γ′(t)x − δ′(t) − rγ(t)x − rδ(t),
u0(x) = u0(x) − γ(0)x − δ(0),
h2(t) = e(t) + kg−1f2t(1, t) − kg−1γ′(t) − γ(t) − δ(t).

Next, we choose as a basic setup the space H2 := L2(0, 1)× R, which is a Hilbert
space with respect to the scalar product

〈ω1, ω2〉H2
:= g

∫ 1

0

p1(x)p2(x)dx + kg−1a1a2, ωi = (pi, ai) ∈ H2, i = 1, 2,

and associate with problem (5.151) the following Cauchy problem in H2:{
z′(t) + Az(t) = h(t), 0 < t < T,

z(0) = z0,
(5.152)

where A : D(A) ⊂ H2 → H2,

D(A) =
{
(p, a) ∈ H2; p ∈ H2(0, 1), a = p′(1), gr0p(0) = p′(0)

}
,

A(p, a) =
(−g−1p′′ + rp, k−1g

(
p(1) − f0(−g−1p′(1))

))
,

z(t) =
(
X(·, t), ξ(t)) , z0 ∈ H2, h(t) =

(
h1(·, t), gk−1h2(t)

)
.
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Theorem 5.4.2. Assume that

r ≥ 0; k, r0, g > 0; (5.153)

f0 ∈ C2(R), f ′
0 ≥ 0, h ∈ W 2,∞(0, T ;H2); (5.154)

z0 ∈ D(A), h(0) −Az0 ∈ D(A). (5.155)

Then, problem (5.152) has a unique strong solution z ∈ C2([0, T ];H2) and ξ(t) =
Xx(1, t) ∀ t ∈ [0, T ]. In addition, Xttx ∈ L2(DT ).

Proof. It follows by a standard reasoning that A is maximal monotone (but not
cyclically monotone). The rest of the proof of the present theorem is also based on
previously used ideas. Let us just describe the main steps to be followed. Accord-
ing to Theorem 2.0.20, problem (5.152) has a strong solution z ∈ W 1,∞(0, T ;H2),
and z(t) ∈ D(A), which implies that ξ(t) = Xx(1, t) ∀ t ∈ [0, T ]. In addi-
tion, X ∈ W 1,2(0, T ; H1(0, 1)). Then, we differentiate problem (5.152) with re-
spect to t. In view of Theorem 2.0.31, the resulting problem has a solution be-
longing to W 1,∞(0, T ;H2). Since this solution is equal to z′, we conclude that
z ∈ W 2,∞(0, T ;H2). In addition, by standard arguments, it follows that X ∈
W 2,2(0, T ; H1(0, 1)). In fact, since ztt is the mild solution for a linear inhomoge-
neous equation associated with the linear part of operator A, we conclude that
z ∈ C2([0, T ];H). �

Remark 5.4.3. Obviously, one can formulate sufficient conditions involving regu-
larity assumptions on u0, v0, f1, f2, e, such that the hypotheses of both Theo-
rems 5.4.1, 5.4.2 are fulfilled. Also, conditions (5.150), (5.155) can be expressed
explicitly in terms of the data. The reader may state a common existence and
smoothness result for the solutions of problems Pε and P0 using explicit assump-
tions on the data.

On the other hand, it is worth noting that from the zeroth order compatibility
condition (5.150) we necessarily obtain that β(0) = 0 (see (5.146)). But, the other
condition on β, β(1) = 0, cannot be derived from the two previously quoted
compatibility conditions. It would follow if we required first order compatibility
conditions for the data of Pε. However, we will require this additional condition
on β to obtain estimates for the remainder components. In fact, as pointed out
before, if this condition is not satisfied, then a discrepancy occurs at (x, t) = (1, 0).

5.4.3 Estimates for the remainder components

We will prove some estimates with respect to the uniform norm for the remainder
components of the asymptotic expansion determined in Subsection 5.4.1. They
validate our asymptotic expansion completely.

Theorem 5.4.4. Assume that all the assumptions of Theorems 5.4.1, 5.4.2 are
fulfilled and, in addition, gv0(1) = f2(1, 0) − u′

0(1) (i.e., β(1) = 0). Then, for
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every ε > 0, the solution of problem Pε admits an asymptotic expansion of the
form (5.142) and the following estimates hold

‖R1ε‖C(DT ) = O(ε3/8), ‖R2ε‖C(DT ) = O(ε1/8).

Proof. One can use previous ideas (see Theorems 5.1.10, 5.2.8, 5.2.10). We will
just describe the basic steps to be followed. First of all, by Theorems 5.4.1, 5.4.2
we can see that

Rε(t) :=
(
R1ε(·, t), R2ε(·, t), R2ε(1, t)

)
is the unique strong solution of the following Cauchy problem in H2{

R′
ε(t) + B0εRε(t) = Sε(t), 0 < t < T,

Rε(0) = 0,

where B0ε is equal to Bε with f0 ≡ 0 ( Bε and H2 have been defined in the previous
subsection), and

Sε(t) := −(
d0x(·, τ), Yt(·, t), k−1(f0(R2ε(1, t) + Y (1, t)) − f0(Y (1, t))

)
.

By performing some computations that are comparable with those in the proofs
of Theorems 5.1.10, 5.2.8, and 5.2.10, we derive the estimates

‖R1ε(·, t)‖2
0 + ε‖R2ε(·, t)‖2

0 + kR2ε(1, t)2 ≤ M1ε for all t ∈ [0, T ],

‖R2ε‖2
L2(DT ) ≤ M2ε,

(we denote by ‖ · ‖0 the usual norm of L2(0, 1)).
On the other hand, Qε(t) := R′

ε(t), 0 ≤ t ≤ T , is the mild solution of the
Cauchy problem in H2{

Q′
ε(t) + B0εQε(t) = S′

ε(t), 0 < t < T,

Qε(0) = Sε(0).

By standard computations, we arrive at the estimate

‖R1εt(·, t)‖2
0 + ε‖R2εt(·, t)‖2

0 + kR2εt(1, t)2 ≤ M3 for all t ∈ [0, T ].

Employing again our standard device (that has been used, for example, in the last
part of the proof of Theorem 5.2.10), we can show that

‖R1ε‖C(DT ) = O(ε3/8), ‖R2ε‖C(DT ) = O(ε1/8). �



Part III

Singularly Perturbed Coupled
Boundary Value Problems



Chapter 6

Presentation of the Problems

In this chapter we introduce the problems we are going to investigate in the next
chapters of this part. They are mathematical models for diffusion-convection-
reaction processes. We are particularly interested in coupled problems in which
a small parameter is present. More precisely, let us consider in the rectangle
QT = (a, c) × (0, T ), −∞ < a < c < ∞, 0 < T < ∞, the following system of
parabolic equations{

ut + (−εux + α1(x)u)x + β1(x)u = f(x, t) in Q1T ,

vt + (−μ(x)vx + α2(x)v)x + β2(x)v = g(x, t) in Q2T ,
(S)

with which we associate initial conditions

u(x, 0) = u0(x), a ≤ x ≤ b; v(x, 0) = v0(x), b ≤ x ≤ c, (IC)

transmissions conditions at x = b:{
u(b, t) = v(b, t),
−εux(b, t) + α1(b)u(b, t) = −μ(b)vx(b, t) + α2(b)v(b, t), 0 ≤ t ≤ T,

(TC)

as well as one of the following types of boundary conditions:

u(a, t) = v(c, t) = 0, 0 ≤ t ≤ T ; (BC.1)

ux(a, t) = v(c, t) = 0, 0 ≤ t ≤ T ; (BC.2)

u(a, t) = 0, − vx(c, t) = γ(v(c, t)), 0 ≤ t ≤ T, (BC.3)

where Q1T = (a, b) × (0, T ), Q2T = (b, c) × (0, T ), b ∈ R, a < b < c, γ is a given
nonlinear function and ε is a small parameter, 0 < ε � 1.

Denote by (P.k)ε the problem which consists of (S), (IC), (TC), (BC.k), for
k = 1, 2, 3.
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It is well known that transport (transfer) of energy or mass is fundamental
to many biological, chemical, environmental and industrial processes. The basic
transport mechanisms of such processes are diffusion (or dispersion) and bulk
flow. Therefore, the corresponding flux has two components: a diffusive one and a
convective one. Here we pay attention to the case in which the spatial domain is
one-dimensional. It is represented by the interval [a, c].

Let us recall some things about heat transfer. We know that conductive
heat transfer is nothing else but the movement of thermal energy through the
corresponding medium (material) from the more energetic particles to the others.
Of course, the local temperature is given by the energy of the molecules situated at
that place. So, thermal energy is transferred from points with higher temperature
to other points. If the temperature of some area of the medium increases, then
the random molecular motion becomes more intense in that area. Thus a transfer
of thermal energy is produced, which is called heat diffusion. The corresponding
conductive heat flux, denoted q1(x, t), is given by the Fourier’s rate law

q1 = −kTx,

where k is the thermal conductivity of the medium, and T = T (x, t) is the tem-
perature at point x, at time instant t. We will assume that k depends on x only.

On the other hand, convective heat transfer is a result of the bulk flow (or net
motion) in the medium, if present. The heat flux due to convection, say q2(x, t),
is given by

q2 = αρcp(T − T0),

where α is the velocity of the medium in the x direction, ρ is the density, cp is the
specific heat of the material, and T0 is a reference temperature.
Therefore, the total flux is

q = q1 + q2 = −kTx + αρcp(T − T0).

We will assume that α depends on x only.
The first law of thermodynamics (conservation of energy) gives in a standard
manner (see, e.g., [16], pp. 29–31) the well-known heat equation

(kTx)x − ρcp(αT )x + Q = ρcpTt,

where Q is the rate of generated heat per unit volume. By generation we mean
the transformation of energy from one form (e.g., mechanical, electrical, etc.) into
heat. The right-hand side of the above equation represents the stored heat. In
other words, the heat equation looks like

Tt + (−μTx + αT )x = S(x, t),

where
μ =

k

ρcp
, S =

Q

ρcp
.
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Recall that μ is called thermal diffusivity. In our model we do not take into account
radiation which is due to the presence of electromagnetic waves. Note that the same
partial differential equation is a model for mass transfer, but in this case T (x, t)
represents the mass density of the material at point x, at time t. Instead of the
Fourier law, a similar law is available in this case, which is called Fick’s law of
mass diffusion. An additional term depending on the density may appear in the
equation due to reaction. Again, both the diffusion coefficient μ and the velocity
field α are assumed to depend on x only.

Now, let us assume that the diffusion in the subinterval [a, b] is negligible.
Thus, as an approximation of the physical process, we set in our model μ(x) = ε
for x ∈ [a, b]. On the other hand, we assume that μ is sizeable in [b, c]. Denoting by
u and v the restrictions of T (which means temperature or mass density) to [a, b]
and [b, c], we get the above system (S). Of course, a complete mathematical model
should include initial conditions, boundary conditions, as well as transmission
conditions at x = b, as formulated above. Concerning our transmission conditions
(TC), they are naturally associated with system (S). Indeed, they express the
continuity of the solution as well as the conservation of the total flux at x = b.
The most important boundary conditions which may occur in applications are the
following:

a) The temperature (or mass density) is known on a part of the boundary
of the domain or on the whole boundary, in our case at x = a and/or x = c. For
example, let us suppose that u(a, t) = s1(t), u(c, t) = s2(t), 0 ≤ t ≤ T , where
s1, s2 are two given smooth functions. In this case, one can reduce the problem
to another similar problem in which we have homogeneous Dirichlet boundary
conditions at x = a and x = c. Indeed, we may use the simple transformations{

ũ(x, t) = u(x, t) + h1(t)x2 + h2(t)x + h3(t),
ṽ(x, t) = v(x, t) + h4(t)x2 + h5(t)x + h6(t),

where hi(t), i = 1, . . . , 6, are determined from the following algebraic systems⎧⎪⎨⎪⎩
a2h1(t) + ah2(t) + h3(t) = −s1(t),
b2h1(t) + bh2vt + h3(t) = 0,

2bh1(t) + h2(t) = 0,⎧⎪⎨⎪⎩
c2h4(t) + ch5(t) + h6(t) = −s2(t),
b2h4(t) + bh5vt + h6(t) = 0,

2bh4(t) + h5(t) = 0.

So the pair (ũ, ṽ) satisfies a coupled problem of the form (P.1)ε. Note however
that the right-hand side of the first partial differential equation of the new system
includes an O(ε)-term. But the treatment is basically the same as for the case in
which ε is not present there.
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b) Sometimes the heat flux is specified on a part of the boundary. In this
case, we have a boundary condition of the following form, say at x = a,

−k(a)ux(a, t) = s3(t).

Let us also assume that a (possibly nonhomogeneous) Dirichlet boundary condition
is satisfied at x = c. Then, as before, the corresponding coupled problem may be
transformed into a problem of the type (P.2)ε. Again, a term depending on ε
occurs in the right-hand side of the first equation of system (S), but this does not
essentially change the treatment.
If the boundary point x = a is highly insulated, then s3(t) = 0, and so we do not
need to change u.

c) The most usual situation is that in which heat (or mass) conducted out
of the boundary is convected away by the fluid. Let us suppose this happens at
x = c. The balance equation will be of the following Robin’s type

−k(c)vx(c) = h[v(c, t) − v∗],

where h is the transfer coefficient, and v∗ is a constant representing the tempera-
ture (or mass density) of the environment. Thus, if we assume a Dirichlet condition
at x = a, we have a coupled problem of the form (P.3)ε. Sometimes, the above
boundary balance equation is nonlinear.

For specific problems describing heat or mass transfer, we refer the reader,
e.g., to A.K. Datta. [16] (see also the references therein).
In the case of stationary (steady state) processes, we have coupled problems in
which u and v depend on x only (so initial conditions are no longer necessary).
See the next chapter.



Chapter 7

The Stationary Case

In this chapter we consider the following coupled boundary value problems of the
elliptic-elliptic type{ (− εu′(x) + α1(x)u(x)

)′ + β1(x)u(x) = f(x), x ∈ (a, b),(− μ(x)v′(x) + α2(x)v(x)
)′ + β2(x)v(x) = g(x), x ∈ (b, c),

(S)

with the following natural transmission conditions at x = b

u(b) = v(b), − εu′(b) + α1(b)u(b) = −μ(b)v′(b) + α2(b)v(b), (TC)

and one of the following types of boundary conditions

u(a) = v(c) = 0, (BC.1)

u′(a) = v(c) = 0, (BC.2)

u(a) = 0, − v′(c) = γ0(v(c)), (BC.3)

where a, b, c ∈ R, a < b < c and ε is a small parameter, 0 < ε � 1. In this chapter,
we denote again by (P.k)ε the problem which comprises (S), (TC), and (BC.k),
k = 1, 2, 3, just formulated above. We will make use of the following assumptions
on the data:

(h1) α1 ∈ H1(a, b), β1 ∈ L2(a, b), (1/2)α′
1 + β1 ≥ 0, a.e. in (a, b);

(h2) α2 ∈ H1(b, c), β2 ∈ L2(b, c), (1/2)α′
2 + β2 ≥ 0, a.e. in (b, c);

(h3) μ ∈ H1(b, c), μ(x) > 0 for all x ∈ [b, c] (equivalently, there is a constant
μ0 > 0 such that μ(x) ≥ μ0 for all x ∈ [b, c]);

(h4) f ∈ L2(a, b), g ∈ L2(b, c);
(h5) α1 > 0 in [a, b] or
(h5)′ α1 < 0 in [a, b];
(h6) γ0 : D(γ0) = R → R is a continuous nondecreasing function.
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Note that the sign of α1 is essential for the asymptotic analysis we are going
to perform. That is why we have introduced two separate conditions, (h5) and
(h5)′. We will omit the case in which α1 possesses zeros in [a, b]. This case is
more complicated and leads to a turning-point problem, which requires separate
analysis, based on techniques different from those used in the present monograph
(see, e.g., R.E. O’Malley [37] and A.M. Watts [51]).
This chapter comprises three sections.

In the first section we investigate problem (P.1)ε, under assumptions (h1)–
(h5). We show that it is singularly perturbed of the boundary layer type with
respect to the uniform convergence norm. In fact we have an internal boundary
layer (or transition layer), which is a left vicinity of the coupling point x = b.
An asymptotic Nth order expansion is determined formally, by using the method
presented in Chapter 1. Then some existence and regularity results for the prob-
lems satisfied by the regular terms are formulated and proved. The main tool we
make use of is the Lax-Milgram lemma. Note that classical ODE tools could also
be employed to obtain existence for such problems and the reader is encouraged
to employ this alternative approach. Here we prefer such an approach since this
might also be used for similar problems in more dimensions. In the last part of this
section we prove some estimates for the remainder components with respect to the
sup-norm. These estimates together with our existence and regularity results vali-
date completely our asymptotic expansion. Of course, appropriate assumptions on
smoothness of the data and compatibility conditions are required to achieve our
asymptotic analysis.

Note that, if assumption (h5)′ is required instead of (h5), then problem (P.1)ε

is also singularly perturbed with respect to the sup-norm, but in this case the
boundary layer is a right vicinity of the endpoint x = a. So, this case is very close
to a classic one and we will omit its investigation.

In Section 7.2 we study problem (P.2)ε, under assumptions (h1)–(h4) and
(h5)′. Unlike (P.1)ε, this problem is regularly perturbed of the order zero, but
singularly perturbed of higher orders (of the boundary layer type) with respect to
the sup-norm. The corresponding boundary layers are right vicinities of the point
x = a. For the sake of simplicity, we restrict our investigation to an asymptotic
expansion of the first order. Again, after the formal derivation of such an expan-
sion, we prove that it is well defined. More precisely, we show that (P.2)ε as well
as the problems satisfied by the zeroth and first order terms of the expansion have
unique solutions which are sufficiently smooth. We also prove some estimates for
the remainder components in the sup-norm, which show that our expansion is a
real first order expansion (which means that the remainder divided by ε goes to
zero uniformly).

In the last section we analyze problem (P.3)ε, under assumptions (h1)–(h5)
and (h6). This is a nonlinear problem due to the nonlinear boundary condition
at x = c. That is why we construct only a zeroth order asymptotic expansion of
the solution. Of course, higher order asymptotic expansions could be constructed
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as well, at the expense of some more complicated calculations. As in the case
of (P.1)ε, the present problem is singularly perturbed with respect to the sup-
norm, with a transition layer on the left-hand side of x = b. We perform a similar
asymptotic analysis. Of course, the nonlinear character of the problems involved in
this analysis creates some difficulties. However, this is a good exercise which shows
again how to handle nonlinear problems. This section ends with some estimates
which validate our asymptotic expansion.

Mention should be made of similar results for problem (P.1)ε obtained in [13]
and [14].

Also, we recall that problems similar to (P.1)ε and (P.2)ε have been studied
by F. Gastaldi and A. Quarteroni in [20], in an attempt to explain things related
to parallel coupled Navier-Stokes/Euler problems, but they did not develop a
complete asymptotic analysis.

7.1 Asymptotic analysis of problem (P.1)ε

Here we are concerned with problem (P.1)ε formulated at the very beginning of this
chapter, under our assumptions (h1)–(h5). This problem is singularly perturbed
with respect to the sup-norm. In order to justify this assertion, let us suppose
that the solution (uε, vε) of problem (P.1)ε would converge in C[a, b] × C[b, c] to
some pair (X, Y ). It is easily seen that, under the assumptions mentioned above,
(uε, vε)∈ H2(a, b)×H2(b, c) (see also Theorem 7.1.1 below). Now, if we multiply the
equations of system (S) by uε, vε, and integrate over [a, b] and [b, c], respectively,
we get

ε ‖ u′
ε ‖2

1 +μ0 ‖ v′ε ‖2
2 +

∫ b

a

(
β1 +

α′
1

2

)
u2

εdx +
∫ c

b

(
β2 +

α′
2

2

)
v2

εdx

+
α2(b) − α1(b)

2
vε(b)2 ≤

∫ b

a

fuεdx +
∫ c

b

gvεdx.

Note that in this chapter we will use the symbols ‖ · ‖1 and ‖ · ‖2 to denote the
usual norms of L2(a, b) and L2(b, c), respectively. The above inequality shows that
sequences {√εu′

ε}ε>0, {v′ε}ε>0 are bounded in L2(a, b) and L2(b, c), respectively.
So, εu′

ε converges to zero in L2(a, b) as ε → 0. In addition, Y ∈ H1(b, c) and
vε converges to Y weakly in H1(b, c) as ε → 0, at least on a subsequence. On
the other hand, one can use (S) to derive the boundedness of {−εu′

ε + α1uε}ε>0

and {−μv′ε + α2vε}ε>0 in H1(a, b) and H1(b, c), respectively. Since H1(b, c) is
compactly embedded in C[b, c], we have Y ∈ H2(b, c),

−μv′ε + α2vε → −μY ′ + α2Y in C[b, c],

and
(−μv′ε + α2vε)′ → (−μY ′ + α2Y )′ = g − β2Y, weakly in L2(b, c),
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as ε → 0, on a subsequence. Similarly,

−εu′
ε + α1uε → α1X in C[a, b],

and
(−εu′

ε + α1uε)′ → (α1X)′ = f − β1X, weakly in L2(a, b).

Therefore, (X, Y ) satisfies the system{
(α1X)′ + β1X = f(x) in (a, b),(− μY ′ + α2Y

)′ + β2Y = g(x) in (b, c),

as well as the following four conditions

X(a) = Y (c) = 0, X(b) = Y (b), −μ(b)Y ′(b) + α2(b)Y (b) = α1(b)X(b),

which follow by passing to the limit in (TC) and (BC.1), as ε → 0. Obviously, there
are too many conditions for the transmission problem satisfied by (X, Y ). Thus,
problem (P.1)ε is singularly perturbed with respect to the uniform convergence
topology. Moreover, it is of the boundary layer type, as we will show later. Here, in
order to figure out the nature of the phenomenon, let us consider a particular case
of problem (P.1)ε: μ = 1, α1 = α2 := α, α a real nonzero constant, β1 = β2 = 0,
f = f0 a constant function. Let ũ be the function defined by

ũ(x) =
f0

α
(x − a), x ∈ [a, b],

which clearly satisfies equation (S)1. Let ṽ be the solution of (S)2 which satisfies
in addition ṽ(b) = 0 = ṽ′(b), i.e.,

ṽ(x) = −eαx

∫ x

b

e−αy

∫ y

b

g(s) dsdy.

Now, wee seek the solution of (P.1)ε in the form{
uε(x) = T1(ε) + T2(ε)e

αx
ε + ũ(x), x ∈ [a, b],

vε(x) = T3(ε) + T4(ε)eαx + ṽ(x), x ∈ [b, c].

A straightforward computation gives⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

T1(ε) =
εα−1ũ′(b)

(
1−eα(b−c)

)
+(ũ(b)+ṽ(c))eα(b−c)

eα
b−a

ε −eα(b−c)
,

T2(ε) = −e−
αa
ε T1(ε),

T4(ε) = e−αb
(− e

α(b−a)
ε T1(ε) + ε

α ũ′(b)
)
,

T3(ε) = −ṽ(c) − eαcT4(ε).
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Now, if α > 0, it is easily seen that

T1(ε) = e−α b−a
ε

(
(ũ(b) + ṽ(c)

)
eα(b−c) + O(ε)

)
.

Thus
T2(ε)e

αx
ε = −e−α b−x

ε

(
(ũ(b) + ṽ(c))eα(b−c) + O(ε)

)
.

Therefore, the following decomposition holds

uε(x) = X(x) + [Y (b) − X(b)]e−α b−x
ε + r1ε(x), x ∈ [a, b],

and, similarly,
vε(x) = Y (x) + r2ε(x), x ∈ [b, c],

where
X(x) := ũ(x), Y (x) := ṽ(x) + ũ(b) − [ũ(b) + ṽ(c)]eα(x−c),

while r1ε, r2ε are some functions which approach zero, uniformly in [a, b], [b, c],
respectively. In addition, (X, Y ) satisfies the reduced transmission problem we
found before, except the transmission condition X(b) = Y (b). It is clear that uε

converges uniformly to X in any subinterval [a, d], a < d < b, but not in the whole
interval [a, b]. In other words, uε has a singular behavior in a left neighborhood of
the coupling point x = b, which is an internal boundary layer (or transition layer).
On the other hand, vε converges uniformly to Y in [b, c]. This is exactly what we
expected since the small parameter is present (hence strongly active) in [a, b].

Note that εu′
ε(b) converges to α

(
Y (b) − X(b)

)
, which is different from zero.

However, after passing to the limit in (TC)2, we obtain the transmission condition
αX(b) = (−μY ′ + αY )(b), which says that the total flux is conserved, even if a
discontinuity at x = b occurs in the limit solution (X, Y ).

The above decomposition is actually a zeroth order expansion for (uε, vε),
where the term [Y (b)−X(b)]e−α b−x

ε represents the corresponding boundary (tran-
sition) layer function, which compensates for the discrepancy at x = b in the limit
solution (X, Y ). We have also derived our fast variable, ξ = (b − x)/ε. We guess
that the above asymptotic analysis fits in well the general problem (P.1)ε, includ-
ing the form of the fast variable. In fact, the form of the fast variable could also
be derived by using some arguments in W. Eckhaus [18], J. Kervorkian and J.D.
Cole [29].

Using the above computations, one can show that the same particular case
of (P.1)ε, but with α < 0, is also a singular perturbation problem with respect to
the uniform convergence topology, with a boundary layer at the end point x = a.
The fast variable will be of a similar form, ξ = (x − a)/ε. This time the condition
X(a) = 0 is no longer satisfied. This situation is the same for the general case of
(P.1)ε, under assumptions (h1)–(h4) and (h5)′. The reader is encouraged to check
this assertion by using arguments similar to ours.

Note that we could go further in investigating the above particular case of
problem (P.1)ε, by constructing higher order asymptotic expansions. This would
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illustrate some issues which will be tackled in the very next subsection. However,
we leave it to the reader as an exercise, since the corresponding computations are
easy.

7.1.1 Higher order asymptotic expansion

The classical perturbation theory (see Chapter 1) can be adapted to our specific
singular perturbation problem. Following this theory and taking into account the
above discussion on a particular case, we seek an expansion of the solution (uε, vε)
of problem (P.1)ε in the form{

uε(x) =
∑N

k=0 εkXk(x) +
∑N

k=0 εkik(ξ) + R1ε(x), x ∈ [a, b],

vε(x) =
∑N

k=0 εkYk(x) + R2ε(x), x ∈ [b, c],
(7.1)

where:

ξ := ε−1(b − x) is the stretched (fast) variable;

Xk, Yk, k = 0, 1, . . . , N , are the first (N + 1) regular terms;

ik, k = 0, 1, . . . , N , are the corresponding boundary layer functions;

(R1ε, R2ε) denotes the Nth order remainder.

In fact, one may start with three more “fast” variables, corresponding to the right
sides of points x = a, x = b and to the left side of x = c, respectively. However, by
the identification procedure one can see that there are no boundary layers there.
The identification procedure is based on the assumption that (uε, vε) given by
(7.1) satisfies problem (P.1)ε formally. Indeed, if we introduce (7.1) in (P.1)ε and
equate the coefficients of εk, k = −1, 0, . . . , (N − 1), separately those depending
on x from those depending on ξ, we can determine all the terms involved in (7.1).
Thus, from (S) we derive:{

(α1(x)Xk(x))′ + β1(x)Xk(x) = fk(x), a < x < b,(− μ(x)Y ′
k(x) + α2(x)Yk(x)

)′ + β2(x)Yk(x) = gk(x), b < x < c,
(7.2)

for k = 0, . . . , N , where

fk(x) =

{
f(x), k = 0,

X ′′
k−1(x), k = 1, . . . , N,

(7.3)

gk(x) =

{
g(x), k = 0,

0, k = 1, . . . , N,
(7.4)

i′′0(ξ) + α1(b)i′0(ξ) = 0, (7.5)
i′′k(ξ) + α1(b)i′k(ξ) = Ik(ξ), k = 1, . . . , N, (7.6)
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where Ik are functions which are to be determined recursively and depend on
is, i

′
s, i

′′
s , with s < k, e.g.,

I1(ξ) = ξα′
1(b)i

′
0(ξ) + (α′

1(b) + β1(b))i0(ξ).

Since all the boundary layer functions should be negligible far from the boundary
layer, i.e.,

ik(ξ) → 0 as ξ → ∞,

from (7.5) and (7.6) we infer that{
i0(ξ) = A00e

−α1(b)ξ,

ik(ξ) = (Ak+1,kξk+1 + · · · + A1kξ + A0k)e−α1(b)ξ, k = 1, . . . , N,
(7.7)

where Alk, l = 0, . . . , k + 1, are constants which can be determined recursively
and depend on α

(m)
1 (b), m = 0, . . . , k, β

(q)
1 (b), q = 0, . . . , k − 1, Y0(b)−X0(b), . . . ,

Yk(b) − Xk(b), Als, s = 0, . . . , k for all k = 1, . . . , N . Constants A0k, k = 0, . . . , N
will be determined later from (TC)1.

The boundary layer is located on the left side of point x = b, as seen in the
previously investigated particular case. This fact will be proved rigorously later on.
The remainder satisfies the system{ (− ε(R′

1ε + εNX ′
N ) + α1(x)R1ε

)′ + β1(x)R1ε = hNε(x) in [a, b],(− μR′
2ε + α2(x)R2ε

)′ + β2(x)R2ε = 0 in [b, c],
(7.8)

where hNε(x) is a function depending on α
(m)
1 (b), m = 0, . . . , N , β

(q)
1 (b), q =

0, . . . , (N − 1), α1, α′
1, β1, ik, i′k, k = 0, . . . , N , and ε. For example,

h0ε(x) = −(β1(x) + α′
1(x))i0(ξ) + (α1(x) − α1(b))ε−1i′0(ξ), (7.9)

h1ε(x) =[ε−1
(
α1(x) − α1(b)) + ξα′

1(b)]i
′
0(ξ)

+ (α1(x) − α1(b))i′1(ξ)
− (α′

1(x) − α′
1(b))i0(ξ) − (β1(x) − β1(b))i0(ξ)

− ε(β1(x) + α′
1(x))i1(ξ), x ∈ [a, b].

(7.10)

From (BC.1) it follows {
Xk(a) = 0,

Yk(c) = 0, k = 0, . . . , N,
(7.11)

{
R1ε(a) = ΓNε,

R2ε(c) = 0,
(7.12)

where ΓNε = −(
i0(ξ(a)) + · · · + εN iN(ξ(a))

)
, ξ(a) = ε−1(b − a).
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Finally, making use of (TC), we get

Yk(b) − Xk(b) = ik(0), hence A0k = Yk(b) − Xk(b), k = 0, . . . , N, (7.13)⎧⎪⎨⎪⎩
α1(b)X0(b) − α2(b)Y0(b) = −(μY ′

0)(b),
α1(b)Xk(b) − α2(b)Yk(b) =
−(μY ′

k)(b) − A1k + X ′
k−1(b), k = 1, . . . , N,

(7.14)

{
R1ε(b) = R2ε(b),
−ε(R′

1ε(b) + εNX ′
N(b)) + α1(b)R1ε(b) = −μ(b)R′

2ε(b) + α2(b)R2ε(b).
(7.15)

Note that all the terms of the asymptotic expansion (7.1) are now determined.
The regular terms (Xk, Yk) satisfy problems (7.2)k, (7.11)k, (7.14)k, which will be
denoted by (P.1)k, for k = 0, . . . , N . Obviously, the reduced problem is (P.1)0.
The boundary layer functions are explicitly given by formulas (7.7), where the
constants A0k are given in (7.13), while the Nth order remainder satisfies problem
(7.8) , (7.12) , (7.15).

7.1.2 Existence, uniqueness and regularity of the solutions
of problems (P.1)ε and (P.1)k

In this subsection we will prove some results concerning the existence, uniqueness
and regularity of the solution (uε, vε) and of the regular terms (Xk, Yk) as well.
We start with problem (P.1)ε for which we are able to prove the following result:

Theorem 7.1.1. Assume that (h1)−(h5) are satisfied and

[α(b)] := α2(b) − α1(b) ≥ 0. (7.16)

Then, problem (P.1)ε has a unique solution (uε, vε) ∈ H2(a, b) × H2(b, c).

Proof. It is obvious that our problem can be written in the following variational
form: find a function wε ∈ H1

0 (a, c), such that

aε(wε, ϕ) =
∫ c

a

hϕdx for all ϕ ∈ H1
0 (a, c), (7.17)

where h|(a,b) = f, h|(b,c) = g, aε : H1
0 (a, c) × H1

0 (a, c) → R,

aε(w, ϕ) :=
∫ c

a

μεw
′ϕ′dx −

∫ c

a

αwϕ′dx +
∫ c

a

βwϕdx,

με(x) :=

{
ε, x ∈ (a, b),
μ(x), x ∈ (b, c),
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α(x) :=

{
α1(x), x ∈ (a, b),
α2(x), x ∈ (b, c),

β(x) :=

{
β1(x), x ∈ (a, b),
β2(x), x ∈ (b, c).

Next, we will show that wε ∈ H1
0 (a, c) satisfies (7.17) and uε := wε|(a,b), vε :=

wε|(b,c) is the unique solution of (P.1)ε.
First, since

aε(ϕ, ϕ) =ε ‖ ϕ′ ‖2
1 +

∫ c

b

μ(x)ϕ′(x)2dx +
∫ b

a

(
β1 +

α′
1

2

)
ϕ2dx

+
∫ c

b

(
β2 +

α′
2

2

)
ϕ2dx +

[α(b)]
2

ϕ(b)2 ∀ ϕ ∈ H1
0 (a, c),

(7.18)

by using (h1)-(h5), (7.16) and the Poincaré inequality, one can see that the bilinear
form aε is continuous and coercive on H1

0 (a, c)×H1
0 (a, c).

Therefore, by the Lax-Milgram lemma (see, e.g., [11], p. 84), there exists a unique
solution wε∈H1

0 (a, c) of problem (7.17). Hence, we have

(−μεw
′
ε + αwε)

′ + βwε = h in (a, c),

in the sense of distributions. This implies that −μεw
′
ε + αwε ∈ H1(a, c), and

therefore
uε ∈ H2(a, b), μv′ε ∈ H1(b, c) ⇒ vε ∈ H2(b, c).

Thus uε, vε satisfy (S) a.e. on (a, b), and (b, c), respectively. Since wε ∈ H1
0 (a, c)

we infer that the solution satisfies (BC.1) and uε(b) = vε(b). Finally, making use
of (7.17), we obtain that uε, vε satisfy (TC)2. �

The sum of the first two terms in the right-hand side of (7.18) defines a norm
in H1

0 (a, c). In fact, we may formulate alternative assumptions on α1, α2, β1, β2

which assure coerciveness for aε. To show this let us state the following auxiliary
result which will also be useful later on.

Lemma 7.1.2. For all ϕ ∈ H1(b, c), ϕ(c) = 0 and δ > 0 the following inequalities
hold

ϕ(x)2 ≤ δ‖ϕ‖2
2 +

1
δ
‖ϕ′‖2

2, ϕ(x)2 ≤ (c − b)‖ϕ′‖2
2 ∀ x ∈ [b, c]. (7.19)

Proof. One has just to use the obvious formulas

ϕ(x)2 = − 2
∫ c

x

√
δϕ(t)

1√
δ
ϕ′(t)dt ≤ δ‖ϕ‖2

2 +
1
δ
‖ϕ′‖2

2,

ϕ(x) = −
∫ c

x

ϕ′(t)dt

for all x ∈ [b, c]. �
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Remark 7.1.3. It follows from the above lemma that the bilinear form aε remains
coercive (hence Theorem 7.1.1 still holds) if [α(b)] < 0, but either

μ0 +
[α(b)]

2
(c − b) > 0, (7.20)

or {
there exists a positive constant δ0, such that

μ0 + [α(b)]
2δ0

> 0, [α(b)]δ0
2 + α′

2
2 + β2 ≥ 0 a.e. on (b, c).

(7.21)

Moreover, any of the two inequalities in (h1) and (h2) may be relaxed if the
contribution of other terms of the right-hand side of (7.18) is sufficient to preserve
the coerciveness of aε.

Now, we are going to investigate problems (P.1)k, k = 0, . . . , N . Our purpose
is to prove existence, uniqueness, and higher regularity of all the regular terms,
(Xk, Yk), involved in our asymptotic expansion in order for this expansion to be
well defined. We will also need higher regularity for proving estimates for the
remainder components.

Let us first discuss the assumptions we should require to achieve our goal.
Thus, from (7.8) we can see that we should have XN ∈ H1(a, b). To obtain this,
taking into account (7.2)1k, it follows that Xk ∈ HN−k+1(a, b), k = 0, . . . , N .
It is quite easy to show by induction that (7.2)1k, with Xk(a) = 0, has a unique
solution Xk ∈ HN−k+1(a, b) for all k = 0, . . . , N , if we assume that f ∈ HN (a, b),
α1 ∈ HN+1(a, b), β1 ∈ HN(a, b).

On the other hand, Yk is a solution of (7.2)2k with the boundary conditions

Yk(c) = 0, − (μY ′
k)(b) + α2(b)Yk(b) = ρk,

where

ρk :=

{
α1(b)X0(b), k = 0,

α1(b)Xk(b) + A1k − X ′
k−1(b), k = 1, . . . , N.

As far as problems (P.1)k are concerned we can prove the following result:

Theorem 7.1.4. Assume that (h1)–(h5) hold, α2(b) ≥ 0, and

α1 ∈ HN+1(a, b), β1 ∈ HN (a, b), f ∈ HN (a, b). (7.22)

Then, problem (P.1)k has a unique solution

(Xk, Yk) ∈ HN+1−k(a, b) × H2(b, c) ∀ k = 0, . . . , N.

Proof. In order to prove the theorem it is sufficient to show that problems (7.2)2,
(7.11)2 and (7.14) admit unique solutions Yk ∈H2(b, c) for all k = 0, 1, . . . , N .
These problems can be written in the following variational form: find Yk ∈ V such
that

a(Yk, ϕ) =
∫ c

b

gkϕdx + ρkϕ(b) ∀ ϕ ∈ V,
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where V = {ϕ ∈ H1(b, c); ϕ(c) = 0}, a : V × V → R,

a(w, ϕ) =
∫ c

b

μw′ϕ′dx −
∫ c

b

α2wϕ′dx +
∫ c

b

β2wϕdx ∀ w, ϕ ∈ V.

Clearly, a is a continuous bilinear form which satisfies

a(ϕ, ϕ) ≥ μ0 ‖ ϕ′ ‖2
2 +

∫ c

b

(
β2 +

α′
2

2

)
ϕ2dx +

α2(b)
2

ϕ(b)2 ∀ ϕ ∈ V.

Thus, according to our assumptions, a is coercive. The conclusions of the theorem
follow from the Lax-Milgram lemma. �

Remark 7.1.5. It is worth pointing out that Theorem 7.1.4 remains valid under
alternative assumptions which preserve the coerciveness of functional a. In partic-
ular, the case α2(b) < 0 (hence [α(b)] < 0) is allowed and both Theorems 7.1.1 and
7.1.4 are still valid if we require that one of the assumptions (7.20), (7.21) holds.
Indeed, according to Lemma 7.1.2, both the forms aε and a remain coercive.

7.1.3 Estimates for the remainder components

In this subsection we will establish some estimates for the two components of the
Nth order remainder of the asymptotic expansion (7.1).

Theorem 7.1.6. Suppose that all the assumptions of Theorem 7.1.4 as well as (7.16)
are fulfilled, and that α

(N)
1 , β

(N−1)
1 are Lipschitz functions on [a, b] (for N = 0, α1

is Lipschitz on [a, b] and β1 ∈ L∞(a, b)). Then, for every ε > 0, the solution of
problem (P.1)ε admits an asymptotic expansion of the form (7.1) and the following
estimates hold

‖R1ε‖C[a,b] = O(εN+1/2), ‖R2ε‖C[b,c] = O(εN+1/2).

Proof. By Theorems 7.1.1 and 7.1.4, (R1ε, R2ε) belongs to H1(a, b)×H2(b, c) (see
7.1.1). If we denote

R̃1ε(x) := R1ε(x) + (Ax + B)ΓNε, A := (b − a)−1
, B := −b(b − a)−1

,

it is not difficult to see that R̃1ε(a) = 0, R̃1ε(b) = R1ε(b) = R2ε(b).
Now, taking into account (7.8), (7.12), and (7.15), we obtain⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(− εS′
1ε + α1(x)R̃1ε

)′ + β1(x)R̃1ε = HNε(x) in [a, b],(− μR′
2ε + α2(x)R2ε

)′ + β2(x)R2ε = 0 in [b, c],

R̃1ε(a) = 0, R2ε(c) = 0, R̃1ε(b) = R2ε(b),

−εS′
1ε(b) + α1(b)R̃1ε(b) + εAΓNε = −μ(b)R′

2ε(b) + α2(b)R2ε(b),

(7.23)
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where S1ε = R̃1ε + εNXN ∈ H2(a, b), and

HNε(x) := hNε(x)+
[
Aα1(x)+ (β1(x)+α′

1(x))(Ax+B)
]
ΓNε ∀ x ∈ [a, b]. (7.24)

By a straightforward computation we infer from (7.23) that

Rε :=

{
R̃1ε on [a, b],
R2ε on (b, c],

satisfies Rε ∈ H1
0 (a, c), and for all ϕ ∈ H1

0 (a, c),

aε(Rε, ϕ) = −εN+1

∫ b

a

X ′
Nϕ′dx +

∫ b

a

HNεϕdx + εAΓNεϕ(b). (7.25)

For the sake of simplicity, we assume that

β1 + α′
1/2 ≥ ω0 > 0 a.e. on (a, b), β2 + α′

2/2 ≥ ω0 > 0 a.e. on (b, c).

If we choose in (7.25) ϕ = Rε, we can see that

ε

∫ b

a

(R̃′
1ε)

2dx +
∫ c

b

μ(R′
2ε)

2
dx +

[α(b)]
2

R2ε(b)2

+
∫ b

a

(
β1 +

α′
1

2

)
R̃2

1εdx +
∫ c

b

(
β2 +

α′
2

2

)
R2

2εdx

= − εN+1

∫ b

a

X ′
NR̃′

1εdx +
∫ b

a

HNεR̃1εdx + εAΓNεR2ε(b).

(7.26)

In the general case β1 + α′
1/2 ≥ 0 a.e. on (a, b), β2 + α′

2/2 ≥ 0 a.e. on (b, c), we
choose in (7.25)

ϕ1(x) :=

{
e−xR̃1ε(x) in [a, b],
e−bR2ε(x) in (b, c],

and we may use a slight modification of our reasoning below.
In a first stage, we suppose that [α(b)] > 0. Using (7.26), we can easily derive

ε‖R̃′
1ε‖

2

1+μ0‖R′
2ε‖2

2 + ω0

(‖R̃1ε‖2

1 + ‖R2ε‖2
2

)
+

[α(b)]
2

R2ε(b)2

≤1
2

[
ε2N+1‖X ′

N‖2
1 + ε‖R̃′

1ε‖
2

1

+ ω−1
0 ‖HNε‖2

1 + ω0‖R̃1ε‖2

1 +
[α(b)]

2
R2ε(b)2 +

2εA | ΓNε |
[α(b)]

]
.

(7.27)

On the other hand, since α
(k)
1 and β

(k−1)
1 , k = 1, . . . , N , are all Lipschitz functions

on [a, b], one can see by an easy computations that ‖HNε‖1 = O(εN+1/2) and
ΓNε = O(εk) ∀k ≥ 0. As a consequence of these estimates and of (7.27), we derive

‖R̃′
1ε‖1 = O(εN ), ‖R̃1ε‖1 = O(εN+1/2), ‖R′

2ε‖2 = O(εN+1/2). (7.28)
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Since

R2ε(x) = −
∫ c

x

R′
2ε(ζ)dζ ∀ x ∈ [b, c],

it follows that
‖R2ε‖C[b,c] = O(εN+1/2). (7.29)

It should be noted that S1ε = R̃1ε + εNXN belongs to H2(a, b), S1ε(a) = 0 and,
making use of (7.23)1 and (7.28), we obtain that

ε‖ S′′
1ε ‖1 = O(εN ) ⇒ ‖ S′′

1ε ‖1 = O(εN−1).

But S′
1ε(x)2 ≤ 2‖ S′′

1ε ‖1 · ‖ S′
1ε ‖1 for all x ∈ [a, b], therefore

‖ S′
1ε ‖C[a,b] = O(εN−1/2) (7.30)

(we have also used the estimate ‖ S′
1ε ‖1 ≤ εN‖ XN ‖1 + ‖ R̃′

1ε ‖1 = O(εN )).
If we integrate (7.23)1 on [a, x], we get

−ε(S′
1ε(x) − S′

1ε(a)) + α1(x)R̃1ε(x) +
∫ x

a

β1(y)R̃1ε(y)dy =
∫ x

a

HNε(y)dy.

Now, this equation, together with (h5), (7.28) and (7.30), implies

| α1(x)R̃1ε(x) |≤ MεN+1/2 ∀ x ∈ [a, b] ⇒ ‖ R̃1ε ‖C[a,b] = O(εN+1/2).

As
‖R1ε‖C[a,b] ≤ ‖R̃1ε‖C[a,b] + ‖(Ax + B)ΓNε‖C[a,b],

we infer that ‖R1ε‖C[a,b] = O(εN+1/2).

If [α(b)] = 0, we take ϕ = (uε, vε) in (7.17) to get

ε‖u′
ε‖2

1+μ0‖v′ε‖2
2 + ω0

(‖uε‖2
1 + ‖vε‖2

2

)
≤1

2

[
ω−1

0

(‖f‖2
1 + ‖g‖2

2

)
+ ω0

(‖uε‖2
1 + ‖vε‖2

2

)]
.

Therefore, ‖vε‖2 =O(1) and ‖v′ε‖2=O(1). Since vε(c)=0, ‖vε‖C[b,c]=O(1). In view
of (7.1), ‖R2ε‖C[b,c]=O(1). Therefore | R2ε(b) |= O(1). This allows us to continue
the proof as in the previous case. �

Remark 7.1.7. The above estimates remain valid under alternative assumptions,
as described in Remarks 7.1.3 and 7.1.5 above. The proof goes similarly, with slight
modifications.
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7.2 Asymptotic analysis of problem (P.2)ε

In this section we deal with problem (P.2)ε under assumptions (h1)–(h4) and (h5)′.
For reader’s convenience, we state it in detail:{ (− εu′(x) + α1(x)u(x)

)′ + β1(x)u(x) = f(x), x ∈ (a, b),(− μ(x)v′(x) + α2(x)v(x)
)′ + β2(x)v(x) = g(x), x ∈ (b, c),

(S)

with transmissions conditions at x = b

u(b) = v(b), − εu′(b) + α1(b)u(b) = −μ(b)v′(b) + α2(b)v(b), (TC)

and the boundary conditions

u′(a) = v(c) = 0. (BC.2).

As in Section 7.1, one may consider a particular case of problem (P.2)ε which
satisfies the above assumptions, including (h5)′. For such an example an explicit
solution is available, which shows the fact that under assumption (h5)′ there is a
boundary layer on the right side of point x = a (and no other boundary layer).
The analysis of such an example is left to the reader.

7.2.1 First order asymptotic expansion

Taking into account the general theory of singularly perturbed problems of the
boundary layer type as well as the above comments, we will construct a first order
asymptotic expansion for the solution (uε, vε) of (P.2)ε in the form{

uε(x) = X0(x) + εX1(x) + i0(ζ) + εi1(ζ) + R1ε(x), x ∈ [a, b],
vε(x) = Y0(x) + εY1(x) + R2ε(x), x ∈ [b, c],

(7.31)

where:

ζ := ε−1(x − a), is the stretched (fast) variable;

(Xk, Yk), k = 0, 1, are the first two regular terms;

ik, k = 0, 1, are the corresponding boundary layer functions (corrections);

(R1ε, R2ε) denotes the remainder of the first order.

We have considered only one fast variable, corresponding to point x = a. We will
see that this is indeed the case.

If we require that (uε, vε) given by (7.31) satisfy formally (P.2)ε, we obtain{
(α1(x)Xk(x))′ + β1(x)Xk(x) = fk(x), a < x < b,(− μ(x)Y ′

k(x) + α2(x)Yk(x)
)′ + β2(x)Yk(x) = gk(x), b < x < c,

(7.32)
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k = 0, 1, where

fk(x) =

{
f(x), k = 0,

X ′′
0 (x), k = 1,

gk(x) =

{
g(x), k = 0,

0, k = 1,{
−i′′0(ζ) + α1(a)i′0(ζ) = 0,

−i′′1(ζ) + α1(a)i′1(ζ) = −α′
1(a)(i0(ζ) + ζi′0(ζ)) − β1(a)i0(ζ).

(7.33)

On the other hand, from the boundary conditions we obtain

Y0(c) = 0, Y1(c) = 0, (7.34)

R′
1ε(a) = −εX ′

1(a), R2ε(c) = 0, (7.35)

i′0(0) = 0, i′1(0) = −X ′
0(a). Therefore, making use of (7.33), we find

i0(ζ) = 0, i1(ζ) = −X ′
0(a)

α1(a)
eα1(a)ζ . (7.36)

As i0 ≡ 0, our problem (P.2)ε is regularly perturbed of order zero. The remainder
components satisfy the system{ (− ε(R′

1ε + εX ′
1) + α1(x)R1ε

)′ + β1(x)R1ε = hε(x) in [a, b],(− μ(x)R′
2ε + α2(x)R2ε

)′ + β2(x)R2ε = 0 in [b, c],
(7.37)

where hε(x) = (α1(a) − α1(x))i′1(ζ) − ε(β1(x) + α′
1(x))i1(ζ), x ∈ [a, b].

Finally, from (TC) we derive{
Y0(b) = X0(b),
α1(b)X0(b) − α2(b)Y0(b) = −(μY ′

0)(b),
(7.38)

{
Y1(b) = X1(b),
α1(b)X1(b) − α2(b)Y1(b) − X ′

0(b) = −(μY ′
1)(b), (7.39)

⎧⎪⎨⎪⎩
R1ε(b) + εi1(ζ(b)) = R2ε(b),
−ε(R′

1ε(b) + εX ′
1(b)) + α1(b)R1ε(b)

= −μ(b)R′
2ε(b) + α2(b)R2ε(b) + Qε,

(7.40)

where Qε = ε (i′1(ζ(b)) − α1(b)i1(ζ(b))) , ζ(b) = ε−1(b − a).

Thus, all the terms of expansion (7.31) have already been determined: (X0, Y0) sat-
isfies the reduce problem (P.2)0, i.e., (7.32)k=0, (7.34)1 and (7.38), while (X1, Y1)
satisfies problem (7.32)k=1, (7.34)2 and (7.39), denoted by (P.2)1.

Unlike the case studied in the preceding section, the present reduced problem
(P.2)0 inherits both the transmission conditions of (P.2)ε.
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One may also consider higher order expansions. The whole construction goes
analogously to that presented above, without any essential complications if all the
data are sufficiently smooth. The reader is encouraged to analyze this case.

Note again that (P.2)ε is regularly perturbed of order zero, and singularly
perturbed of higher orders. This is due to the Neumann condition at x = a. If we
would replace it by the Dirichlet condition u(a) = 0, we could see that the new
problem is singularly perturbed of order zero, with a boundary layer located in
the vicinity of the same point x = a. The reader may try to construct an Nth
order asymptotic expansion for this new problem and prove estimates similar to
those of Theorem 7.1.6.

7.2.2 Existence, uniqueness and regularity of the solutions
of problems (P.2)ε, (P.2)0 and (P.2)1

Here we will state and prove some existence and regularity results for the solutions
of problems (P.2)ε, (P.2)0 and (P.2)1. We are looking for regularity properties
which are minimal for our treatment. We begin with the perturbed problem, for
which we have the following result

Theorem 7.2.1. Assume that (h1)–(h4), (h5)′ are satisfied and

[α(b)] := α2(b) − α1(b) ≥ 0. (7.41)

Then, problem (P.2)ε has a unique solution (uε, vε) ∈ H2(a, b) × H2(b, c).

Proof. It is similar to the proof of Theorem 7.1.1, so we will just outline it. Problem
(P.2)ε has the variational formulation: find a function wε ∈ W , such that

a1ε(wε, ϕ) =
∫ c

a

hϕdx for all ϕ ∈ W,

where W = {ϕ ∈ H1(a, c); ϕ(c) = 0}, h|(a,b) = f, h|(b,c) = g, a1ε : W × W → R,

a1ε(w, ϕ) =
∫ c

a

μεw
′ϕ′dx −

∫ c

a

αwϕ′dx +
∫ c

a

βwϕdx − α1(a)w(a)ϕ(a)

∀ ϕ, w ∈ W (for the definitions of με, α, β see the proof of Theorem 7.1.1).
Next, the obvious inequality

a1ε(ϕ, ϕ) ≥ε ‖ ϕ′ ‖2
1 +μ0 ‖ ϕ′ ‖2

2 +
∫ b

a

(
β1 +

α′
1

2

)
ϕ2dx

+
∫ c

b

(
β2 +

α′
2

2

)
ϕ2dx +

[α(b)]
2

ϕ2(b) − α1(a)
2

ϕ2(a) ∀ ϕ ∈ W,

combined with our assumptions implies that aε is continuous and coercive on
W × W . Now, using the Lax-Milgram lemma and arguing as in the proof of The-
orem 7.1.1, we will derive our conclusions. �
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Now, we come to problem (P.2)0. First, it should be remarked that (7.38)
can be written equivalently as:{

Y0(b) = X0(b),
(α1(b) − α2(b))Y0(b) = −(μY ′

0)(b),
(7.42)

therefore Y0 satisfies the problem{ (− μ(x)Y ′
0 (x) + α2(x)Y0(x)

)′ + β2(x)Y0(x) = g(x), b < x < c,

(α1(b) − α2(b))Y0(b) = −(μY ′
0)(b), Y0(c) = 0.

We are going to show that this problem has a unique solution Y0 ∈ H2(b, c). We
define the bilinear form a1 : V × V → R, V = {ϕ ∈ H1(a, c); ϕ(c) = 0},

a1(w, ϕ) =
∫ c

b

μw′ϕ′dx−
∫ c

b

α2wϕ′dx +
∫ c

b

β2wϕdx − α1(b)w(b)ϕ(b) ∀ w, ϕ ∈ V.

An easy computation leads to

a1(ϕ, ϕ) =
∫ c

b

μ(ϕ′)2dx+
∫ c

b

(
α′

2

2
+ β2

)
ϕ2dx+

1
2

([α(b)] − α1(b))ϕ(b)2 ∀ ϕ ∈ V.

Therefore, taking into account (h2), (h3), (h5)′, (7.41) and using the Poincaré
inequality, it follows that a1 is continuous and coercive on V ×V . The Lax-Milgram
lemma applied to

a1(w, ϕ) =
∫ c

b

gϕdx ∀ ϕ ∈ V (7.43)

yields that there exists a unique function Y0 ∈ V which satisfies (7.43). Hence

(−μ(x)Y ′
0 + α2(x)Y0)′ + β2(x)Y0 = g(x) on (b, c),

in the sense of distributions, so μY ′
0 + α2Y ∈ H1(b, c) ⇒ Y0 ∈ H2(b, c). Since

Y0 ∈ V we have Y0(c) = 0 and the boundary condition in b follows from (7.43).
Now, X0 satisfies the problem

(α1(x)X0)′ + β1(x)X0 = f(x) in (a, b), X0(b) = Y0(b),

which under assumptions (h1), (h4), (h5)′ has a unique solution X0 ∈ H1(a, b). If
in addition we suppose that

α1 ∈ H2(a, b), β1 ∈ H1(a, b), f ∈ H1(a, b),

it is quite easy to show that X0 ∈ H2(a, b).

By similar arguments, one can show that problem (P.2)1 has a unique solution
(X1, Y1) ∈ H1(a, b) × H2(b, c), if assumptions (h1)–(h4), (h5)′, (7.41) hold, and
X0 ∈ H2(a, b).
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Summarizing, we have the following result

Theorem 7.2.2. Assume that (h1)–(h4), (h5)′, (7.41) hold and, in addition,

α1 ∈ H2(a, b), β1 ∈ H1(a, b), f ∈ H1(a, b). (7.44)

Then, problems (P.2)0 and (P.2)1 have unique solutions (X0, Y0) ∈ H2(a, b) ×
H2(b, c), (X1, Y1) ∈ H1(a, b) × H2(b, c).

Note that the conclusions of the above two theorems remain valid under alter-
native assumptions which preserve the coerciveness of the bilinear forms involved
in the corresponding variational formulations. For example, we may assume that
[α(b)] < 0, if either (7.20) or (7.21) holds.

7.2.3 Estimates for the remainder components

In order to validate completely our first order expansion, as derived before (see
(7.31)), it is sufficient to prove the following result:

Theorem 7.2.3. Assume that (h1)–(h4), (h5)′, (7.41) are fulfilled. Then, problems
(P.2)ε and P0 have unique solutions, (uε, vε) ∈ H2(a, b) × H2(b, c), (X0, Y0) ∈
H1(a, b) × H2(b, c), and

‖uε − X‖C[a,b] = O(ε1/2), ‖vε − Y ‖C[b,c] = O(ε1/2). (7.45)

If, in addition, (7.44) are satisfied, then for every ε > 0, the solution of prob-
lem (P.2)ε admits an asymptotic expansion of the form (7.31) and the following
estimates are valid:

‖R1ε‖C[a,b] = O(ε3/2), ‖R2ε‖C[b,c] = O(ε3/2). (7.46)

Proof. Denote Sε = (S1ε, S2ε) := (uε −X0, vε − Y0). By Theorems 7.2.1 and 7.2.2
we have Sε ∈ H1(a, b) × H2(b, c) and, under assumptions (7.44), Rε = (R1ε, R2ε)
∈ H1(a, b) × H2(b, c). On the other hand, using (P.2)ε, (P.2)0 and (P.2)1, it is
quite easy to show that⎧⎪⎪⎪⎨⎪⎪⎪⎩

−εu′′
ε + (α1(x)S1ε)′ + β1(x)S1ε = 0 in [a, b],(− μS′

2ε + α2(x)S2ε

)′ + β2(x)S2ε = 0 in [b, c],
u′

ε(a) = 0, S2ε(c) = 0, S1ε(b) = S2ε(b),
−εu′

ε(b) + α1(b)S1ε(b) = −μ(b)S′
2ε(b) + α2(b)S2ε(b),

(7.47)

and ⎧⎪⎪⎪⎨⎪⎪⎪⎩
−εT ′′

ε + (α1(x)R1ε)′ + β1(x)R1ε = hε in [a, b],(− μR′
2ε + α2(x)R2ε

)′ + β2(x)R2ε = 0 in [b, c],
T ′

ε(a) = 0, R2ε(c) = 0, R1ε(b) + εi1(ζ(b)) = R2ε(b),
−εT ′

ε(b) + α1(b)R1ε(b) = −μ(b)R′
2ε(b) + α2(b)R2ε(b) + Qε,

(7.48)
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respectively, where Tε(x) := R1ε(x)+εX1(x) belongs to H2(a, b), hence T ′
ε(a) and

T ′
ε(b) make sense. From (7.47) we obtain

a1ε(Sε, ϕ) = −ε

∫ b

a

X ′
0ϕ

′dx ∀ ϕ ∈ W. (7.49)

Arguing as in the proof of Theorem 7.1.6, we can suppose for the sake of simplicity
that

β1 + α′
1/2 ≥ ω0 > 0 a.e. on (a, b), β2 + α′

2/2 ≥ ω0 > 0 a.e. on (b, c).

We take ϕ = Sε in (7.49) to derive

ε

∫ b

a

(S′
1ε)

2dx+
∫ c

b

μ(S′
2ε)

2dx +
∫ b

a

(
β1 +

α′
1

2

)
S2

1εdx

+
∫ c

b

(
β2 +

α′
2

2

)
S2

2εdx +
[α(b)]

2
S2ε(b)2 ≤ −ε

∫ b

a

X ′
0S

′
1εdx.

(7.50)

Therefore,

ε‖S′
1ε‖2

1 + μ0‖S′
2ε‖2

2 + ω0

(‖S1ε‖2
1 + ‖S2ε‖2

2

) ≤ 1
2

[
ε‖X ′

0‖2
1 + ε‖S′

1ε‖2
1

]
.

From the above inequality it follows

‖S′
1ε‖1 = O(1), ‖S1ε‖1 = O(ε1/2), ‖S′

2ε‖2 = O(ε1/2). (7.51)

Now, using the formula

S2ε(x) = −
∫ c

x

S′
2ε(s)ds ∀ x ∈ [b, c],

one can see that (see (7.51))

‖S2ε‖C[b,c] = O(ε1/2). (7.52)

Next, making use of (7.47)1 and (7.51), we infer

ε ‖ u′′
ε ‖1= O(1) ⇒‖ u′′

ε ‖1= O(ε−1),

and hence ‖ u′
ε ‖C[a,b]= O(ε−

1
2 ) (we have used that ‖ u′

ε ‖1= O(1) in view of
(7.51)1). Now, integrating (7.47)1 over [x, b], we derive

−ε(u′
ε(b) − u′

ε(x)) + α1(b)S1ε(b) − α1(x)S1ε(x) +
∫ b

x

β1(y)S1ε(y)dy = 0.

Since S1ε(b) = S2ε(b), the last equality leads to (see also (7.52))

‖S1ε‖C[a,b] = O(ε1/2). (7.53)
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Thus, estimates (7.45) are proved. It remains to show (7.46). To this end, multiply
the two equations of (7.48) by R1ε, R2ε, respectively, then integrate the resulting
equations over [a, b] and [b, c], respectively, and finally add the two equations. It
follows that

ε

∫ b

a

(R′
1ε)

2dx +
∫ c

b

μ(R′
1ε)

2dx +
∫ b

a

(
α′

1

2
+ β1

)
R2

1εdx

+
∫ c

b

(
α′

2

2
+ β2

)
R2

2εdx − α1(a)
2

R1ε(a)2 +
[α(b)]

2
R2ε(b)2

− α1(b)
2

ε2i1(ζ(b))2 + εi1(ζ(b)) (μ(b)R′
2ε(b) − α2(b)R2ε(b))

+ εα1(b)i1(ζ(b))R2ε(b) + Qε(R2ε(b) − εi1(ζ(b)))

=
∫ b

a

hεR1εdx + ε2

∫ b

a

X ′
1R

′
1εdx.

An easy calculation which involves the above equality shows that

ε

2
‖ R′

1ε ‖2
1 +μ0 ‖ R′

2ε ‖2
2 +

ω0

2
‖ R1ε ‖2

1 +ω0 ‖ R2ε ‖2
2 −α1(a)

2
R1ε(a)2

≤ 2
ω0

‖ hε ‖2
1 +

ε3

2
‖ X ′

1 ‖2
1 +M0ε(| R2ε(b) | + | R′

2ε(b) |)
× (| Qε | + | i1(ζ(b)) |) + ε | i1(ζ(b))Qε |,

(7.54)

where M0 is a positive constant independent of ε.
If we analyze the structure of hε, Qε and i1(ζ(b)), we can easily see that

‖ hε ‖1= O(ε3/2), | i1(ζ(b)) |= O(εk), | Qε |= O(εk) ∀ k ≥ 0.

Now, we are going to derive some estimates for R2ε(b) and R′
2ε(b).

Since ‖S2ε‖C[b,c] = O(ε1/2), taking into account (7.31)2, we get | R2ε(b) |=
O(ε1/2).
On the other hand, using ‖S′

2ε‖2 = O(ε1/2), we derive ‖v′ε‖2 = O(1) and this
together with (S)2 implies that ‖v′′ε ‖2 = O(1). Since H1(b, c) is continuously em-
bedded into C[b, c], the preceding estimates lead to ‖v′ε‖C[b,c] = O(1), therefore
| R′

2ε(b) |= O(1). Now, by virtue of these estimates and (7.54), we derive

‖R′
1ε‖1 = O(ε), ‖R1ε‖1 = O(ε3/2), ‖R′

2ε‖2 = O(ε3/2). (7.55)

Since R2ε(c) = 0, it follows from (7.55) that ‖R2ε‖C[b,c] = O(ε3/2).

To show that ‖R1ε‖C[a,b] = O(ε3/2), one can argue as before. Indeed, from (7.48)1
and (7.55) it follows that ‖ T ′′

ε ‖1= O(1). Then, by the definition of Tε and
(7.55)1, we get ‖ T ′

ε ‖C[a,b]= O(ε
1
2 ). Now, we integrate (7.48)1 over [a, x]. Since

‖ T ′
ε ‖C[a,b]= O(ε

1
2 ), R1ε(a) = O(ε3/2) (cf. (7.54)), and (7.55)2, we conclude by

the resulting equation that ‖R1ε‖C[a,b] = O(ε3/2). �



7.3. Asymptotic analysis of problem (P.3)ε 137

Remark 7.2.4. The above result still holds under alternative assumptions. For
example, we may allow [α(b)] < 0, if either (7.20) or (7.21)) holds. This claim can
be proved by slightly modified computations.

7.3 Asymptotic analysis of problem (P.3)ε

In this section we examine problem (P.3)ε. We suppose that assumptions (h1)–
(h6) are fulfilled. One can justify as in Section 7.1 that our problem is singularly
perturbed, with an internal transition layer in a neighborhood of point x = b.

It should be pointed out that γ0 may be assumed to be multivalued and all
the results which follow remain valid. However, to obtain higher order asymptotic
expansions, we need to assume that γ0 is single valued. The case γ0 = 0 corresponds
to a homogeneous Neumann boundary condition at x = c.

7.3.1 Formal expansion

Here we construct a formal zeroth order asymptotic expansion for the solution
(uε, vε) of problem (P.3)ε which will be of the following form:{

uε(x) = X0(x) + i0(ξ) + R1ε(x), x ∈ [a, b],
vε(x) = Y0(x) + R2ε(x), x ∈ [b, c],

(7.56)

where: ξ = ε−1(b − x) is the stretched variable; (X0, Y0) is the first term of
the regular series; i0 is the boundary layer function corresponding to the first
component of the solution; (R1ε, R2ε) is the remainder of order zero.

Since we can use arguments similar to those we have used for the previous
cases, we will not go into many details. We will determine only the problems
satisfied by the terms specified before.

Thus, (X0, Y0) satisfies the reduced problem, say (P.3)0:⎧⎪⎪⎪⎨⎪⎪⎪⎩
(α1(x)X0(x))′ + β1(x)X0(x) = f(x), a < x < b,(− μ(x)Y ′

0 (x) + α2(x)Y0(x)
)′ + β2(x)Y0(x) = g(x), b < x < c,

X0(a) = 0, α1(b)X0(b) − α2(b)Y0(b) = −(μY ′
0)(b),

−Y ′
0(c) = γ0(Y0(c)).

(7.57)

The boundary (transition) layer function is given by

i0(ξ) = (Y0(b) − X0(b))e−α1(b)ξ,
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while the pair (R1ε, R2ε) satisfies the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(− ε(R′
1ε + X ′

0) + α1(x)R1ε

)′ + β1(x)R1ε = hε(x) in [a, b],(− μR′
2ε + α2(x)R2ε

)′ + β2(x)R2ε = 0 in [b, c],
R1ε(a) = −i0(ξ(a)), ξ(a) = ε−1(b − a),
R1ε(b) = R2ε(b),
−ε(R′

1ε(b) + X ′
0(b)) + α1(b)R1ε(b) = −μ(b)R′

2ε(b) + α2(b)R2ε(b),
−R′

2ε(c) = γ0(Y0(c) + R2ε(c)) − γ0(Y0(c)),

(7.58)

where h0ε(x) = −(β1(x) + α′
1(x))i0(ξ) + (α1(x) − α1(b))ε−1i′0(ξ), x ∈ [a, b].

7.3.2 Existence, uniqueness and regularity of the solutions
of problems (P.3)ε and (P.3)0

The main difficulty in studying problems (P.3)ε and (P.3)0 comes up from the
fact that the boundary conditions at c are nonlinear. Concerning problem (P.3)ε

we can state and prove the following result:

Theorem 7.3.1. Assume that (h1)−(h6) are satisfied and

[α(b)] := α2(b) − α1(b) ≥ 0, α2(c) ≥ 0. (7.59)

Then, problem (P.3)ε has a unique solution (uε, vε) ∈ H2(a, b) × H2(b, c).

Proof. Since all the assumptions of Theorem 7.1.1 are satisfied, there exists a
unique solution (ũε, ṽε) ∈ H2(a, b) × H2(b, c), which satisfies system (S) a.e. in
(a, b) × (b, c), (TC), as well as the homogeneous Dirichlet boundary conditions
ũε(a) = ṽε(c) = 0.
Notice also that (u, v) = (uε, vε) − (ũε, ṽε) satisfies the homogeneous system{ (− εu′(x) + α1(x)u(x)

)′ + β1(x)u(x) = 0, x ∈ (a, b),(− μ(x)v′(x) + α2(x)v(x)
)′ + β2(x)v(x) = 0, x ∈ (b, c),

(7.60)

as well as the boundary and transmission conditions⎧⎪⎨⎪⎩
u(a) = 0, u(b) = v(b),
−εu′(b) + α1(b)u(b) = −μ(b)v′(b) + α2(b)v(b),
v′(c) + γ0(v(c)) = −ṽ′ε(c).

(7.61)

Now, let us point out that all the assertions of our theorem are satisfied if and
only if there exists a unique solution (u, v) ∈ H2(a, b) × H2(b, c) of problems
(7.60), (7.61). To check this, let {u1, u2} ⊂ H2(a, b), {v1, v2} ⊂ H2(b, c) be the
fundamental systems of solutions for the two equations of (7.60), which satisfy
the following conditions: u1(a) = 0, u2(a) = 1, v1(c) = 0, v′1(c) = 1, v2(c) = 1,
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v′2(c) = 0. We have chosen these conditions to make our next calculations simpler.
The general solution of system (7.60) will be

u = d1u1 + d2u2, v = k1v1 + k2v2, (7.62)

d1, d2, k1, k2 ∈ R. The problem of the existence of a unique solution to (7.60),
(7.61) reduces to the problem of the existence of a unique solution of an algebraic
system with unknowns d1, d2, k1, k2. Indeed, if we use (7.62) in (7.61), we get:⎧⎪⎪⎪⎨⎪⎪⎪⎩

u1(b)d1 − v1(b)k1 − v2(b)k2 = 0,

d1(−εu′
1(b) + α1(b)u1(b)) + k1(μ(b)v′1(b) − α2(b)v1(b))

+k2(μ(b)v′2(b) − α2(b)v2(b)) = 0,

k1 + γ0(k2) = −ṽε(c)

(7.63)

(the condition u(a) = 0 implies d2 = 0). Note that the first two equations of sys-
tem (7.63) form a linear system with unknowns d1, k1, which has a unique solution
for each k2. To show this, it is enough to prove that the corresponding homoge-
nous system (which corresponds to k2 = 0) has only the null solution. Indeed,
if we take into account how these constants were introduced, it is necessary and
sufficient to prove that functions u = d1u1, v = k1v1, where d1, k1 satisfy the ho-
mogeneous system, are identically zero. In fact, these functions satisfy (7.60) with
homogeneous Dirichlet boundary conditions at a, c, and transmission conditions
at b, as considered in (7.61). Therefore, as the solution of this problem is unique
(see Theorem 7.1.1), we have u = 0, v = 0, i.e., d1 = k1 = 0. Now, we determine
uniquely d1, k1 from (7.63)1,2, as functions of k2, and plug them into (7.63)3. Thus
the following nonlinear algebraic equation in k2 is obtained:

λk2 + γ0(k2) = −ṽε(c). (7.64)

We have not computed the exact value of λ since only its sign is relevant in the
reasoning to follow. Indeed, by (h6), γ0 is a continuous nondecreasing function, so
(7.64) has a unique solution if λ > 0 or, equivalently, λk2

2 = v′(c)k2 > 0 ∀k2 	= 0.
Since u = d1u1, v = k1v1 + k2v2, with d1, k1 solutions of equations (7.63)1,2,
satisfy

ε

∫ b

a

(u′)2dx+
∫ c

b

μ(v′)2dx +
∫ b

a

(
α′

1

2
+ β1

)
u2dx +

∫ c

b

(
α′

2

2
+ β2

)
v2dx

+
[α(b)]

2
v(b)2 +

α2(c)
2

k2
2 − μ(c)v′(c)k2 = 0,

(7.65)

we infer that μ(c)v′(c)k2 > 0 ∀k2 	= 0.
Therefore, (uε, vε) = (ũε, ṽε)+(u, v) is the unique solution of problem (P.3)ε. �
Remark 7.3.2. The above theorem remains valid under alternative assumptions.
For example, this is the case if (7.59) does not hold, but one of the following two
conditions holds:

μ0 +
Π
2

(c − b) > 0, (7.66)
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or {
there exists a positive constant δ0 such that,

μ0 + Π
2δ0

> 0, Πδ0
2 + α′

2
2 + β2 ≥ 0 a.e. on (b, c),

(7.67)

where

Π =

⎧⎪⎨⎪⎩
α2(c), if α2(c) < 0 and [α(b)] ≥ 0,

[α(b)], if α2(c) ≥ 0 and [α(b)] < 0,

[α(b)] + α2(c), if α2(c) < 0 and [α(b)] < 0.

Now, we are going to investigate problem (P.3)0. Obviously, under our as-
sumptions, (7.57)1, with X0(a) = 0, has a unique solution X0 ∈ H1(a, b).
Note also that Y0 is a solution of (7.57)2 with the boundary conditions

−(μY ′
0)(b) + α2(b)Y0(b) = α1(b)X0(b), − Y ′

0(c) = γ0(Y0(c)). (7.68)

The next result is concerned with the existence and uniqueness of the solution of
problem (P.3)0:

Theorem 7.3.3. Assume that (h1)–(h6) are satisfied and either α2(b) ≥ 0, α2(c) >
0 or α2(b) > 0, α2(c) ≥ 0. Then, problem (P.3)0 has a unique solution (X0, Y0) ∈
H1(a, b) × H2(b, c).

Proof. Taking into account the above comments, in order to prove our theorem it is
sufficient to show that problem (7.57)2, (7.68) has a unique solution Y0 ∈H2(b, c).
Let ỹ ∈ H2(b, c) be the unique solution of equation (7.57)2 which satisfies the
following boundary conditions

α1(b)X0(b) = −μ(b)ỹ′(b) + α2(b)ỹ(b), ỹ(c) = 0

(such a solution exists and is unique on account of Theorem 7.1.4).
Since y := Y0 − ỹ satisfies the homogeneous equation

−(
μy′ + α2y

)′ + β2y = 0 on (b, c), (7.69)

together with the boundary conditions

(μy′)(b) = α2(b)y(b), −ỹ′(c) − y′(c) = γ0(y(c)), (7.70)

it is enough to show that y is unique with this property. As in the proof of the
previous theorem, let {y1, y2} ⊂ H2(b, c) be the fundamental system consisting of
the solutions of the homogeneous equation (7.69) which satisfy y1(c) = 1, y′

1(c) =
0, y2(c) = 0, y′

2(c) = 1. Obviously, the general solution of equation (7.69) has the
form y = d1y1 + d2y2, d1, d2 ∈ R. Thus, the problem of finding y reduces to that
of finding constants d1, d2 which satisfy the boundary conditions (7.70). Hence,
we arrive at the following algebraic system{

(α2(b)y2(b) − μ(b)y′
2(b))d2 = (μ(b)y′

1(b) − α2(b)y1(b))d1,

d2 + γ0(d1) = −ỹ′(c).
(7.71)
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We need to show that this system has a unique solution. Let us first note that
α2(b)y2(b)−μ(b)y′

2(b) 	= 0; otherwise y := y2 would be the solution of the equation
(7.69) with the boundary conditions α2(b)y(b) = μ(b)y′(b), y(c) = 0. By Theo-
rem 7.1.4, y2 would be the null solution, which is impossible by the construction
of y2. Thus, one can calculate d2 as a function of d1 and plug it into (7.71)2. We
arrive at the the following nonlinear algebraic equation:

λd1 + γ(d1) = −ỹ′(c), (7.72)

which has a unique solution if λ > 0. Let us show that λ > 0. Take y = d1y1+d2y2,
which satisfies (7.71)1 and (7.69). By a simple computation, we get∫ c

b

μ(y′)2dx +
∫ c

b

(
α′

2

2
+ β2

)
y2dx

+
α2(b)

2
y(b)2 +

α2(c)
2

y(c)2 − μ(c)y′(c)y(c) = 0,

(7.73)

and hence

μ(c)λd2
1 = μ(c)y′(c)y(c) ≥ α2(c)

2
d2
1 +

α2(b)
2

y(b)2 + μ0 ‖ y′ ‖2
2> 0 ∀d1 	= 0.

Therefore, λ > 0 and obviously Y0 = y + ỹ is the unique solution of problem
(7.57)2, (7.68). �
Remark 7.3.4. In fact, Theorem 7.3.3 remains true under alternative assumptions
on the data.

7.3.3 Estimates for the remainder components

In this subsection we will establish some estimates for the two components of the
zeroth order remainder of the asymptotic expansion (7.56).

Theorem 7.3.5. Assume that (h1)–(h6), (7.59) are fulfilled and α1 is a Lipschitz
function on [a, b], β1 ∈ L∞(a, b). Then, for every ε > 0, the solution of prob-
lem (P.3)ε admits an asymptotic expansion of the form (7.56) and the following
estimates hold:

‖R1ε‖C[a,b] = O(ε1/2), ‖R2ε‖C[b,c] = O(ε1/2).

Proof. One can use arguments similar to those in the proof of Theorem 7.1.6, for
N = 0. Thus, we are not going into many details. We will use the same notation
as in the proof of Theorem 7.1.6. Note that

R̃1ε(x) := R1ε(x) − (Ax + B)i0(ξ(a)), A := (b − a)−1
, B := −b(b − a)−1

satisfy
R̃1ε(a) = 0, R̃1ε(b) = R1ε(b) = R2ε(b),
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and ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−εS′
1ε + α1(x)R̃1ε)′ + β1(x)R̃1ε = Hε(x) in [a, b],

(−μR′
2ε + α2(x)R2ε)′ + β2(x)R2ε = 0 in [b, c],

R̃1ε(a) = 0, R̃1ε(b) = R2ε(b),

−εS′
1ε(b) + α1(b)R̃1ε(b) − εAi0(ξ(a)) =

= −μ(b)R′
2ε(b) + α2(b)R2ε(b),

−R′
2ε(c) = γ0(Y0(c) + R2ε(c)) − γ0(Y0(c)),

where S1ε = R̃1ε + X0,

Hε(x) := hε(x) −
[
Aα1(x) + (β1(x) + α′

1(x))(Ax + B)
]
i0(ξ(a)) ∀ x ∈ [a, b].

Therefore, we have the following equation:

ε

∫ b

a

(R̃′
1ε)

2dx+
∫ c

b

μ(R′
2ε)

2
dx +

∫ b

a

(
β1 +

α′
1

2

)
R̃2

1εdx

+
∫ c

b

(
β2 +

α′
2

2

)
R2

2εdx +
[α(b)]

2
R2ε(b)2 +

α2(c)
2

R2ε(c)2

+μ(c)(γ0(Y0(c) + R2ε(c)) − γ0(Y0(c)))R2ε(c)

= − ε

∫ b

a

X ′
0R̃

′
1εdx +

∫ b

a

HεR̃1εdx − εAi0(ξ(a))R2ε(b).

By assumption (h6) the term of the above equation which contains μ(c) is positive.
The rest of the proof goes as in the proof of Theorem 7.1.6. �
Remark 7.3.6. The estimates of the above theorem remain valid under some al-
ternative assumptions on the data.



Chapter 8

The Evolutionary Case

In the rectangle QT = (a, c) × (0, T ) we consider the following partial differential
system {

ut − (εux − α1(x)u)x + β1(x)u = f(x, t) in Q1T ,

vt − (μ(x)vx − α2(x)v)x + β2(x)v = g(x, t) in Q2T ,
(S)

with which we associate initial conditions

u(x, 0) = u0(x), a ≤ x ≤ b, v(x, 0) = v0(x), b ≤ x ≤ c, (IC)

the following natural transmissions conditions at b:{
u(b, t) = v(b, t),
−εux(b, t) + α1(b)u(b, t) = −μ(b)vx(b, t) + α2(b)v(b, t), 0 ≤ t ≤ T,

(TC)

as well as one of the following boundary conditions:

u(a, t) = v(c, t) = 0, 0 ≤ t ≤ T ; (BC.1)

ux(a, t) = v(c, t) = 0, 0 ≤ t ≤ T ; (BC.2)

u(a, t) = 0, − vx(c, t) = γ(v(c, t)), 0 ≤ t ≤ T, (BC.3)

where Q1T = (a, b) × (0, T ), Q2T = (b, c) × (0, T ), a, b, c ∈ R, a < b < c, T > 0,
and ε is a small parameter, 0 < ε � 1.

The following general assumptions will be required:

(i1) α1 ∈ H1(a, b), β1 ∈ L2(a, b), (1/2)α′
1 + β1 ≥ C1 a.e. on (a, b), for some

constant C1;
(i2) α2 ∈ H1(b, c), β2 ∈ L2(b, c), (1/2)α′

2 + β2 ≥ C2 a.e. on (b, c), for some
constant C2;

(i3) μ ∈ H1(b, c), μ(x) ≥ μ0 > 0;
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(i4) f : Q1T → R, g : Q2T → R, u0 : [a, b] → R, v0 : [b, c] → R;
(i5) α1 > 0 on [a, b]; or
(i′5) α1 < 0 on [a, b];
(i6) γ : D(γ) = R → R is a continuous nondecreasing function.

Denote by (P.k)ε the problem which consists of (S), (IC), (TC), (BC.k), for
k = 1, 2, 3. Note that the problems studied in the previous chapter are stationary
versions of these ones.

This chapter contains three sections. Each section addresses one of the three
problems (P.k)ε, k = 1, 2, 3.

In Section 1, problem (P.1)ε is investigated, under hypotheses (i1)–(i5). As
in the stationary case, this problem is singularly perturbed with respect to the
uniform norm, with a boundary layer located on the left side of the line segment
{(b, t); t ∈ [0, T ]}. A first order asymptotic expansion of the solution will be
constructed. To validate this expansion, we will prove existence and regularity
results for the perturbed problem as well as for the problems satisfied by the two
terms of the regular series which are present in our expansion. In addition, we
will obtain estimates for the remainder components, with respect to the uniform
convergence norm. Of course, smoothness and compatibility conditions should be
imposed to the data.

In the second section, we investigate problem (P.2)ε, under the same require-
ments, except for (i5) which is replaced by (i′5). For the solution of this problem,
we construct an asymptotic expansion of order zero with respect to the uniform
norm. Note that (P.2)ε is regularly perturbed of order zero with respect to this
norm, so there is no correction in the asymptotic expansion. But the problem is
singularly perturbed of order one, with respect to the same norm. Indeed, in the
first order asymptotic expansion we will construct, a first order boundary layer
function will be present, corresponding to a boundary layer located near the right
side of the line segment {(a, t); t ∈ [0, T ]}. Again, we perform a detailed analysis
to validate both these asymptotic expansions.

In the third and final section we deal with problem (P.3)ε, which is nonlinear
due to the nonlinear boundary condition at x = c. We restrict ourselves to the
construction of a zeroth order asymptotic expansion, under assumptions (i1)–(i6).
As expected, (P.3)ε is singularly perturbed with respect to the uniform norm. We
again perform a detailed asymptotic analysis, which is a bit more difficult due to
the nonlinear character of the problem. As usual, we conclude our analysis with
some estimates for the remainder components.

Throughout this chapter we will denote by ‖ · ‖1 and ‖ · ‖2 the norms of
L2(a, b) and L2(b, c), respectively.
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8.1 A first order asymptotic expansion
for the solution of problem (P.1)ε

In this section we examine problem (P.1)ε formulated above, for which assump-
tions (i1)–(i5) are required. Using a similar justification as in the corresponding
stationary case, one can show that (P.1)ε is singularly perturbed with respect
to the uniform norm, with a boundary layer in the vicinity of the line segment
Σ = {(b, t); t ∈ [0, T ]}.

8.1.1 Formal expansion

Let us denote by Uε :=
(
uε(x, t), vε(x, t)

)
the solution of problem (P.1)ε. In the

following we derive a first order asymptotic expansion of this solution by using
the classical perturbation theory presented in Chapter 1 and taking into account
our comments on the stationary case (see Subsection 7.1.1). Thus, we seek the
solution of our problem in the form{

uε(x, t) = X0(x, t) + εX1(x, t) + i0(ξ, t) + εi1(ξ, t) + R1ε(x, t),
vε(x, t) = Y0(x, t) + εY1(x, t) + R2ε(x, t),

(8.1)

where:

ξ := ε−1(b − x) is the fast variable associated with the left side of Σ;(
Xk(x, t), Yk(x, t)

)
, k = 0, 1, are the first two regular terms;

ik(ξ, t), k = 0, 1, are the transition layer corrections;(
R1ε(x, t), R2ε(x, t)

)
is the first order remainder.

As usual, we replace (8.1) into (S) and get{
Xkt + (α1Xk)x + β1Xk = f̃k in Q1T ,

Ykt + (−μYkx + α2Yk)x + β2Yk = g̃k in Q2T , k = 0, 1,
(8.2)

where

f̃k(x, t) =

{
f(x, t), k = 0,

X0xx(x, t), k = 1,

g̃k(x, t) =

{
g(x, t), k = 0,

0, k = 1.

The transitions layer functions i0, i1 satisfy the equations{
i0ξξ(ξ, t) + α1(b)i0ξ(ξ, t) = 0,

i1ξξ(ξ, t) + α1(b)i1ξ(ξ, t) = I1(ξ, t), t ∈ [0, T ], ξ ≥ 0,
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where I1(ξ, t) = i0t(ξ, t) + ξα′
1(b)i0ξ(ξ, t) + (α′

1(b) + β1(b))i0(ξ, t). By easy compu-
tations, we derive⎧⎪⎪⎨⎪⎪⎩

i0(ξ, t) = θ0(t)e−α1(b)ξ,

i1(ξ, t) = θ1(t)e−α1(b)ξ

+ ξe−α1(b)ξ

α1(b)

(
−θ′0(t) − β1(b)θ0(t) + α1(b)α

′
1(b)

2 θ0(t)ξ
)

,

(8.3)

where θ0, θ1 are as yet undetermined functions.
For the components of the remainder, R1ε, R2ε, we derive the system{

R1εt + (−εT1εx + α1R1ε)x + β1R1ε = hε in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,
(8.4)

where

T1ε =uε − X0 − i0 − εi1 = εX1 + R1ε,

hε(x, t) = − εi1t(ξ, t) + [ε−1
(
α1(x) − α1(b)) + ξα′

1(b)]i0ξ(ξ, t)
+ (α1(x) − α1(b))i1ξ(ξ, t) − (α′

1(x) − α′
1(b))i0(ξ, t)

− (β1(x) − β1(b))i0(ξ, t) − ε(β1(x) + α′
1(x))i1(ξ, t) in Q1T . (8.5)

Next, from (IC) and (BC.1) one gets

Xk(x, 0) =
{

u0(x), k = 0,
0, k = 1,

Yk(x, 0) =
{

v0(x), k = 0,
0, k = 1,

(8.6)

i0(ξ, 0) + εi1(ξ, 0) = 0 ∀ε > 0 ⇐⇒ θ0(0) = θ′0(0) = θ1(0) = 0, (8.7){
R1ε(x, 0) = 0, a ≤ x ≤ b,

R2ε(x, 0) = 0, b ≤ x ≤ c,
(8.8)

Xk(a, t) = Yk(c, t) = 0, 0 ≤ t ≤ T, k = 0, 1, (8.9){
R1ε(a, t) = Pε(ξ(a), t),
R2ε(c, t) = 0, 0 ≤ t ≤ T,

(8.10)

where ξ(a) = ε−1(b − a), Pε(ζ, t) = −i0
(
ζ, t

)− εi1
(
ζ, t

)
.

Finally, on account of (TC) we find

θk(t) = Yk(b, t) − Xk(b, t), 0 ≤ t ≤ T, k = 0, 1, (8.11)

−μ(b)Y0x(b, t) = α1(b)X0(b, t) − α2(b)Y0(b, t), 0 ≤ t ≤ T, (8.12)

−μ(b)Y1x(b, t) + α2(b)Y1(b, t) = α1(b)X1(b, t)

− X0x(b, t) − α1(b)−1(θ′0(t) + β1(b)θ0(t)), 0 ≤ t ≤ T,
(8.13)
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R1ε(b, t) = R2ε(b, t),
−εT1εx(b, t) + α1(b)R1ε(b, t)
= −μ(b)R2εx(b, t) + α2(b)R2ε(b, t), 0 ≤ t ≤ T.

(8.14)

In conclusion, from what we have done so far we see that the components of the
zeroth order regular term satisfy the reduced problem, say (P.1)0, which consists
of (8.2)k=0, (8.6)k=0, (8.9)k=0 and (8.12), while the components of the first or-
der regular term satisfy the problem (P.1)1 which comprises (8.2)k=1, (8.6)k=1,
(8.9)k=1 and (8.13). The remainder components satisfy the problem (8.4), (8.8),
(8.10) and (8.14).

Note that equations (8.7) will appear again in the next section as smooth-
ness and compatibility conditions. It is worth pointing out that these conditions
also guarantee that our corrections i0, i1 do not introduce discrepancies at point
(x, t) = (b, 0).

We finally remark that (P.1)ε is a coupled parabolic-parabolic problem, while
(P.1)k, k = 0, 1, are coupled hyperbolic-parabolic problems.

8.1.2 Existence, uniqueness and regularity of the solutions
of problems (P.1)ε, (P.1)0 and (P.1)1

In order to investigate problem (P.1)ε, we choose as a basic setup the Hilbert space
H := L2(a, b)×L2(b, c), endowed with the usual scalar product, denoted 〈·, ·〉, and
the corresponding induced norm, denoted ‖ · ‖. This problem can be expressed as
the Cauchy problem in H :{

W ′
ε(t) + JεWε(t) = F (t), 0 < t < T,

Wε(0) = W0,
(8.15)

where Jε : D(Jε) ⊂ H → H ,

D(Jε) :=
{

(h, k) ∈ H2(a, b) × H2(b, c), h(b) = k(b),

h(a) =k(c) = 0, εh′(b) − α1(b)h(b) = μ(b)k′(b) − α2(b)k(b)
}

,

Jε(h, k) :=
(
(−εh′ + α1h)′ + β1h, (−μk′ + α2k)′ + β2k

)
,

Wε(t) :=
(
uε(·, t), vε(·, t)

)
, W0 :=

(
u0, v0), F (t) :=

(
f(·, t), g(·, t)).

Regarding operator Jε, one can prove that

Lemma 8.1.1. Assume that (i1)–(i3) and (i5) are satisfied. Then, there is a positive
number ω, independent of ε, such that Jε + ωI is maximal monotone, where I is
the identity of H.
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Proof. Obviously, Jε is well defined and linear. To prove the monotonicity of Jε +
ωI for a suitable ω, we can see that for (h, k) ∈ D(Jε)

〈Jε

(
(h, k)

)
+ ω(h, k), (h, k)〉

= − ε

∫ b

a

h′′hdx +
∫ b

a

(α1h)′hdx +
∫ b

a

(ω + β1)h2dx

−
∫ c

b

(μk′)′kdx +
∫ c

b

(α2k)′kdx +
∫ c

b

(ω + β2)k2dx

=ε

∫ b

a

(h′)2dx +
∫ c

b

μ(k′)2dx +
[α(b)]

2
k(b)2

+
∫ b

a

(
ω + β1 +

α′
1

2

)
h2dx +

∫ c

b

(
ω + β2 +

α′
2

2

)
k2dx,

(8.16)

where [α(b)] := α2(b) − α1(b). If [α(b)] ≥ 0, there is an ω > 0 big enough which
makes Jε +ωI monotone. If [α(b)] < 0, then we can use Lemma 7.1.2 of Chapter 7
to prove the existence of such a number ω. Indeed, we have

[α(b)]
2

k(b)2 ≥ [α(b)]
2

(
δ

∫ c

b

k2dx +
1
δ

∫ c

b

(k′)2dx

)
∀ δ > 0.

Taking δ = −[α(b)]/μ0 in this inequality and using (8.16) we obtain

〈Jε

(
(h, k)

)
+ ω(h, k), (h, k)〉 ≥ ε

∫ b

a

(h′)2dx +
μ0

2

∫ c

b

(k′)2dx

+
∫ b

a

(
ω + β1 +

α′
1

2

)
h2dx +

∫ c

b

(
ω + β2 +

α′
2

2
− [α(b)]2

2μ0

)
k2dx ≥ 0,

for ω big enough. Now, we are going to show that operator Jε + ωI is maximal
monotone or, equivalently (see Theorem 2.0.6), for all (f1, f2) ∈ H , there exists
(h, k)∈D(Jε), such that (h, k) + (Jε + ωI)(h, k) = (f1, f2), that is, the following
problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

(−εh′ + α1h)′ + (β1 + ω + 1)h = f1 in L2(a, b),
(−μk′ + α2k)′ + (β2 + ω + 1)k = f2 in L2(b, c),
h(a) = k(c) = 0, h(b) = k(b),
−εh′(b) + α1(b)h(b) = −μ(b)k′(b) + α2(b)k(b)

has a solution (h, k) ∈ H2(a, b) × H2(b, c). This fact follows as in the proof of
Theorem 7.1.1, if ω is sufficiently large. �

As far as problem (P.1)ε is concerned, we have the following result

Theorem 8.1.2. Assume that (i1)–(i5) are fulfilled and

F ∈ W 1,1(0, T ; H), W0 ∈ D(Jε).
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Then problem (8.15) has a unique strong solution Wε which belongs to

C1([0, T ]; H)
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))
⋂

C([0, T ]; H2(a, b) × H2(b, c)).

If, moreover,
F ∈ W 2,1(0, T ; H); (8.17)

W0 ∈ D(Jε), F (0) − JεW0 ∈ D(Jε), (8.18)

then Wε belongs to

C2([0, T ]; H)
⋂

W 2,2(0, T ; H1(a, b) × H1(b, c))
⋂

C1([0, T ]; H2(a, b) × H2(b, c)).

Proof. By Lemma 8.1.1, Jε + ωI is maximal monotone for some ω > 0. Then,
−(Jε + ωI) generates a linear C0-semigroup of contractions on H , say {S(t); t ≥
0}, i.e., −Jε generates the C0-semigroup {Sω(t) = eωtS(t); t ≥ 0}. Therefore,
according to Theorem 2.0.27 in Chapter 2, problem (8.15) has a unique strong
solution Wε ∈ C1([0, T ]; H). Since JεWε ∈ C([0, T ]; H), one can easily see that
Wε ∈ C([0, T ]; H2(a, b) × H2(b, c)).

Let us now prove that Wε ∈ W 1,2(0, T ; H1(a, b) × H1(b, c)). By a standard
computation, we find

1
2

d

dt
‖ Wε(t + h) − Wε(t) ‖2 +ε

∫ b

a

(uεx(x, t + h) − uεx(x, t))2dx

+
μ0

2

∫ c

b

(vεx(x, t + h) − vεx(x, t))2dx

≤ω ‖ Wε(t + h) − Wε(t) ‖2

+ ‖ Wε(t + h) − Wε(t) ‖ · ‖ F (t + h) − F (t) ‖,
for 0 ≤ t < t + h ≤ T . By integration over [0, T − h] this implies

ε

∫ T−h

0

‖ uεx(·, t + h) − uεx(·, t) ‖2
1 dt

+
μ0

2

∫ T−h

0

‖ vεx(·, t + h) − vx(·, t) ‖2
2 dt ≤ Ch2,

for some C > 0. We have used our condition F ∈ W 1,1(0, T ; H) as well as the fact
that Wε ∈ C1([0, T ]; H). By virtue of Theorem 2.0.3 this last inequality gives

uεx ∈ W 1,2(0, T ; L2(a, b)), vεx ∈ W 1,2(0, T ; L2(b, c)),

so the first part of theorem is proved.
In what follows we suppose that (8.17) and (8.18) hold. Obviously, W ε = W ′

ε

is the strong solution of the following Cauchy problem in H{
W

′
ε(t) + JεW ε(t) = F ′(t), 0 < t < T,

W ε(0) = F (0) − W0.
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Therefore, according to the first part of the proof, W ′
ε belongs to

C1([0, T ]; H)
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))
⋂

C([0, T ]; H2(a, b) × H2(b, c)).
�

Remark 8.1.3. It is important to note that our asymptotic analysis works if The-
orem 8.1.2 is valid for all ε > 0. Fortunately, assumptions (8.17) and (8.18) hold
if the following sufficient assumptions (independent of ε) are fulfilled:⎧⎪⎨⎪⎩

f ∈ W 2,1(0, T ; L2(a, b)), g ∈ W 2,1(0, T ; L2(b, c)),
f(·, 0) ∈ H2(a, b), g(·, 0) ∈ H2(b, c), α1 ∈ H3(a, b), α2 ∈ H3(b, c)
β1 ∈ H2(a, b), β2 ∈ H2(b, c), μ ∈ H3(b, c), u0 ∈ H4(a, b), v0 ∈ H4(b, c),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u0(b) = v0(b), u′
0(b) = 0, −μ(b)v′0(b) = α1(b)u0(b) − α2(b)v0(b),

u0(a) = v0(c) = 0, u0
′′(a) = 0, f(a, 0) = α1(a)u′

0(a),
g(c, 0) + (μv′0)

′(c) = α2(c)v′0(c), u0
′′(b) = 0,

f(b, 0) − (α1u0)′(b) − (β1u0)(b)
= g(b, 0) + (μv′0)

′(b) − (α2v0)′(b) − (β2v0)(b),

u0
(3)(b) = 0, fx(b, 0) = (α1u0)′′(b) + (β1u0)′(b),

−μ(b)[gx(b, 0) + (μv′0)
′′(b) − (α2v0)′′ − (β2v0)′(b)]

= (α1(b) − α2(b))[f(b, 0) − (α1u0)′(b) − (β1u0)(b)].

(8.19)

We continue with problems (P.1)0 and (P.1)1. Our aim is to obtain existence,
uniqueness and sufficient regularity for the solutions of these problems, which will
allow us to validate our asymptotic expansion and, even more, to obtain estimates
for the remainder components.
We start with (P.1)1 for which we need a solution (X1, Y1) satisfying

X1 ∈ W 1,2(0, T ; H1(a, b)), Y1 ∈ W 1,2(0, T ; H1(b, c)).

In order to homogenize the boundary conditions at b, we set

X1(x, t) = X1(x, t) + B(t)x + B1(t), (x, t) ∈ Q1T ,

where {
B(t) = ρ(t)/[α1(b)(a − b)], B1(t) = −aB(t),
ρ(t) = X0x(b, t) + α1(b)−1(θ′0(t) + β1(b)θ0(t)), 0 ≤ t ≤ T.

A straightforward computation shows that (X1, Y1) satisfies the problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X1t + (α1X1)x + β1X1 = f1 in Q1T ,

Y1t − (μY1x − α2Y1)x + β2Y1 = g̃1 in Q2T ,

X1(x, 0) = σ(x), x ∈ [a, b], Y (x, 0) = 0, x ∈ [b, c],
X1(a, t) = 0, Y1(c, t) = 0,

−μ(b)Y1x(b, t) + α2(b)Y1(b, t) = α1(b)X1(b, t), 0 < t < T,

(8.20)
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where

σ(x) =B(0)(x − a),

f1(x, t) =f̃1(x, t) + B′(t)x + B′
1(t) + B(t)α1(x)

+ (α′
1(x) + β1(x))(B(t)x + B1(t)).

Now, we associate with this problem the following Cauchy problem in H{
Z ′

1(t) + A1Z1(t) = F1(t), 0 < t < T,

Z1(0) = z1,
(8.21)

where A1 : D(A1) ⊂ H → H ,

D(A1) :=
{
(p, q) ∈ H1(a, b) × H2(b, c); p(a) = q(c) = 0,

− α1(b)p(b) + α2(b)q(b) = μ(b)q′(b)
}
,

A1(p, q) :=
(
(α1p)′ + β1p, (−μq′ + α2q)′ + β2q

)
,

Z1(t) := (X1(·, t), Y1(·, t)), F1(t) := (f1(·, t), g̃1(·, t)), z1(x) := (σ(x), 0).

Concerning operator A1 we have the following result:

Lemma 8.1.4. Assume that (i1)–(i3) and (i5) are satisfied. Then, operator A1 +ωI
is maximal monotone in H for ω > 0 sufficiently large, where I is the identity of H.

Proof. For all (p, q) ∈ D(A1), we have

〈A1(p, q) + ω(p, q), (p, q)〉 ≥ μ0

∫ c

b

(q′)2dx +
∫ b

a

(
ω + β1 +

α′
1

2

)
p2dx

+
∫ c

b

(
ω + β2 +

α′
2

2

)
q2dx +

[α(b)]
2

q(b)2 +
α1(b)

2
(p(b) − q(b))2.

By Lemma 7.1.2, A1 + ωI is monotone for ω > 0 large enough.
Now, let us prove that A1 + ωI is maximal monotone, i.e., for every (f1, f2) ∈ H ,
there exists a pair (p, q)∈D(A1), such that (p, q) + (A1 + ω) ((p, q)) = (f1, f2),
that is:⎧⎪⎨⎪⎩

(α1p)′ + (β1 + ω + 1)p = f1 in L2(a, b),
(−μq′ + α2q)′ + (β2 + ω + 1)q = f2 in L2(b, c),
p(a) = q(c) = 0, p(b) = q(b), α1(b)p(b) = −μ(b)q′(b) + α2(b)q(b).

(8.22)

First, we note that there exists a unique p ∈ H1(a, b) which satisfies (8.22)1
and condition p(a) = 0. On the other hand, on account of Theorem 7.1.4 and
Remark 7.1.5 in Chapter 7, we derive the existence of q ∈ H2(b, c) which satisfies
(8.22)2 and the above boundary conditions at b and c. �
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The next result is related to problem P1.

Theorem 8.1.5. Assume that (i1)–(i5) are fulfilled and, in addition,

F1 ∈ W 1,1(0, T ; H), z1 ∈ D(A1). (8.23)

Then problem (8.21) has a unique strong solution Z1 ∈ C1([0, T ]; H),

X1 ∈ C([0, T ]; H1(a, b)), Y1 ∈ W 1,2(0, T ; H1(b, c))
⋂

C([0, T ]; H2(b, c)).

Proof. By Lemma 8.1.4, A1 generates a C0-semigroup on H . Then, taking into
account (8.23), we derive from Theorem 2.0.27 that problem (8.21) admits a unique
strong solution Z1 ∈ C1([0, T ]; H). Therefore, using equations (8.20)1,2, we get

X1 ∈ C([0, T ]; H1(a, b)), Y1 ∈ C([0, T ]; H2(b, c)).

It remains to show that Y1 ∈ W 1,2(0, T ; H1(b, c)). From the inequality

μ0

2
‖ Y1x(·, t + h) − Y1x(·, t) ‖2

2

≤〈(A1 + ωI)(Z1(t + h) − Z1(t)), Z1(t + h) − Z1(t)〉
=

1
2

d

dt
‖ Z1(t + h) − Z1(t) ‖2

+ 〈(F1 + ωZ1)(t + h) − (F1 + ωZ1)(t), Z1(t + h) − Z1(t)〉,

for 0 ≤ t < t + h ≤ T , we find by integration over [0, T − h]∫ T−h

0

‖ Y1x(·, t + h) − Y1x(·, t) ‖2
2≤ const. h2

(here, we have used condition F1 ∈ W 1,1(0, T ; H) as well as the fact that Z1 ∈
C1([0, T ]; H)). Therefore, according to Theorem 2.0.3 of Chapter 2,

Y1x ∈ W 1,2(0, T ; L2(b, c)),

which concludes the proof. �

Remark 8.1.6. Assumptions (8.23) are implied by the following sufficient condi-
tions

X0xx ∈ W 1,1(0, T ; L2(a, b)), ρ ∈ W 2,1(0, T ),
α1(b)u′

0(b) = −θ′0(0) − β1(b)θ0(0).
(8.24)

Thus, our next goal is to show that ρ ∈ W 2,1(0, T ), therefore it is enough to obtain
that θ0 ∈ W 3,1(0, T ).
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As we said before, we want to have X1 ∈ W 1,2(0, T ; H1(a, b)). To achieve this, we
consider the separate problem for X1⎧⎪⎨⎪⎩

X1t + (α1X1)x + β1X1 = f̃1 in Q1T ,

X1(x, 0) = 0, a < x < b,

X1(a, t) = 0, 0 < t < T.

(8.25)

In order to study this problem, we consider the Hilbert space H1 := L2(a, b),
which is equipped with the usual inner product denoted 〈·, ·〉1 and the induced
norm, denoted ‖ · ‖1. Define the operator A2 : D(A2) ⊂ H1 → H1,

D(A2) :=
{

l ∈ H1(a, b); l(a) = 0
}
, A2l := (α1l)′ + β1l ∀ l ∈ D(A2).

It is quite easy to show that under hypothesis (i1) and (i5) operator A2 + ωI
is (linear) maximal monotone, for some ω > 0, where I stands for the identity
operator of H1. Clearly, problem (8.25) can be written as the following Cauchy
problems in H1 {

X ′
1(t) + A2X1(t) = F1(t), 0 < t < T,

X1(0) = 0,
(8.26)

where X1(t) := X1(·, t), F1(t) := f̃1(·, t), 0 < t < T .
We have

Theorem 8.1.7. Assume that (i1), (i5) are fulfilled and, in addition,

F1 ∈ W 2,1(0, T ; H1); (8.27)

F1(0) ∈ D(A2). (8.28)

Then, problem (8.26) has a unique strong solution

X1 ∈ C2([0, T ]; H1)
⋂

C1([0, T ]; H1(a, b)).

Proof. Since A2 + ωI is linear maximal monotone, it follows that A2 generates
a C0-semigroup on H1, say {S(t); t ≥ 0}. By Theorem 2.0.27, problem (8.26)
admits a unique strong solution X1,

X1(t) =
∫ t

0

S(t − s)F1(s)ds.

In fact, under assumptions (8.27), (8.28), X1 ∈ C2([0, T ]; H1), and

A2X1, A2X ′
1 ∈ C([0, T ]; H1).

This concludes the proof. �



154 Chapter 8. The Evolutionary Case

Remark 8.1.8. It may readily be checked that the following conditions imply (8.27)
and (8.28):

X0 ∈ W 2,1(0, T ; H2(a, b)), u0 ∈ H3(a, b),

u′′
0(a) = 0. (8.29)

Thus, as we want to have θ0 ∈ W 3,1(0, T ) (see Remark 8.1.6 above), it is
sufficient to prove that the solution (X0, Y0) of problem (P.1)0 belongs to(

W 2,1(0, T ; H2(a, b))
⋂

W 3,1(0, T ; H1(a, b))
)× W 3,1(0, T ; H1(b, c)).

First, we see that problem (P.1)0 can be expressed as the following Cauchy problem
in H {

Z ′
0(t) + A1Z0(t) = F (t), 0 < t < T,

Z0(0) = z0,
(8.30)

where A1 is the same as before,

Z0(t) := (X0(·, t), Y0(·, t)), F (t) := (f(·, t), g(·, t)), z0 := (u0, v0).

For this problem we are able to prove the following result:

Theorem 8.1.9. Assume that (i1)–(i5) are fulfilled and, in addition,

F ∈ W 2,1(0, T ; H), z0 ∈ D(A1), z̃0 := F (0) − A1z0 ∈ D(A1)
F ′(0) − A1z̃0 ∈ D(A1).

(8.31)

Then, problem (8.30) has a unique strong solution

Z0 ∈ C3([0, T ]; H), X0 ∈ C2([0, T ]; H1(a, b)), Y0 ∈ W 3,2(0, T ; H1(b, c)).

Proof. One can use again Theorem 2.0.27. �
Remark 8.1.10. Here are some specific conditions (independent of ε) which imply
(8.31)1:⎧⎪⎨⎪⎩

(f, g) ∈ W 3,1(0, T ; L2(a, b) × L2(b, c)), f(·, 0) ∈ H1(a, b), g(·, 0) ∈ H2(b, c),
u0 ∈ H2(a, b), v0 ∈ H4(b, c), μ ∈ H3(b, c),
α1 ∈ H2(a, b), β1 ∈ H1(a, b), α2 ∈ H3(b, c), β2 ∈ H2(b, c),⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

u0(a) = v0(c) = 0, (α1u0)(b) = (α2v0)(b) − (μv′0)(b),
f(a, 0) − (α1u0)′(a) − (β1u0)(a) = 0,

g(c, 0) + (μv′0)
′(c) − (α2v0)′(c) − (β2v0)(c) = 0,

α1(b)
(
f(b, 0)− (α1u0)′(b) − (β1u0)(b)

)
−α2(b)

(
g(b, 0) + (μv′0)

′(b) − (α2v0)′(b) − (β2v0)(b)
)

= −μ(b)
(
gx(b, 0) + (μv′0)

′′(b) − (α2v0)′′(b) − (β2v0)′(b)
)
.

(8.32)

Moreover, one can formulate additional sufficient conditions (independent of ε),
in terms of f , g, u0, v0, αi, βi (i = 1, 2), μ, which imply (8.31)2.
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Finally, since we need higher regularity for X0, we consider the following
separate problem for X0⎧⎪⎨⎪⎩

X0t + (α1X0)x + β1X0 = f in Q1T ,

X0(x, 0) = u0(x), a < x < b,

X0(a, t) = 0, 0 < t < T,

(8.33)

which admits the abstract formulation{
X ′

0(t) + A2X0(t) = F0(t), 0 < t < T,

X0(0) = u0,
(8.34)

where A2 is the operator defined above, and

X0(t) := X0(·, t), F0(t) := f(·, t), 0 < t < T.

We have

Theorem 8.1.11. If (i1), (i5) hold and, in addition,

α1 ∈ H2(a, b), β1 ∈ H1(a, b);

f ∈ W 4,1(0, T ; H1)
⋂

W 2,1(0, T ; H1(a, b)); (8.35)

u0 ∈ D(A2), uk := F (k−1)
0 (0) − A2(uk−1) ∈ D(A2), k = 1, 3, (8.36)

then problem (8.34) has a unique strong solution

X0 ∈ W 2,1(0, T ; H2(a, b))
⋂

C3([0, T ]; H1(a, b)).

The proof is very similar to the proof of Theorem 8.1.7. We omit it.
Remark 8.1.12. The above conditions for u0 and u1 in (8.36) are fulfilled if{

u0, f(·, 0) − (α1u0)′ − β1u0 ∈ H1(a, b),
u0(a) = 0, f(a, 0) = α1(a)u′

0(a).
(8.37)

Conditions (8.36)k=2,3 can also be explicitly expressed, but this leads to compli-
cated equations. We also require the additional conditions

u0 ∈ H4(a, b), α1 ∈ H4(a, b), β1 ∈ H3(a, b),

since they appear as natural sufficient conditions in order that (8.36) are fulfilled.

Let us point out that all the assumptions we have used in this section so
far for different problems form a compatible system of assumptions. Note that
the conditions u0(b) = v0(b), u′

0(b) = 0 (see Remark 8.1.3) and α1(b)u′
0(b) =

−θ′0(0) − β1(b)θ0(0) (see Remark 8.1.6) imply that θ0(0) = θ′0(0) = 0. Therefore,
in particular, we reobtain (8.7).
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By virtue of what we have proved so far, we can formulate the following
concluding result:

Corollary 8.1.13. Assume that (i1)–(i5) are satisfied. If f, g, α1, α2, β1, β2, μ, u0

and v0 are smooth enough and the compatibility conditions (8.19), (8.23)2, (8.28),
(8.32) (plus additional conditions which imply (8.31)2), (8.36) are all satisfied,
then, for every ε > 0, problem (P.1)ε has a unique strong solution

(uε, vε) ∈C2([0, T ]; L2(a, b) × L2(b, c))
⋂

W 2,2(0, T ; H1(a, b) × H1(b, c))⋂
C1([0, T ]; H2(a, b) × H2(b, c)),

and problems (P.1)0, (P.1)1 admit unique solutions

(X0,Y0) ∈
(
W 2,1(0, T ; H2(a, b))

⋂
C3([0, T ]; H1(a, b))

)
×

(
C3([0, T ]; L2(b, c))

⋂
W 3,2(0, T ; H1(b, c))

)
,

(X1,Y1) ∈
(
C1([0, T ]; H1(a, b))

⋂
C2([0, T ]; L2(a, b))

)
×

(
C1([0, T ]; L2(b, c))

⋂
W 1,2(0, T ; H1(b, c))

⋂
C([0, T ]; H2(b, c))

)
.

8.1.3 Estimates for the remainder components

In this section we are going to establish estimates with respect to the uniform
convergence norm for the two components of the first order remainder. Of course,
these estimates should be of order O(εr), r > 1, since the final goal is to validate
completely our first order expansion.

Theorem 8.1.14. Assume that all the assumptions of Corollary 8.1.13 are fulfilled.
Then, for every ε > 0, the solution of problem (P.1)ε admits an asymptotic expan-
sion of the form (8.1) and the following estimates hold:∥∥R1ε

∥∥
C(Q1T )

= O(ε
17
16 ),

∥∥R2ε

∥∥
C(Q2T )

= O(ε
21
16 ).

Proof. Throughout this proof we denote by Mk (k = 1, 2, . . . ) different positive
constants which depend on the data, but are independent of ε. By Corollary 8.1.13
and (8.1) we can see that Rε(t) :=

(
R1ε(·, t), R2ε(·, t)

)
is a strong solution of

problem (8.4), (8.8), (8.10) and (8.14). Taking the scalar product in H = L2(a, b)×
L2(b, c) of (8.4) and Rε(t), we get (as in the proof of Lemma 8.1.1)

1
2

d

dt

∥∥Rε(·, t)
∥∥2 + ε

∥∥R1εx(·, t)∥∥2

1
+

μ0

2

∥∥R2εx(·, t)∥∥2

2
− ω

∥∥Rε(t)
∥∥2

≤ ‖ hε(·, t) ‖1 · ‖ R1ε(·, t) ‖1 +
α1(a)

2
R1ε(a, t)2

+ ε2 ‖ X1x(·, t) ‖1 · ‖ R1εx(·, t) ‖1

+ ε | R1ε(a, t)T1εx(a, t) | for all t ∈ [0, T ].
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If we multiply the above inequality by e−2ωt, integrate on [0, t], and then multiply
the resulting inequality by e2ωt, we find

1
2

∥∥Rε(t)
∥∥2 +

ε

2

∫ t

0

e2ω(t−s)
∥∥R1εx(·, s)∥∥2

1
ds +

μ0

2

∫ t

0

e2ω(t−s)
∥∥R2εx(·, s)∥∥2

2
ds

≤ε3

2

∫ t

0

e2ω(t−s) ‖ X1x(·, s) ‖2
1 ds

+
α1(a)

2

∫ t

0

e2ω(t−s)R1ε(a, s)2ds

+ ε

∫ t

0

e2ω(t−s) | T1εx(a, s)R1ε(a, s) | ds

+
∫ t

0

e2ω(t−s)
∥∥hε(·, s)

∥∥
1
· ∥∥R1ε(·, s)

∥∥
1
ds ∀ t ∈ [0, T ]. (8.38)

Next, if we look at the structure of hε, we can see that∫ t

0

‖ hε(·, s) ‖1ds ≤ M1ε
3
2 ∀ t ∈ [0, T ]. (8.39)

Note also that ∀k ≥ 1 there exists a positive constant M2 such that

| R1ε(a, t) |=| Pε(ξ(a), t) |≤ M2ε
k ∀ t ∈ [0, T ]. (8.40)

In the following we are going to derive some estimates for uεtt, uεx(a, ·), uεtx(a, ·)
and vεtt which will be used in the next part of the proof. Since the solution
Wε = (uε, vε) of problem (P.1)ε belongs to C2([0, T ]; H), we can differentiate two
times in the corresponding variation of constants formula (see Theorem 2.0.27)
and then derive the estimate

∥∥W ′′
ε (t)

∥∥ ≤ eωt
(∥∥F ′(0) − Jε(F (0) − JεW0)

∥∥ +
∫ t

0

e−ωs
∥∥F ′′(s)

∥∥ds
)
≤ M3,

for all t ∈ [0, T ]. Consequently,∥∥R′
ε

∥∥
C([0,T ];H)

= O(1),
∥∥W ′′

ε

∥∥
C([0,T ];H)

= O(1),∥∥W ′
ε

∥∥
C([0,T ];H)

= O(1),
∥∥Wε

∥∥
C([0,T ];H)

= O(1).
(8.41)

To establish an estimate for uεx(a, ·), we start with the obvious inequality (see the
proof of Lemma 8.1.1)

〈W ′
ε(t), Wε(t)〉 + ε ‖ uεx(·, t) ‖2

1 +
μ0

2
‖ vεx(·, t) ‖2

2

≤〈F (t) + ωWε(t), Wε(t)〉 ∀ t ∈ [0, T ],
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from which, in view of estimates (8.41)3,4, we derive

‖ uεx ‖C([0,T ];L2(a,b))= O(ε−1/2). (8.42)

From the first equation of system (S) we also obtain

‖ uεxx ‖C([0,T ];L2(a,b))= O(ε−3/2).

This together with (8.42) implies ‖ uεx ‖C(Q1T )= O(ε−1). Indeed, by (8.42) and
the mean value theorem, for each t ∈ [0, T ] and ε > 0, there exists an xt,ε ∈ [a, b]
such that uεx(xt,ε)2 ≤ M4ε

−1, so our assertion follows from

uεx(x, t)2 = 2
∫ x

xt,ε

uεx(ξ, t)uεxx(ξ, t)dξ + uεx(xt,ε, t)2.

Consequently,
‖ T1εx(a, ·) ‖C[0,T ]= O(ε−1). (8.43)

Similarly, starting from the problem which comes out by formal differentiation
with respect to t of problem (P.1)ε, we derive ‖ uεtx ‖C(Q1T )= O(ε−1), from
which it follows

‖ T1εtx(a, ·) ‖L2(0,T )= O(ε−1). (8.44)

Now, making use of (8.38)−−(8.40) and (8.43), we find∥∥R1ε(·, t)
∥∥

1
≤ M5ε

3
2 ,

∥∥R2ε(·, t)
∥∥

2
≤ M5ε

3
2 ∀ t ∈ [0, T ]. (8.45)

Let us prove some additional estimates for R1εt and R2εt. Since we do not have
sufficient regularity for i1 and R2ε (Y1 ∈ C1([0, T ]; L2(b, c))), we cannot use the
standard method based on differentiation with respect to t of the problem satisfied
by the remainder. Denote S1ε = R1ε + εi1. Note that

S1ε = uε − X0 − i0 − εX1 ∈ W 2,2(0, T ; L2(a, b))

and from (8.4) we obtain the system{
S1εt + (−εT1εx + α1R1ε)x + β1R1ε = hε in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,
(8.46)

where

hε(x, t) =[ε−1
(
α1(x) − α1(b)) + ξα′

1(b)]i0ξ(ξ, t)
+ (α1(x) − α1(b))i1ξ(ξ, t) − (α′

1(x) − α′
1(b))i0(ξ, t)

− (β1(x) − β1(b))i0(ξ, t) − ε(β1(x) + α′
1(x))i1(ξ, t) in Q1T ,

hε ∈W 1,2(0, T ; L2(a, b)).
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Taking the scalar product in H of system (8.46) with (R1ε, R2ε), we derive in a
standard manner the inequality

1
2

[ d

dt

(∥∥S1ε(·, t)
∥∥2

1
+

∥∥R2ε(·, t)
∥∥2

2

)]
− ω

∥∥Rε(t)
∥∥2

≤ ‖ hε(·, t) ‖1 · ‖ R1ε(·, t) ‖1 +
α1(a)

2
R1ε(a, t)2

+
ε3

2
‖ X1x(·, t) ‖2

1 +ε ‖ S1εt(·, t) ‖1 · ‖ i1(·, t) ‖1

+ ε | R1ε(a, t)T1εx(a, t) | for all t ∈ [0, T ].

(8.47)

Now, from (8.41)1 it follows

‖ Rε(t1) − Rε(t2) ‖≤ M6 | t1 − t2 | ∀ t1, t2 ∈ [0, T ].

This Lipschitz property together with (8.8) and (8.45) implies

‖ Rε(t) ‖2≤ M7tε
3/2 ∀ t ∈ [0, T ].

Obviously, for every function ζ ∈ W 1,2(0, T ; L2(a, b)) we have the inequality

‖ ζ(·, t1) − ζ(·, t2) ‖2
1≤| t1 − t2 | · ‖ ζt ‖2

L2(Q1T ) ∀ t1, t2 ∈ [0, T ],

which in the particular case ζ(x, t) = ζ1(x)ζ2(t) becomes

‖ ζ(·, t1) − ζ(·, t2) ‖2
1≤| t1 − t2 | · ‖ ζ1 ‖2

1 · ‖ ζ′2 ‖2
L2(0,T ) ∀ t1, t2 ∈ [0, T ].

Since i1, hε are functions of this form, and ∀k ≥ 1 there exists a positive constant
M8 such that

| R1ε(a, t) | =| Pε(ξ(a), t) |≤ M8

√
tεk ∀ t ∈ [0, T ],

we have

| R1ε(a, t)T1εx(a, t) | ≤ M9tε
k−1 (cf. (8.44)),

‖ hε(·, t) ‖1 · ‖ R1ε(·, t) ‖1 ≤ M10tε
3/2,

‖ S1εt(·, t) ‖1 · ‖ i1(·, t) ‖1 ≤ M11tε
1/2 ∀ t ∈ [0, T ] (cf.(8.41)2),

where M9 depends on k. For these estimates we have used that

hε(·, 0) = 0, R1ε(·, 0) = 0, i1(·, 0) = 0, S1εt(·, 0) = 0

(cf. (8.7), (8.2)1, k = 0, 1, and (S)1). Thus, it follows from (8.47)

1
2

[ d

dt

(∥∥S1ε(·, t)
∥∥2

1
+

∥∥R2ε(·, t)
∥∥2

2

)]
≤ε3

2
t ‖ X1tx ‖2

L2(Q1T ) +M12tε
3/2 for all t ∈ [0, T ].

(8.48)
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If we integrate (8.48) over [0, δ], we get∥∥S1ε(·, δ)
∥∥

1
+

∥∥R2ε(·, δ)
∥∥

2
≤ M13δε

3/4 for all δ ∈ [0, T ]. (8.49)

Now, we write (8.46) for t and t + δ, δ > 0, such that t, t + δ ∈ [0, T ], subtract
the two equations, and then take the scalar product in H of the resulting equation
with Rε(t + δ) − Rε(t). Then, by our standard computations, we arrive at∥∥S1ε(·, t + δ) − S1ε(·, t)

∥∥2

1
+

∥∥R2ε(·, t + δ) − R2ε(·, t)
∥∥2

2

≤ ∥∥S1ε(·, δ)
∥∥2

1
+

∥∥R2ε(·, δ)
∥∥2

2
+ M14δ

2ε3/2

for all 0 ≤ t < t + δ ≤ T .
Thus, according to (8.49), we have∥∥S1ε(·, t + δ) − S1ε(·, t)

∥∥
1
+

∥∥R2ε(·, t + δ) − R2ε(·, t)
∥∥

2
≤ M15δε

3/4

for all 0 ≤ t < t + δ ≤ T .
After dividing this last inequality by δ, since

S1ε ∈ W 2,2(0, T ; L2(a, b)), R2ε ∈ C1([0, T ]; L2(b, c)),

we can pass to the limit as δ → 0 to obtain

‖ S1εt(·, t) ‖1 + ‖ R2εt(·, t) ‖2≤ M15ε
3/4 for all t ∈ [0, T ]. (8.50)

Now, from the estimate

〈(S1εt(·, t), R2εt(·, t)), Rε(t)〉 + ε ‖ R1εx(·, t) ‖2
1 +

μ0

2
‖ R2εx(·, t) ‖2

2

≤ ω ‖ Rε(t) ‖2 +
α1(a)

2
R1ε(a, t)2

+ ε2 ‖ X1x(·, t) ‖1 · ‖ R1εx(·, t) ‖1

+ ε | T1εx(a, t)Pε(ξ(a), t) |
+ ‖ hε(·, t) ‖1 · ‖ R1ε(·, t) ‖1

for all t ∈ [0, T ], on account of (8.45) and (8.50), we easily find

ε‖ R1εx(·, t) ‖2
1 ≤ M16ε

9/4, ‖ R2εx(·, t) ‖2
2 ≤ M16ε

9/4

(we have also used the inequality

ε2 ‖ X1x(·, t) ‖1 · ‖ R1εx(·, t) ‖1≤ ε3

2
‖ X1x(·, t) ‖2

1 +
ε

2
‖ R1εx(·, t) ‖2

1).

Therefore,

R2ε(x, t)2 ≤ 2‖ R2ε(·, t) ‖2 · ‖ R2εx(·, t) ‖2 ≤ M17ε
21
8 ∀ (x, t) ∈ Q2T .

Similarly, we get ‖ R1ε ‖C(Q1T )= O(ε
17
16 ). �
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Remark 8.1.15. If i1, X1, Y1 were more regular (this is possible under additional
assumptions), we would be able to derive better estimates for the two components
of the remainder. Indeed, in this case we can differentiate with respect to t problem
(8.4), (8.8), (8.10), (8.14), and then, by computations similar to those which led
to estimates (8.38), we find

‖ R1εt ‖C([0,T ];L2(a,b))= O(ε3/2), ‖ R2εt ‖C([0,T ];L2(b,c))= O(ε3/2),

which give the estimates∥∥R1ε

∥∥
C(Q1T )

= O(ε
5
4 ),

∥∥R2ε

∥∥
C(Q2T )

= O(ε
3
2 ).

8.2 A first order asymptotic expansion for
the solution of problem (P.2)ε

In this section we investigate problem (P.2)ε (which has been introduced at the be-
ginning of this chapter), under assumptions (i1)–(i4) and (i′5). Since the coefficient
α1 is a negative function, the boundary layer phenomenon is now present near the
line segment {(a, t); t ∈ [0, T ]}. Moreover, since we have a Neumann boundary
condition at x = a, we have no boundary layer of order zero, even with respect
to the uniform topology, as in the stationary case considered in Section 7.2. In
particular, the first order asymptotic expansion we are going to establish includes
a first order correction only (i.e., problem (P.2)ε is singularly perturbed of order
one with respect to the uniform topology).

8.2.1 Formal expansion

By examining examples of problem (P.2)ε, we are able to guess the form of the
general first order asymptotic expansion for the solution. In particular, one can
see that there is no boundary layer inside the rectangle QT , except for the neigh-
borhood of the line segment {(a, t); t ∈ [0, T ]}. Therefore, we seek a first order
asymptotic expansion for the solution Uε :=

(
uε(x, t), vε(x, t)

)
of problem (P.2)ε

in the form:{
uε(x, t) = X0(x, t) + εX1(x, t) + i0(ζ, t) + εi1(ζ, t) + R1ε(x, t),
vε(x, t) = Y0(x, t) + εY1(x, t) + R2ε(x, t),

(8.51)

where:

ζ := ε−1(x − a) is the fast variable;(
Xk(x, t), Yk(x, t)

)
, k = 0, 1, are the first two regular terms;

i0, i1 are the corresponding boundary layer functions;
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(
R1ε(x, t), R2ε(x, t)

)
represents the remainder of order one.

Like in Subsection 8.1.1, substituting (8.51) into system (S), we find:{
Xkt + (α1Xk)x + β1Xk = f̃k in Q1T ,

Ykt + (−μYkx + α2Yk)x + β2Yk = g̃k in Q2T , k = 0, 1,
(8.52)

where

f̃k(x, t) =

{
f(x, t), k = 0,

X0xx(x, t), k = 1,

g̃k(x, t) =

{
g(x, t), k = 0,

0, k = 1,{
i0ζζ − α1(a)i0ζ = 0,

i1ζζ − α1(a)i1ζ = i0t + ζα′
1(a)i0ζ + (α′

1(a) + β1(a))i0.
(8.53)

From (BC.2) we derive:

i0ζ(a, t) = 0, i1ζ(a, t) = −X0x(a, t), 0 < t < T, (8.54){
Y0(c, t) = 0,

Y1(c, t) = 0, 0 < t < T,
(8.55)

{
R1εx(a, t) = −εX1x(a, t),
R2ε(c, t) = 0, 0 < t < T.

(8.56)

Now, (8.53) and (8.54) lead us to

i0 ≡ 0, i1(ζ, t) = −X0x(a, t)
α1(a)

eα1(a)ζ . (8.57)

Therefore, the remainder components satisfy the system{
R1εt + (−εT1εx + α1R1ε)x + β1R1ε = hε in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,
(8.58)

where

T1ε = uε − X0 − εi1 = R1ε + εX1,

hε(x, t) = −εi1t(ζ, t) − (α1(x) − α1(a))i1ζ(ζ, t) − ε(β1(x) + α′
1(x))i1(ζ, t).

Imposing the transmissions conditions at b we get:{
X0(b, t) = Y0(b, t),
−μ(b)Y0x(b, t) = α1(b)X0(b, t) − α2(b)Y0(b, t), 0 ≤ t ≤ T,

(8.59)
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X1(b, t) = Y1(b, t),
−μ(b)Y1x(b, t) + α2(b)Y1(b, t) = α1(b)X1(b, t) − X0x(b, t), 0 ≤ t ≤ T,

(8.60)

⎧⎪⎨⎪⎩
R1ε(b, t) + εi1(ζ(b), t) = R2ε(b, t),
−εT1εx(b, t) + α1(b)R1ε(b, t) − ε (i1ζ(ζ(b), t) − α1(b)i1(ζ(b), t))
= −μ(b)R2εx(b, t) + α2(b)R2ε(b, t), 0 ≤ t ≤ T,

(8.61)

where ζ(b) := ε−1(b − a).
Finally, from (IC) we have

Xk(x, 0) =
{

u0(x), k = 0,
0, k = 1,

Yk(x, 0) =
{

v0(x), k = 0,
0, k = 1,

(8.62)

{
R1ε(x, 0) = 0, a ≤ x ≤ b,

R2ε(x, 0) = 0, b ≤ x ≤ c,
(8.63)

i1(ζ, 0) = 0 ⇐⇒ X0x(a, 0) = 0. (8.64)

The last condition says that i1 does not introduce any discrepancy at the corner
boundary point (x, t) = (a, 0) of our domain QT . This condition will appear again
in the next section as one of the compatibility conditions the data have to satisfy
in order that problem (P.2)ε admit a sufficiently smooth solution.

Summarizing, we can see that the components of the zeroth order regular
term satisfy the reduced problem (P.2)0 which consists of (8.52)k=0, (8.55)1, (8.59)
and (8.62)k=0; the components of first order regular term satisfy the problem
(P.2)1 which consists of (8.52)k=1, (8.55)2, (8.60), (8.62)k=1; and the remainder
components satisfy (8.56), (8.58), (8.61) and (8.63).

8.2.2 Existence, uniqueness and regularity of the solutions
of problems (P.2)ε, (P.2)1 and (P.2)0

To investigate problem (P.2)ε we can follow a device similar to that of Subsec-
tion 8.1.2. We denote H := L2(a, b) × L2(b, c). This is equipped with the usual
scalar product, denoted 〈·, ·〉, and the corresponding induced norm, denoted ‖ · ‖.
We define the operator Lε : D(Lε) ⊂ H → H by

D(Lε) :=
{

(h, k) ∈ H2(a, b) × H2(b, c); h′(a) = k(c) = 0,

h(b) = k(b), εh′(b) − α1(b)h(b) = μ(b)k′(b) − α2(b)k(b)
}

,

Lε(h, k) :=
(
(−εh′ + α1h)′ + β1h, (−μk′ + α2k)′ + β2k

)
.

As far as this operator is concerned we can prove the following result which is
similar to Lemma 8.1.1:
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Lemma 8.2.1. Assume that (i1)–(i3) and (i′5) are satisfied. Then, there is a positive
number ω, independent of ε, such that Lε + ωI is maximal monotone, where I is
the identity of H.

Proof. It is similar to the proof of Lemma 8.1.1, so we just outline it. Using
Lemma 7.1.2 in Chapter 7, one can see that operator Lε + ωI is monotone for
ω > 0 sufficiently large. To prove the maximality of this operator one can use
Theorems 2.0.6 and 7.2.1. �

Now, we write problem (P.2)ε in the form of the following Cauchy problem in H :{
W ′

ε(t) + LεWε(t) = F (t), 0 < t < T,

Wε(0) = W0,
(8.65)

where

Wε(t) :=
(
uε(·, t), vε(·, t)

)
, W0 :=

(
u0, v0), F (t) :=

(
f(·, t), g(·, t)), 0 < t < T.

Making use of the above lemma we are able to prove that:

Theorem 8.2.2. Assume that (i1)–(i4), (i′5) are fulfilled and

F ∈ W 1,1(0, T ; H), W0 ∈ D(Lε). (8.66)

Then problem (8.65) has a unique strong solution Wε which belongs to

C1([0, T ]; H)
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))
⋂

C([0, T ]; H2(a, b) × H2(b, c)).

If, in addition,

F ∈ W 2,1(0, T ; H), F (0) − Lε(W0) ∈ D(Lε), (8.67)

then Wε belongs to

C2([0, T ]; H)
⋂

W 2,2(0, T ; H1(a, b) × H1(b, c))
⋂

C1([0, T ]; H2(a, b) × H2(b, c)).

The proof of this result is based on arguments similar to those we used in the
proof of Theorem 8.1.2, so we omit it.
Remark 8.2.3. The following conditions are sufficient to insure that (8.66) are
fulfilled for every ε > 0 :

f ∈ W 1,1(0, T ; L2(a, b)), g ∈ W 1,1(0, T ; L2(b, c)), u0 ∈ H2(a, b), v0 ∈ H2(b, c);

{
u′

0(a) = v0(c) = 0, u0(b) = v0(b), u′
0(b) = 0,

−μ(b)v′0(b) = α1(b)u0(b) − α2(b)v0(b).
(8.68)

Obviously, condition u′
0(a) = 0 implies (8.64).
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If (8.68) hold and, in addition, we assume that⎧⎪⎨⎪⎩
f ∈ W 2,1(0, T ; L2(a, b)), g ∈ W 2,1(0, T ; L2(b, c)),
f(·, 0) ∈ H2(a, b), g(·, 0) ∈ H2(b, c), α1 ∈ H3(a, b), α2 ∈ H3(b, c),
β1 ∈ H2(a, b), β2 ∈ H2(b, c), μ ∈ H3(b, c), u0 ∈ H4(a, b), v0 ∈ H4(b, c),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u0
(3)(a) = 0, fx(a, 0) = (α1u0)′′(a) + (β1u0)′(a),

g(c, 0) + (μv′0)
′(c) = α2(c)v′0(c), u0

′′(b) = 0,

f(b, 0) − (α1u0)′(b) − (β1u0)(b)
= g(b, 0) + (μv′0)

′(b) − (α2v0)′(b) − (β2v0)(b),

u0
(3)(b) = 0, fx(b, 0) = (α1u0)′′(b) + (β1u0)′(b),

−μ(b)[gx(b, 0) + (μv′0)
′′(b) − (α2v0)′′ − (β2v0)′(b)]

= (α1(b) − α2(b))[f(b, 0) − (α1u0)′(b) − (β1u0)(b)],

(8.69)

then (8.66) and (8.67) are all satisfied. Note that (8.68) and (8.69) are all inde-
pendent of ε.

Next we deal with problems (P.2)1 and (P.2)0. Since we want to obtain
estimates for the remainder with respect to the uniform convergence norm, it
would be enough for the regular term (X1, Y1) to belong to the space

W 1,2(0, T ; H1(a, b)) × W 1,2(0, T ; H1(b, c)).

First of all, let us homogenize the boundary condition at b, (8.60)2. Consider
the substitution

Y1(x, t) := Y 1(x, t) + l(x, t), (x, t) ∈ Q2T ,

where

l(x, t) = M(t)x2 + N(t)x + P (t), M(t) =
σ(t)

(b − c)μ(b)
, N(t) = −(b + c)M(t),

P (t) = −M(t)b2 − N(t)b, σ(t) = X0x(b, t).

It is easily seen that (X1, Y 1) satisfies the problem⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X1t + (α1X1)x + β1X1 = f̃1 in Q1T ,

Y 1t + (−μY 1x + α2Y 1)x + β2Y 1 = g1 in Q2T ,

X1(x, 0) = 0, x ∈ [a, b], Y 1(x, 0) = y1(x), x ∈ [b, c],
X1(b, t) = Y 1(b, t), Y 1(c, t) = 0,

−μ(b)Y 1x(b, t) + α2(b)Y 1(b, t) = α1(b)X1(b, t), 0 ≤ t ≤ T,

(8.70)
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where y1(x) = −l(x, 0), b ≤ x ≤ c, and

g1 = −lt + (μlx − α2l)x − β2l in Q2T .

This problem can be written as the following Cauchy problem in H{
Z ′

1(t) + B1Z1(t) = F1(t), 0 < t < T,

Z1(0) = z1,
(8.71)

where B1 : D(B1) ⊂ H → H ,

D(B1) :=
{
(p, q) ∈ H1(a, b) × H2(b, c); p(b) = q(b), q(c) = 0,

− α1(b)p(b) + α2(b)q(b) = μ(b)q′(b)
}
,

B1(p, q) :=
(
(α1p)′ + β1p, (−μq′ + α2q)′ + β2q

)
,

Z1(t) := (X1(·, t), Y 1(·, t)), F1(t) := (f̃1(·, t), g1(·, t)), z1 := (0, y1).

Regarding operator B1 we have the following result:

Lemma 8.2.4. Assume that (i1)–(i3) and (i′5) are satisfied. Then, operator B1 +ωI
is maximal monotone in H for ω sufficiently large, where I is the identity of H.

The proof is similar to that of Lemma 8.1.4.

Using the above lemma, we can derive existence, uniqueness and smoothness
of the solution of problem (P.2)1. More precisely, we have:

Theorem 8.2.5. Assume that (i1)–(i4), (i′5) are fulfilled and, in addition,

F1 ∈ W 2,1(0, T ; H); (8.72)

z1, F1(0) − B1z1 ∈ D(B1). (8.73)

Then problem (8.71) has a unique strong solution Z1 ∈ C2([0, T ]; H),

X1 ∈ C2([0, T ]; L2(a, b))
⋂

C1([0, T ]; H1(a, b)),

Y1 ∈ W 2,2(0, T ; H1(b, c))
⋂

C1([0, T ]; H2(b, c)).

Proof. As in the proof of Theorem 8.1.5, we show that problem (8.71) has a unique
strong solution Z1 ∈ C1([0, T ]; H), and moreover X1 ∈ C([0, T ]; H1(a, b)), Y1 ∈
W 1,2(0, T ; H1(b, c))

⋂
C([0, T ]; H2(b, c)).

Note that, under assumptions (8.72) and (8.73), Z ′
1 is a strong solution of

the Cauchy problem obtained by differentiating (8.71) with respect to t. Then,
reasoning as before, we can see that Z ′

1 ∈ C1([0, T ]; H),

X1t ∈ C1([0, T ]; L2(a, b))
⋂

C([0, T ]; H1(a, b)),

Y1t ∈ W 1,2(0, T ; H1(b, c))
⋂

C([0, T ]; H2(b, c)). �
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Remark 8.2.6. It is easy to formulate sufficient specific conditions for the data
which insure that (8.72) and (8.73) are fulfilled. We see that it is enough for X0

to satisfy the following conditions

X0xx ∈ W 2,1(0, T ; L2(a, b)), X0x(b, ·) ∈ W 3,1(0, T ). (8.74)

Thus, our next goal is to show that X0 ∈ W 3,1(0, T ; H2(a, b)).

The reduced problem (P.2)0 can be expressed as the following Cauchy prob-
lem in H {

Z ′
0(t) + B1Z0(t) = F (t), 0 < t < T,

Z0(0) = z0,
(8.75)

where Z0(t) := (X0(·, t), Y0(·, t)), F (t) := (f(·, t), g(·, t)), z0 := (u0, v0).
Obviously, for X0 we need more regularity than for Y0. However, in this case

we cannot split the reduced problem in two distinct problems, since X0 and Y0

are connected by the transmission condition X0(b, t) = Y0(b, t). Thus, in the next
result we derive for X0 as much regularity as we need, and incidentally we get for
Y0 more regularity than necessary.

Theorem 8.2.7. Assume that (i1)–(i4), (i′5) are fulfilled and

F ∈ W 1,1(0, T ; H), z0 ∈ D(B1). (8.76)

Then problem (8.75) has a unique strong solution

Z0 ∈ C1([0, T ]; H)
⋂(

C([0, T ]; H1(a, b)) × W 1,2(0, T ; H1(b, c))
)
.

If, in addition,

F ∈W 5,1(0, T ; H), zk := F (k−1)(0) − B1zk−1 ∈ D(B1), k = 1, 2, 3, 4,

f ∈W 3,1(0, T ; H1(a, b)), α1 ∈ H2(a, b), β1 ∈ H1(a, b),
(8.77)

then Z0 ∈ C5([0, T ]; H),

X0 ∈ W 3,1(0, T ; H2(a, b))
⋂

C4([0, T ]; H1(a, b)),

Y0 ∈ W 5,2(0, T ; H1(b, c)).

Proof. According to Theorem 2.0.27 in Chapter 2, problem (8.75) has a unique
strong solution Z0 ∈ C1([0, T ]; H). Moreover, by a reasoning similar to that used
in the proof of Theorem 8.1.5, one can see that

(X0, Y0) ∈ C([0, T ]; H1(a, b)) ×
(
W 1,2(0, T ; H1(b, c))

⋂
C([0, T ]; H2(b, c))

)
.

Next, by our usual argument based on differentiation of problem (8.75) with re-
spect to t, we obtain higher regularity of the solution. Thus, Z

(k)
0 is a strong
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solution of the problem{
Z

(k+1)
0 (t) + B1Z

(k)
0 (t) = F (k)(t), 0 < t < T,

Z
(k)
0 (0) = zk, k = 1, 2, 3, 4.

(8.78)

Consequently,

Z0 ∈ C5([0, T ]; H), X0 ∈ C4([0, T ]; H1(a, b)), Y0 ∈ W 5,2(0, T ; H1(b, c)).

Moreover, (8.78)1 for k = 3 reads

(α1X0ttt)x = fttt − X0tttt − β1X0ttt in Q1T ,

from which, according to assumptions (8.77), we infer X0 ∈ W 3,1(0, T ; H2(a, b)).
�

Remark 8.2.8. We can formulate specific conditions implying (8.76) as follows:{
(f, g) ∈ W 1,1(0, T ; H), u0 ∈ H1(a, b), v0 ∈ H2(b, c),
u0(b) = v0(b), v0(c) = 0, (α1u0)(b) = (α2v0)(b) − (μv′0)(b).

Similarly, one can formulate sufficient conditions in terms of the data which imply
(8.77). This is left to the reader.

It is worth pointing out that all the conditions we have required (see (8.68),
(8.69), (8.73), (8.76)2, (8.77)) are not contradictory, i.e., they form a compatible
system of assumptions.

By virtue of what we have proved so far, we can formulate the following two
concluding results:

Corollary 8.2.9. Assume that (i1)–(i4), (i′5) are satisfied and, in addition,

f ∈ W 1,1(0, T ; L2(a, b)), g ∈ W 1,1(0, T ; L2(b, c)),

u0 ∈ H2(a, b), v0 ∈ H2(b, c),
u′

0(a) = u′
0(b) = v0(c) = 0, u0(b) = v0(b),

μ(b)v′0(b) = −α1(b)u0(b) + α2(b)v0(b).

Then problems (P.2)ε, ε > 0, and (P.2)0 have unique solutions

(uε, vε) ∈ C1([0, T ]; H)
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))⋂
C([0, T ]; H2(a, b) × H2(b, c)),

(X0, Y0) ∈ C1([0, T ]; H)
⋂

(C([0, T ]; H1(a, b)) × W 1,2(0, T ; H1(b, c)).
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Corollary 8.2.10. Assume that: (i1)–(i4), (i′5) are satisfied; f, g, α1, α2, β1, β2,
μ, u0, v0 are smooth enough; and conditions (8.68), (8.69), (8.73), (8.76)2, (8.77)
are fulfilled. Then, for every ε > 0, problem (P.2)ε has a unique strong solution

(uε, vε) ∈ C2([0, T ]; L2(a, b) × L2(b, c))
⋂

W 2,2(0, T ; H1(a, b) × H1(b, c))⋂
C1([0, T ]; H2(a, b) × H2(b, c)),

and problems (P.2)0, (P.2)1 admit unique solutions

(X0, Y0) ∈ (W 3,1(0, T ; H2(a, b))
⋂

C4([0, T ]; H1(a, b))) × W 5,2(0, T ; H1(b, c)),

(X1, Y1) ∈ (C2([0, T ]; L2(a, b))
⋂

C1([0, T ]; H1(a, b))) × W 2,2(0, T ; H1(b, c)).

8.2.3 Estimates for the remainder components

Here we establish estimates for the remainder components with respect to the
uniform convergence norm. These estimates validate completely our first order
expansion. Under weaker assumptions, we prove that problem (P.2)ε is regularly
perturbed of order zero with respect to the same norm (see the first part of The-
orem 8.2.11 below).

Theorem 8.2.11. Assume that all the assumptions of Corollary 8.2.9 are fulfilled.
Then, for every ε > 0, the following estimates hold true∥∥uε − X0

∥∥
C(Q1T )

= O(ε
1
8 ),

∥∥vε − Y0

∥∥
C(Q2T )

= O(ε
3
8 ).

If, moreover, all the assumptions of Corollary 8.2.10 are fulfilled, then the solution
of problem (P.2)ε admits an asymptotic expansion of the form (8.51) and the
following estimates are valid:∥∥R1ε

∥∥
C(Q1T )

= O(ε
5
4 ),

∥∥R2ε

∥∥
C(Q2T )

= O(ε
3
2 ).

Proof. To prove the first part of the theorem, we denote

S1ε = uε − X0, S2ε = vε − Y0, Sε(t) = (S1ε(·, t), S2ε(·, t)).
By Corollary 8.2.9, we have

(S1ε, S2ε) ∈ C1([0, T ]; H)
⋂

(C([0, T ]; H1(a, b)) × W 1,2(0, T ; H1(b, c)).

Taking into account problems (P.2)ε and (P.2)0, we derive{
S1εt + (−εuεx + α1S1ε)x + β1S1ε = 0 in Q1T ,

S2εt +
(− μS2εx + α2S2ε

)
x

+ β2S2ε = 0 in Q2T ,
(8.79)

S1ε(x, 0) = 0, a ≤ x ≤ b, S2ε(x, 0) = 0, b ≤ x ≤ c, (8.80)
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uεx(a, t) = 0,

S2ε(c, t) = 0, 0 ≤ t ≤ T,
(8.81)⎧⎪⎨⎪⎩

S1ε(b, t) = S2ε(b, t),
−εuεx(b, t) + α1(b)S1ε(b, t)
= −μ(b)S2εx(b, t) + α2(b)S2ε(b, t), 0 ≤ t ≤ T.

(8.82)

In the next part of the proof we denote by Mk (k = 1, 2, . . . ) different positive
constants which depend on the data, but are independent of ε.
By a standard computation (see Theorem 8.1.14), we derive

1
2

∥∥Sε(t)
∥∥2+

ε

2

∫ t

0

∥∥S1εx(·, s)∥∥2

1
ds +

μ0

2

∫ t

0

∥∥S2εx(·, s)∥∥2

2
ds

≤ ε

2
e2ωT

∫ t

0

∥∥X0x(·, s)∥∥2

1
ds ∀ t ∈ [0, T ],

(8.83)

which implies ‖ Sε(t) ‖2≤ M1ε, and therefore

‖ S1ε(·, t) ‖1≤
√

M1ε
1/2, ‖ S2ε(·, t) ‖2≤

√
M1ε

1/2 ∀ t ∈ [0, T ]. (8.84)

Since Wε is a strong solution of problem (8.65), it follows by Theorem 2.0.27 (see
also (2.8) in Chapter 2)

‖W ′
ε(t)‖ ≤ eωt

(
‖F (0) − LεW0‖ +

∫ t

0

e−ωs‖F ′(s)‖ds
)
≤ M2 (8.85)

for all t ∈ [0, T ], and hence

‖ uεt ‖C([0,T ];L2(a,b)) = O(1), ‖ vεt ‖C([0,T ];L2(b,c)) = O(1). (8.86)

Using again system (8.79), we get after scalar multiplication in H by Sε(t)

ε‖S1εx(·, t)‖2
1 +

μ0

2
‖S2εx(·, t)‖2

2 − ω ‖ Sε(t) ‖2

≤‖ S′
ε(t) ‖ · ‖ Sε(t) ‖ +ε ‖ X0x(·, t) ‖1 · ‖ S1εx(·, t) ‖1

for all t ∈ [0, T ]. Combining this inequality with (8.84) and (8.86), we derive∥∥S1εx(·, t)∥∥
1
≤ M3ε

−1/4,
∥∥S2εx(·, t)∥∥

2
≤ M4ε

1/4 ∀ t ∈ [0, T ]. (8.87)

On the other hand, using (8.84) and the mean value theorem, we can associate
with each (t, ε) a number xtε ∈ [a, b] such that | S1ε(xtε, t) |≤ M5ε

1/2. Now, taking
into account the following obvious formulas

S1ε(x, t)2 = 2
∫ x

xtε

S1ε(y, t)S1εy(y, t)dy + S1ε(xtε, t)2 ∀ (x, t) ∈ Q1T ,

S2ε(x, t)2 = −2
∫ c

x

S2ε(y, t)S2εy(y, t)dy ∀ (x, t) ∈ Q2T
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as well as estimates (8.84) and (8.87), we easily derive the first two estimates of
our theorem.
Remark 8.2.12. If X0 were more regular, for instance X0 ∈ W 1,2(0, T ; H1(a, b)),
then it would follow by a reasoning similar to that used in the proof of Theo-
rem 8.1.14 that ‖ Sεt ‖C([0,T ];H)= O(

√
ε), and therefore the following stronger

estimates would hold true∥∥uε − X0

∥∥
C(Q1T )

= O(ε
1
4 ),

∥∥vε − Y0

∥∥
C(Q2T )

= O(ε
1
2 ).

Let us now prove the last part of the theorem. Obviously, all terms of our
expansion (8.51) are well defined. Thus, we only need to prove that the remainder
components satisfy the corresponding estimates. Denote

R̃1ε(x, t) = R1ε(x, t) + εi1(ζ(b), t), (x, t) ∈ Q1T .

It is easily seen that R̃ε(t) := (R̃1ε(·, t), R2ε(·, t)) satisfies the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R̃1εt +
(− εT1εx + α1R̃1ε

)
x

+ β1R̃1ε = h̃ε in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,

R̃1ε(x, 0) = 0, a ≤ x ≤ b, R2ε(x, 0) = 0, b ≤ x ≤ c,

T1εx(a, t) = 0, R2ε(c, t) = 0,

R̃1ε(b, t) = R2ε(b, t),

εT1εx(b, t) − α1(b)R̃1ε(b, t)
= μ(b)R2εx(b, t) − α2(b)R2ε(b, t) − εi1ζ(ζ(b), t), 0 ≤ t ≤ T,

(8.88)

where
h̃ε(x, t) = hε(x, t) + εi1t(ζ(b), t) + ε(α′

1 + β1)(x)i1(ζ(b), t).

Next, by a computation similar to that used in the proof of Theorem 8.1.14, we
get

1
2

∥∥R̃ε(t)
∥∥2

+ ε

∫ t

0

∥∥R̃1εx(·, s)∥∥2

1
ds +

μ0

2

∫ t

0

∥∥R2εx(·, s)∥∥2

2
ds

≤ e2ωT
(
ε2

∫ t

0

‖ X1x(·, s) ‖1 · ‖ R̃1εx(·, s) ‖1 ds

+ ε

∫ t

0

| i1ζ(ζ(b), t)R2ε(b, s) | ds

+
∫ t

0

∥∥h̃ε(·, s)
∥∥

1
· ∥∥R̃1ε(·, s)

∥∥
1
ds

)
∀ t ∈ [0, T ].

(8.89)

Arguing as in the proof of Theorem 8.1.14, one can show that ‖ vεt ‖C(Q2T )= O(1),
which implies that

‖ R2εt(b, ·) ‖C[0,T ]= O(1), ‖ R2ε(b, ·) ‖C[0,T ]= O(1). (8.90)
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Note that h̃ε ∈ W 1,2(0, T ; L2(a, b)). We have

‖ h̃ε(·, t) ‖1 ≤ M6ε
3
2 ∀ t ∈ [0, T ].

On the other hand, for every k ≥ 1 there exists a positive constant M7 such that

| i1ζ(ζ(b), t) |≤ M7ε
k ∀t ∈ [0, T ].

Taking into account the last two estimates, we infer from (8.89) and (8.90)2∥∥R̃1ε(·, t)
∥∥

1
≤ M8ε

3
2 ,

∥∥R2ε(·, t)
∥∥

2
≤ M9ε

3
2 ∀ t ∈ [0, T ]. (8.91)

Now we are going to prove some estimates for R̃1εt and R2εt. Denote R1ε = R̃1εt,
R2ε = R2εt. Note that the problem satisfied by the remainder components can be
differentiated with respect to t and thus R1ε, R2ε satisfy the following problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1εt +
(− εT1εtx + α1R1ε

)
x

+ β1R1ε = h̃εt in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,

R1ε(x, 0) = 0, a ≤ x ≤ b, R2ε(x, 0) = 0, b ≤ x ≤ c,

T1εtx(a, t) = 0, R2ε(c, t) = 0,

R1ε(b, t) = R2ε(b, t),

εT1εtx(b, t) − α1(b)R1ε(b, t)

= μ(b)R2εx(b, t) − α2(b)R2ε(b, t) − εi1tζ(ζ(b), t)), 0 ≤ t ≤ T.

(8.92)

A standard computation leads us to the estimate

1
2

∥∥Rε(t)
∥∥2 ≤ e2ωT

(ε3

2

∫ t

0

∥∥X1tx(·, s)∥∥2

1
ds

+
∫ t

0

∥∥h̃εt(·, s)
∥∥

1
· ∥∥R1ε(·, s)

∥∥
1
ds

+ ε

∫ t

0

| R2ε(b, s)i1tζ(ζ(b), s) | ds
) (8.93)

for all t ∈ [0, T ]. Since∫ t

0

‖ h̃εt(·, s) ‖1 ds ≤ M10ε
3
2 ∀ t ∈ [0, T ],

and for every k ≥ 1 there exists a positive constant M11 such that

| i1tζ(ζ(b), t) |≤ M11ε
k for all t ∈ [0, T ],

it follows from (8.90)1 and (8.93) that

‖ R̃1εt(·, t) ‖1≤ M12ε
3
2 , ‖ R2εt(·, t) ‖2≤ M13ε

3
2 ∀ t ∈ [0, T ]. (8.94)
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Next, combining the obvious estimate

〈R̃′
ε(t), R̃ε(t)〉 +

ε

2
‖ R̃1εx(·, t) ‖2

1 +
μ0

2
‖ R2εx(·, t) ‖2

2

≤ω ‖ R̃ε(t) ‖2 +ε | R2ε(b, t)i1ζ(ζ(b), t) |

+
ε3

2
‖ X1x(·, t) ‖2

1 +‖ h̃ε(·, t) ‖1 · ‖ R̃1ε(·, t) ‖1 ∀ t ∈ [0, T ]

with (8.91) and (8.94), we infer that

‖ R̃1εx(·, t) ‖2

1 ≤ M14ε
2, ‖ R2εx(·, t) ‖2

2 ≤ M15ε
3 ∀ t ∈ [0, T ].

The rest of the proof is similar to that of Theorem 8.1.14. �

8.3 A zeroth order asymptotic expansion for
the solution of problem (P.3)ε

In this section we investigate the nonlinear coupled problem (P.3)ε (which com-
prises (S), (IC), (TC), and (BC.3)), under assumptions (i1)–(i6). Since α1 > 0,
a boundary (transition) layer of order zero is expected to occur near the line seg-
ment {(b, t); t ∈ [0, T ]} with respect to the uniform norm, like in the linear case
investigated in Section 8.1. This is indeed the case, as proved below.

8.3.1 Formal expansion

Since the problem under investigation is nonlinear, we confine ourselves to con-
structing a zeroth order asymptotic expansion for the solution. We could deter-
mine higher order asymptotic expansions, but much more difficult computations
are needed and additional assumptions on the data should be required. Having in
mind the linear case studied in Section 8.1, we suggest a zeroth order asymptotic
expansion for the solution Uε :=

(
uε(x, t), vε(x, t)

)
of problem (P.3)ε in the form:{

uε(x, t) = X0(x, t) + i0(ξ, t) + R1ε(x, t),
vε(x, t) = Y0(x, t) + R2ε(x, t),

(8.95)

where the terms of the expansion have the same meanings as in Subsection 8.1.1.
By the standard identification procedure, we can see that the components

of the zeroth order regular term, X0, Y0, satisfy the reduced problem, denoted
(P.3)0 {

X0t + (α1X0)x + β1X0 = f in Q1T ,

Y0t + (−μY0x + α2Y0)x + β2Y0 = g in Q2T ,
(8.96)
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X0(x, 0) = u0(x), x ∈ [a, b],
Y0(x, 0) = v0(x), x ∈ [b, c],

(8.97)

⎧⎪⎨⎪⎩
X0(a, t) = 0,

−μ(b)Y0x(b, t) = α1(b)X0(b, t) − α2(b)Y0(b, t),
−Y0x(c, t) = γ(Y0(c, t)), 0 ≤ t ≤ T,

(8.98)

while the (zeroth order) transition layer function (correction) is given by

i0(ξ, t) = (Y0(b, t) − X0(b, t))e−α(b)ξ.

Finally, for the remainder components we obtain the problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

R1εt + (−ε (R1εx + X0x) + α1R1ε)x + β1R1ε = hε in Q1T ,

R2εt +
(− μR2εx + α2R2ε

)
x

+ β2R2ε = 0 in Q2T ,

R1ε(x, 0) = 0, a ≤ x ≤ b, R2ε(x, 0) = 0, b ≤ x ≤ c,

R1ε(a, t) = −i0(ξ(a), t), R1ε(b, t) = R2ε(b, t),
−ε (R1ε(b, t) + X0(b, t))x + α1(b)R1ε(b, t)
= −μ(b)R2εx(b, t) + α2(b)R2ε(b, t),
−R2εx(c, t) = γ(vε(c, t)) − γ(Y0(c, t)), 0 ≤ t ≤ T,

(8.99)

where ξ(a) = (b − a)/ε,

hε(x, t) = −i0t(ξ, t) − (β1(x) + α′
1(x))i0(ξ, t) + ε−1(α1(x) − α1(b))i0ξ(ξ, t).

We also obtain the condition

i0(ξ, 0) = 0 ⇔ u0(b) = v0(b),

which will appear again in the next subsection among the compatibility conditions
that are required for the data to achieve higher regularity of the solutions.

8.3.2 Existence, uniqueness and regularity of the solutions
of problems (P.3)ε and (P.3)0

To investigate problem (P.3)ε, we consider as a basic framework the Hilbert space
H := L2(a, b) × L2(b, c) we have already introduced in Subsection 8.1.2, endowed
with the usual scalar product, denoted 〈·, ·〉, and the corresponding induced norm,
denoted ‖ · ‖. We define the nonlinear operator Jε : D(Jε) ⊂ H → H ,

D(Jε) :=
{

(h, k) ∈ H, (h, k) ∈ H2(a, b) × H2(b, c), h(b) = k(b), h(a) = 0,

−k′(c) =γ(k(c)), εh′(b) − α1(b)h(b) = μ(b)k′(b) − α2(b)k(b)
}

,

Jε(h, k) :=
(
(−εh′ + α1h)′ + β1h, (−μk′ + α2k)′ + β2k

)
.
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Obviously, problem (P.3)ε can be written as the following Cauchy problem in H{
W ′

ε(t) + JεWε(t) = F (t), 0 < t < T,

Wε(0) = W0,
(8.100)

where Wε(t) :=
(
uε(·, t), vε(·, t)

)
, W0 :=

(
u0, v0), F (t) :=

(
f(·, t), g(·, t)).

Regarding Jε, we have the following result

Lemma 8.3.1. Assume that (i1)–(i3) and (i6) are satisfied. Then, there is a positive
number ω, independent of ε, such that Jε + ωI is maximal monotone, where I is
the identity of H.

Proof. It is similar to the proof of Lemma 8.1.1, so we will just sketch it.
By a standard computation involving Lemma 7.1.2 in Chapter 7, it follows that
operator Jε + ωI is monotone for some ω large enough.
To prove the maximality of this operator one can use Theorem 2.0.6 and Theo-
rem 7.3.1 (see also Remark 7.3.2 in Chapter 7). �

Using the above lemma, we are able to derive existence and uniqueness for
problem (P.3)ε, as follows:

Theorem 8.3.2. Assume that (i1)–(i6) are fulfilled and

F ∈ W 1,1(0, T ; H), W0 ∈ D(Jε). (8.101)

Then problem (8.100) has a unique strong solution Wε which belongs to

W 1,∞(0, T ; H)
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))
⋂

L∞(0, T ; H2(a, b) × H2(b, c)).

The proof is similar to that corresponding to the linear case. Here, we can
use Theorem 2.0.20 instead of Theorem 2.0.27. See the first part of the proof of
Theorem 8.1.2.

Remark 8.3.3. For our asymptotic analysis, it would be convenient to have as-
sumptions which are independent of ε and insure that Theorem 8.3.2 is valid for
all ε > 0. This is indeed possible: conditions (8.101) hold if the following sufficient
assumptions (independent of ε) are fulfilled:{

f ∈ W 1,1(0, T ; L2(a, b)), g ∈ W 1,1(0, T ; L2(b, c)),
u0 ∈ H2(a, b), v0 ∈ H2(b, c),⎧⎪⎨⎪⎩

u0(a) = 0, u0(b) = v0(b), u′
0(b) = 0,

−μ(b)v′0(b) = α1(b)u0(b) − α2(b)v0(b),
−v′0(c) = γ(v0(c)).

(8.102)
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Next we examine problem (P.3)0. For our asymptotic analysis, we need a
solution of this problem which satisfies at least the following smoothness conditions

X0 ∈ W 1,2(0, T ; H1(a, b)), Y0 ∈ W 1,2(0, T ; H1(b, c)).

We define the operator A : D(A) ⊂ H → H ,

D(A) :=
{
(p, q) ∈ H1(a, b) × H2(b, c); p(a) = 0, − q′(c) = γ(q(c)),

− α1(b)p(b) + α2(b)q(b) = μ(b)q′(b)
}
,

A(p, q) :=
(
(α1p)′ + β1p, (−μq′ + α2q)′ + β2q

)
.

As usual, let us express our problem (P.3)0 as a Cauchy problem in H :{
Z ′(t) + AZ(t) = F (t), 0 < t < T,

Z(0) = z0,
(8.103)

where Z(t) := (X0(·, t), Y0(·, t)), F (t) := (f(·, t), g(·, t)), z0 := (u0, v0).
Concerning operator A we have the following result:

Lemma 8.3.4. Assume that (i1)–(i3) and (i6) are satisfied. Then, operator A+ωI is
maximal monotone in H for ω > 0 sufficiently large, where I is the identity of H.

The proof is similar to that of Lemma 8.1.4 and relies on Theorem 7.3.3 and
Remark 7.3.4 in Chapter 7.
Using this lemma we derive the following

Theorem 8.3.5. Assume that (i1)–(i6) are fulfilled and, in addition,

F ∈ W 1,1(0, T ; H), z0 ∈ D(A). (8.104)

Then problem (8.103) has a unique strong solution

Z ∈ W 1,∞(0, T ; H), X0 ∈ L∞(0, T ; H1(b, c)),

Y0 ∈ W 1,2(0, T ; H1(b, c))
⋂

L∞(0, T ; H2(b, c)).

The proof is omitted since it is similar to that of Theorem 8.1.5.
As shown before, we need X0 ∈ W 1,2(0, T ; H1(a, b)).
In order to achieve this regularity for X0, we consider the following separate prob-
lem for X0 ⎧⎪⎨⎪⎩

X0t + (α1X0)x + β1X0 = f in Q1T ,

X0(x, 0) = u0(x), a < x < b,

X0(a, t) = 0, 0 < t < T,

which is similar to problem (8.25) in Subsection 8.1.2. Thus, if we assume that

f ∈ W 2,1(0, T ; L2(a, b)), f(·, 0), β1 ∈ H1(a, b), u0, α1 ∈ H2(a, b),
u0(a) = f(a, 0) − (α1u0)′(a) = 0,

then (see Theorem 8.1.7) X0 ∈ C2([0, T ]; L2(a, b))
⋂

C1([0, T ]; H1(a, b)).
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Summarizing, we have

Corollary 8.3.6. Assume that assumptions (i1)–(i6) are satisfied. If f , g, α1, α2,
β1, β2, μ, u0 and v0 are smooth enough and the compatibility conditions⎧⎪⎨⎪⎩

u0(a) = 0, u0(b) = v0(b), u′
0(b) = 0,

−μ(b)v′0(b) = α1(b)u0(b) − α2(b)v0(b),
f(a, 0) − (α1u0)′(a) = 0, − v′0(c) = γ(v0(c))

are all satisfied, then problem (P.3)ε has for every ε > 0 a unique strong solution

(uε, vε) ∈W 1,∞(0, T ; L2(a, b) × L2(b, c))
⋂

W 1,2(0, T ; H1(a, b) × H1(b, c))⋂
L∞(0, T ; H2(a, b) × H2(b, c)),

and problem (P.3)0 admits a unique solution

X0 ∈ C1([0, T ]; H1(a, b))
⋂

C2([0, T ]; L2(a, b)),

Y0 ∈ W 1,∞(0, T ; L2(b, c))
⋂

W 1,2(0, T ; H1(b, c)).

8.3.3 Estimates for the remainder components

According to the above qualitative analysis, our expansion (8.95) is well defined.
Here we state some estimates for the remainder components, which are more than
enough to validate this expansion completely. More precisely, we have

Theorem 8.3.7. Assume that all the assumptions of Corollary 8.3.6 are fulfilled.
Then, for every ε > 0, the solution of problem (P.3)ε admits an asymptotic expan-
sion of the form (8.95) and the following estimates hold true∥∥R1ε

∥∥
C(Q1T )

= O(ε
1
8 ),

∥∥R2ε

∥∥
C(Q2T )

= O(ε
3
8 ).

The proof follows ideas similar to those we have already used in the proof of
Theorem 8.1.14. It is left to the reader, as an exercise.
Remark 8.3.8. If X0, Y0 were more regular (this is possible under additional
assumptions), we would be able to get better estimates for the remainder compo-
nents, as follows ∥∥R1ε

∥∥
C(Q1T )

= O(ε
1
4 ),

∥∥R2ε

∥∥
C(Q2T )

= O(ε
1
2 ).
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Chapter 9

Presentation of the Problems

While in Parts II and III of the book we discussed the possibility to replace
singular perturbation problems with the corresponding reduced models, in what
follows we aim at reversing the process in the sense that we replace given problems
with singularly perturbed, higher order (with respect to t) problems, admitting
solutions which are more regular and approximate the solutions of the original
problems. More precisely, let us consider the classical heat equation

ut − Δu = f(x, t), x ∈ Ω, 0 < t < T, (E)

with which we associate the Dirichlet boundary condition

u(x, t) = 0 for x ∈ ∂Ω, 0 < t < T, (BC)

and the initial condition
u(x, 0) = u0(x), x ∈ Ω, (IC)

where Ω is a nonempty open bounded subset of R
n with smooth boundary ∂Ω, and

Δ is the Laplace operator with respect to x = (x1, . . . , xn), i.e., Δu =
∑n

i=1uxixi .
Denote by P0 this initial-boundary value problem. If we add ±εutt, 0 < ε � 1, to
equation (E), we obtain a hyperbolic or elliptic equation, respectively,

εutt + ut − Δu = f(x, t), x ∈ Ω, 0 < t < T, (HE)

εutt + Δu = ut − f(x, t), x ∈ Ω, 0 < t < T. (EE)

Now, if we associate with each of the resulting equations the original conditions
(BC) and (IC), then we obtain new problems. Obviously, these problems are
incomplete, since both (EE) and (HE) are of a higher order with respect to t
than the original heat equation. For each problem we need to add one additional
condition to get a complete problem. We prefer to add a condition at t = T for
equation (EE), either for u or for ut, and an initial condition at t = 0 for ut
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in the case of equation (HE). So, depending on the case, we obtain an elliptic
or hyperbolic regularization of the original problem, which is expected to have a
more regular solution that approximates in some sense the solution of problem P0.

In fact, what we have said so far can be expressed in an abstract form. Let
H be a real Hilbert space. Consider the following linear evolution problem in H ,
denoted again P0 : {

u′ + Lu = f(t), t ∈ (0, T ),
u(0) = u0,

where L : D(L) ⊂ H → H is assumed to be linear, self-adjoint and positive (or,
more generally, L+ωI is positive for some ω > 0), while f is a given function, say
f ∈ L2(0, T ; H) (see the next chapter for more precise assumptions).

Now, let us consider the following second order equation, again denoted (EE),

εu′′ − u′ − Lu = −f(t), t ∈ (0, T ), (EE)

with which we associate either

u(0) = u0, u(T ) = uT , (BC.1)

or
u(0) = u0, u′(T ) = uT . (BC.2)

We denote by (P.k)ε the problem (EE), (BC.k), k = 1, 2. Both these problems
are “elliptic regularizations” of the original problem P0.

If instead of equation (EE) we consider the equation, again denoted (HE),

εu′′ + u′ + Lu = f(t), t ∈ (0, T ), (HE)

together with the initial conditions

u(0) = u0, u′(0) = u1, (IC.3)

we obtain a “hyperbolic regularization” of problem P0, denoted (P.3)ε. Problems
(P.k)ε, k = 1, 2, 3, will be investigated in the next chapter. Note that we will
require different assumptions in the case of the hyperbolic regularization. All the
three problems are singularly perturbed of the boundary layer type (the last two
are singularly perturbed of order one), with respect to the norm of C([0, T ]; H).
Obviously, from our abstract setting we can derive results for the heat equation
we started with. In fact, we will illustrate our results on a more general parabolic
equation.

In Chapter 11 we shall investigate regularizations of the Dirichlet problem
associated with the nonlinear heat equation

ut − Δu + β(u) = f(x, t), x ∈ Ω, 0 < t < T, (NE)
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where β : R −→ R is a nonlinear function. More precisely, the starting problem
P0 will be the following⎧⎪⎨⎪⎩

ut − Δu + β(u) = f(x, t), x ∈ Ω, 0 < t < T,

u(x, t) = 0 for x ∈ ∂Ω, 0 < t < T,

u(x, 0) = u0(x), x ∈ Ω.

Like in the linear case, we will investigate elliptic regularizations given by the
nonlinear elliptic equation

εutt + Δu = β(u) + ut − f(x, t), x ∈ Ω, 0 < t < T, (NEE)

with the Dirichlet boundary condition on ∂Ω as well as two-point boundary con-
ditions in the form (BC.1) or (BC.2). Also, we will be interested in the hyperbolic
regularization given by the nonlinear wave equation

εutt + ut − Δu + β(u) = f(x, t), x ∈ Ω, 0 < t < T, (NHE)

together with the Dirichlet boundary condition on ∂Ω and initial conditions in the
form (IC.3). Since there is no danger of confusion, we will denote again the three
nonlinear regularizations by (P.k)ε, k = 1, 2, 3. We will show that, under suitable
hypotheses, problem (P.1)ε is singularly perturbed of order zero, while problems
(P.k)ε, k = 2, 3, are singularly perturbed of order one, all of them with respect to
the norm of C([0, T ]; H).



Chapter 10

The Linear Case

As promised in Chapter 9, we are going to study in this chapter elliptic and hyper-
bolic regularizations of the following linear evolution problem in H , denoted P0 :{

u′ + Lu = f(t), t ∈ (0, T ),
u(0) = u0,

where H is a real Hilbert space. The scalar product of H and the norm induced
by it will be denoted 〈·, ·〉 and ‖ · ‖, respectively.

The following assumptions will be used in what follows:

(h1) L : D(L) ⊂ H → H is linear, densely defined, self-adjoint, and positive, i.e.,
〈Lu, u〉 ≥ 0 ∀ u ∈ D(L);

(h2) u0 ∈ D(L);
(h3) f ∈ L2(0, T ; H).

According to our discussion in the previous chapter, we examine in what follows
two elliptic regularizations of problem P0, denoted (P.1)ε and (P.2)ε, which are
defined by the linear perturbed equation

εu′′ − u′ − Lu = −f(t), t ∈ (0, T ), (EE)

with boundary conditions in the form (BC.1) or (BC.2), respectively.
If instead of equation (EE) we consider the equation

εu′′ + u′ + Lu = f(t), t ∈ (0, T ), (HE)

with initial conditions of the form (IC.3), then we obtain a hyperbolic regulariza-
tion of problem P0, denoted (P.3)ε.
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In this last case, we shall require different assumptions:

(i1) V and H are two real Hilbert spaces, V ⊂ H ⊂ V ∗, with dense and continuous
inclusions, where V ∗ stands for the dual of V , and H is identified with its
own dual.

In order to formulate further assumptions, let us denote by (·, ·) and 〈·, ·〉 the scalar
products of V and H , respectively. The norms induced by these scalar products
will be denoted | · | and ‖ · ‖, respectively. The duality between V and V ∗ will
also be denoted by 〈·, ·〉.
(i2) L : V → V ∗ is linear, continuous, symmetric, and

∃α ≥ 0, ω > 0 such that 〈Lv, v〉 + α ‖ v ‖2≥ ω | v |2 ∀ v ∈ V ;

(i3) u0 ∈ V, u1 ∈ H ;

(i4) f ∈ L2(0, T ; H).

The present chapter comprises four sections. The first three sections are concerned
with the asymptotic analysis of problems (P.k)ε, k = 1, 2, 3, just formulated before.
Each of the first three sections starts with the formal derivation of an Nth order
asymptotic expansion, N ≥ 0, by employing the method discussed in Chapter 1.
We shall see that in the case of the first two problems some boundary layers (of
order zero and one, respectively) occur in a neighborhood of point t = T , with
respect to the norm of C([0, T ]; H). On the other hand, in the case of problem
(P.3)ε, a boundary layer (of order one) occurs in a right vicinity of point t = 0. We
continue our treatment by validating these asymptotic expansions. We establish
some estimates for the corresponding Nth order remainders, which are more than
enough to validate our asymptotic expansions completely. In the fourth and last
section we exploit our theoretical results to discuss possible regularizations for a
parabolic type equation with the homogeneous Dirichlet boundary condition.

Let us point out that elliptic regularizations of the type (P.1)ε and (P.2)ε

have previously been studied in J.L. Lions [32], pp. 407–420, where asymptotic
expansions (of order zero and one, respectively) have been established, including
some boundary layer functions (correctors). However the methods used in that
book are different from ours.

Note that J.L. Lions [32] (see pp. 491–495) also discussed a regularization
of the form (P.3)ε, determining a zeroth order expansion for the corresponding
solution.

Moreover, an Nth order asymptotic expansion for the solution of problem
(P.1)ε was constructed in [4] in the case in which L is self-adjoint and strongly
monotone.

In addition, J.L. Lions investigated in [31] some abstract hyperbolic varia-
tional inequalities with singular perturbations.
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10.1 Asymptotic analysis of problem (P.1)ε

In this section we investigate problem (P.1)ε under assumptions (h1)–(h3). In
order to get some information about the nature of the problem, we start with a
particular example. More precisely, we consider the following two-point boundary
value problem associated with a scalar ordinary differential equation:{

εu′′
ε − u′

ε − uε = 0, t ∈ [0, T ],

uε(0) = a, uε(T ) = b,
(10.1)

where a, b ∈ R.
The solution of this problem is given by

uε(t) =
a(er2εT+r1εt − er1εT+r2εt)

er2εT − er1εT
+

b(er2εt − er1εt)
er2εT − er1εT

, t ∈ [0, T ],

where
r1ε =

2√
1 + 4ε − 1

, r2ε =
−2√

1 + 4ε + 1
.

It is worth pointing out that uε(t) converges uniformly to X0(t) = ae−t, as ε → 0,
on every subinterval of the form [0, T −δ], δ ∈ (0, T ), but not on the whole interval
[0, T ]. More precisely, uε(t) can be written in the form

uε(t) = X0(t) + i0(τ) + Rε(t), t ∈ [0, T ],

where
τ =

T − t

ε
, i0(τ) =

(
b − ae−T

)
e−τ .

One can easily check that Rε(t) converges uniformly to zero on [0, T ] as ε → 0.
Consequently, problem (P.1)ε is singularly perturbed with respect to the uniform
convergence norm, and there is a boundary layer near the endpoint t = T . We also
note that the corresponding rapid variable is τ = (T − t)/ε.
As expected, function X0 is the solution of the reduced problem{

X ′
0 + X0 = 0, t ∈ [0, T ],

X0(0) = a.

Additional information related to a problem which is more general than (10.1) can
be found in W. Eckhaus [18], pp. 51–63.

10.1.1 Nth order asymptotic expansion

Taking into account the above example as well as the general theory developed in
Chapter 1, we propose an asymptotic expansion of order N for the solution uε of
problem (P.1)ε in the form

uε(t) =
N∑

k=0

Xk(t)εk +
N∑

k=0

ik(τ)εk + Rε(t), t ∈ [0, T ], (10.2)
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where:

τ := (T − t)/ε is the stretched (fast) variable;
Xk, k = 0, 1, . . . , N , are the first (N + 1) regular terms;
ik, k = 0, 1, . . . , N , are the corresponding boundary layer functions;
Rε denotes the Nth order remainder.

Following the usual procedure, we substitute (10.2) into (P.1)ε and then equate
the coefficients of εk, k = −1, 0, . . . , (N −1), separately those depending on t from
those depending on τ , thus determining formally the terms of expansion (10.2).
First of all, we see that the regular terms satisfy the following problems, de-
noted (P.1)k: ⎧⎪⎨⎪⎩

X ′
k(t) + LXk(t) = fk(t), 0 < t < T,

Xk(0) =

{
u0, k = 0,

0, k = 1, . . . , N,

(10.3)

where

fk(t) =

{
f(t), k = 0,

X ′′
k−1(t), k = 1, . . . , N.

For the boundary layer functions we derive the equations

i′′0(τ) + i′0(τ) = 0, τ ≥ 0,

i0(0) = uT − X0(T ),

i′′k(τ) + i′k(τ) = Lik−1(τ), τ ≥ 0,

ik(0) = −Xk(T ), k = 1, . . . , N.

Taking into account the usual requirement that ‖ ik(τ) ‖→ 0 as τ → ∞, we derive{
i0(τ) = (uT − X0(T ))e−τ ,

ik(τ) = Pk(τ)e−τ , k = 1, . . . , N,
(10.4)

where Pk, k = 1, . . . , N , are polynomials of degree at most k whose coefficients
belong to H . Finally, one can see that the remainder of order N satisfies the
boundary value problem{

ε(Rε + εNXN )′′ − R′
ε − LRε = εNLiN in (0, T ),

Rε(0) = lN(T/ε), Rε(T ) = 0,
(10.5)

where lN = −i0 − εi1 − · · · − εN iN .

Thus, all the terms of the suggested expansion (10.2) have been determined
formally.



10.1. Asymptotic analysis of problem (P.1)ε 189

10.1.2 Existence, uniqueness and regularity of the solutions
of problems (P.1)ε and (P.1)k

We start with problem (P.1)ε. Since operator L satisfies assumption (h1), it is max-
imal cyclically monotone. Indeed, L is the subdifferential of ϕ : H → (−∞, +∞],

ϕ(x) =

{
1
2‖L1/2x‖2

for x ∈ D(L1/2),
+∞ otherwise,

which is convex and lower semicontinuous (see, e.g., [34], p. 43).
Now, in order to obtain higher order regularity of the solution of (P.1)ε, we are
going to examine the problem{

u′′ = Lu + h, t ∈ (0, T ),

u(0) = u0, u(T ) = uT .
(10.6)

We have

Lemma 10.1.1. Assume that (h1), (h2) are satisfied and, in addition,

h ∈ W 1,2(0, T ; H), uT ∈ D(L).

Then, problem (10.6) has a unique solution u ∈ W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H),

and
t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H).

Proof. According to Theorem 2.0.35, problem (10.6) admits a unique solution u
which belongs to W 2,2(0, T ; H). In order to prove that this solution is as regular
as stated, we consider the following problem which one derives by formal differen-
tiation with respect to t of problem (10.6):{

z′′ = Lz + h′(t), t ∈ (0, T ),

z(0) = u′(0), z(T ) = u′(T ).

According to Theorem 2.0.36, this problem has a unique solution z∈W 2,2
loc (0,T ;H),

with t3/2(T − t)3/2z′′ ∈ L2(0, T ; H).
We shall prove that z = u′. We consider the following approximate problems{

z′′λ = Lλzλ + h′(t), t ∈ (0, T ),

zλ(0) = u′(0), zλ(T ) = u′(T ),
(10.7)

and {
u′′

λ = Lλuλ + h(t), t ∈ (0, T )

uλ(0) = u0, uλ(T ) = uT ,
(10.8)
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where Lλ denotes the Yosida approximation of operator L, λ > 0 (for details on
Yosida’s approximation, see Chapter 2, Theorem 2.0.10).
Since Lλ is everywhere defined, positive and continuous, problems (10.7) and (10.8)
have unique solutions

zλ ∈ W 2,2(0, T ; H), uλ ∈ C2([0, T ]; H) ∀ λ > 0,

and (see [7], p. 306)

uλ → u, u′
λ → u′ in C([0, T ]; H), as λ −→ 0+, (10.9)

as well as (see [12])

zλ → z in C([δ, T − δ]; H), as λ −→ 0+, (10.10)

for any 0 < δ < T . Therefore, if we denote vλ = u′
λ − zλ, then vλ → u′ −

z in C([δ, T − δ]; H).
Moreover, since Lλ is linear, continuous, and h ∈ W 1,2(0, T ; H), one can

differentiate equation (10.8)1, then subtract it from equation (10.7)1 to derive{
v′′λ = Lλvλ for a.a. t ∈ (0, T ),

vλ(0) = u′
λ(0) − u′(0), vλ(T ) = u′

λ(T ) − u′(T ).
(10.11)

Obviously, vλ ∈ W 2,2(0, T ; H) and

d2

dt2
‖ vλ ‖2= 2〈vλ, v′′λ〉 + 2 ‖ v′λ ‖2≥ 0 for a.a. t ∈ (0, T ).

Consequently, the function t →‖ vλ(t) ‖2 is convex, which implies

‖ vλ(t) ‖≤ max{‖ u′
λ(0) − u′(0) ‖, ‖ u′

λ(T ) − u′(T ) ‖} ∀ t ∈ [0, T ].

Therefore, in view of (10.9), one has vλ → 0 in C([0, T ]; H), as λ −→ 0+. Thus,
u′ = z, which concludes the proof of the lemma. �

Now, using Lemma 10.1.1, one can state

Theorem 10.1.2. Assume that (h1), (h2) are satisfied, and

f ∈ W 1,2(0, T ; H), uT ∈ D(L). (10.12)

Then, problem (P.1)ε has a unique solution uε ∈ W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H),

with
t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H).

Proof. First of all, note that (P.1)ε is a particular case of problem (2.19) in
Chapter 2. Therefore, according to Theorem 2.0.37, it has a unique solution
uε ∈ W 2,2(0, T ; H). Now, we apply Lemma 10.1.1 with L := ε−1L and h :=
ε−1(u′

ε − f) ∈ W 1,2(0, T ; H). �
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In what follows we deal with problems (P.1)k, k = 0, . . . , N . Our aim is to
show that, under appropriate assumptions, XN ∈ W 1,2(0, T ; H), which will be
needed for deriving estimates for the Nth order remainder of expansion (10.2).

Denote α00 = u0, α0k = 0 ∀ k = 1, . . . , N . For a fixed k ∈ {0, . . . , N − 1},
we have

Theorem 10.1.3. Assume that N ≥ 1, (h1), (h2) are satisfied, and

fk ∈ WN−k,2(0, T ; H); (10.13)

αjk = f
(j−1)
k (0) − Lαj−1,k ∈ D(L) ∀ j = 1, . . . , N − k − 1,

αN−k,k = f
(N−k−1)
k (0) − LαN−k−1,k ∈ D(L1/2).

(10.14)

Then, problem (P.1)k has a unique solution Xk ∈ WN−k+1,2(0, T ; H).

Proof. As noted before, by virtue of (h1), L is a subdifferential: L = ∂ϕ. Therefore,
by Theorem 2.0.24, (P.1)k has a unique strong solution Xk ∈ W 1,2(0, T ; H). Note
that ∀ j = 1, . . . , N −k, X

(j)
k is the unique strong solution of the Cauchy problem{
Z ′

j + LZj = f
(j)
k , t ∈ (0, T ),

Zj(0) = αjk.

Thus, Zj = X
(j)
k ∈ W 1,2(0, T ; H) ∀ j = 1, . . . , N − k.

Therefore, Xk ∈ WN−k+1,2(0, T ; H). �
Remark 10.1.4. We suppose that N ≥ 1. As said before, we want to obtain XN ∈
W 1,2(0, T ; H). Thus, taking into account the form of problems (P.1)k, one should
have

Xk ∈ WN−k+1,2(0, T ; H) ∀k = 1, . . . , N − 1.

Hence, according to Theorem 10.1.3, if

f ∈ WN,2(0, T ; H),

αjk ∈ D(L), f
(N−k−1)
k (0) − LαN−k−1,k ∈ D(ϕ) = D(L1/2),

∀ k = 0, . . . , N − 1, ∀ j = 0, . . . , N − k − 1,

(10.15)

then, XN−1 ∈ W 2,2(0, T ; H). Taking into account problem (P.1)N , we obtain that
XN ∈ W 1,2(0, T ; H).
Note also that the following conditions

f (N−1)(0) ∈ D(L1/2), f (N−2)(0) ∈ D(L), . . . , f(0) ∈ D(LN ), u0 ∈ D(LN+1)

are sufficient to imply that

αjk ∈D(L), f
(N−k−1)
k (0) − LαN−k−1,k ∈ D(L1/2),

∀ k = 0, . . . , N − 1 ∀ j = 0, . . . , N − k − 1.
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If N = 0 and assumptions (h2), (h3) hold, then one can easily see that
X0 ∈ W 1,2(0, T ; H).

By employing what we have proved so far, we can state the following con-
cluding result:

Corollary 10.1.5. Let N ≥ 1. Assume that (h1), (h2), (10.15) are satisfied and
uT ∈ D(L). Then problems (P.1)ε, ε > 0, and (P.1)k, k = 0, . . . , N , have unique
solutions

uε ∈ W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H), t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H),

Xk ∈ WN−k+1,2(0, T ; H).

If N = 0, (h1)–(h3) hold, and uT ∈ D(L), then problems (P.1)ε, ε > 0, and (P.1)0
have unique solutions

uε ∈ W 2,2(0, T ; H), X0 ∈ W 1,2(0, T ; H).

Remark 10.1.6. The above results remain valid to some extent, if (h1) is replaced
with the following weaker assumption:

(h′
1) L : D(L) ⊂ H → H is a linear operator, with the property that there is a

constant ω > 0 such that L+ωI is maximal monotone (I denotes the identity
operator).

Indeed, in our above investigation of problem (P.1)ε we have used (h1) to obtain
maximal monotonicity for L. But, if the weaker assumption (h′

1) holds, then one
can use the transformation v(t) = e−γtu(t) to rewrite equation (EE) in the form

−εv′′ + (1 − 2εγ)v′ + γ(1 − εγ)v + Lv = e−γtf(t), t ∈ (0, T ),

and operator L = L+γ(1−εγ)I is maximal monotone for γ = 2ω and ε ≤ 1/(4ω).
On the other hand, in the study of problems (P.1)k we have essentially

used the fact that L is a subdifferential, L = ∂ϕ. If the weaker assumption
(h′

1) holds, one can apply Theorem 2.0.27 in Chapter 2 to derive a result sim-
ilar to Theorem 10.1.3. However, our previous requirements (10.13) and (10.14)2
should be replaced with the stronger assumptions fk ∈ WN−k+1,1(0, T ; H) and
f

(N−k−1)
k (0) − LαN−k−1,k ∈ D(L), respectively, and our requirements (10.15)

should also be modified accordingly.

10.1.3 Estimates for the remainder

In what follows we establish an estimate in the norm of C([0, T ]; H) for the Nth or-
der remainder of expansion (10.2). In particular, this estimate validates expansion
(10.2) completely.
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More precisely, we have:

Theorem 10.1.7. Suppose that all the assumptions of Corollary 10.1.5 are satis-
fied. Then, for every ε > 0, the solution of problem (P.1)ε admits an asymptotic
expansion of the form (10.2) and the following estimates hold

‖Rε‖C([0,T ];H) = O(εN+1/4), ‖ R′
ε ‖L2(0,T ;H)= O(εN ),

〈LRε, Rε〉L2(0,T ;H) = O(ε2N+1).

For N = 0, u′
ε → X ′

0 weakly in L2(0, T ; H).

Proof. From Corollary 10.1.5 and (10.2) we derive Rε + εNXN ∈ W 2,2(0, T ; H),
Rε ∈ W 1,2(0, T ; H).
Now, let us homogenize the first condition in (10.5)2. Denote

Rε(t) = Rε(t) − (T − t)
T

lN

(T

ε

)
, t ∈ [0, T ].

Obviously, Rε satisfies the boundary value problem{
ε
(
Rε + (T−t)

T lN

(
T
ε

)
+ εNXN

)′′
− R

′
ε − LRε = hε in (0, T ),

Rε(0) = Rε(T ) = 0,
(10.16)

where hε(t) = εNLiN − 1
T lN

(
T
ε

)
+ T−t

T LlN

(
T
ε

)
.

If we take the scalar product in H of equation (10.16)1 with Rε(t), and then
integrate the resulting equation over [0, T ], we get

ε

∫ T

0

[〈(
Rε +

(T − t)
T

lN

(T

ε

)
+ εNXN

)′
, Rε

〉′
− ‖ R

′
ε ‖2

]
dt

− 1
2

∫ T

0

d

dt
‖ Rε ‖2 dt =

∫ T

0

〈LRε, Rε〉dt

+
∫ T

0

〈hε, Rε〉dt + εN+1

∫ T

0

〈X ′
N , R

′
ε〉dt.

Since Rε ∈ H1
0 (0, T ; H), this equation leads us to

〈LRε, Rε〉L2(0,T ;H) + ε ‖ R
′
ε ‖2

L2(0,T ;H)

≤ ‖ Rε ‖L2(0,T ;H) · ‖ hε ‖L2(0,T ;H)

+ εN+1 ‖ R
′
ε ‖L2(0,T ;H) · ‖ X ′

N ‖L2(0,T ;H)

≤K ‖ R
′
ε ‖L2(0,T ;H) · ‖ hε ‖L2(0,T ;H)

+ εN+1 ‖ R
′
ε ‖L2(0,T ;H) · ‖ X ′

N ‖L2(0,T ;H),

(10.17)

where K is a positive constant, independent of ε.
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On the other hand, for every k = 0, . . . , N and j ∈ N, we have

‖ ik ‖L2(0,T ;H) = O(ε1/2), ‖ LiN ‖L2(0,T ;H)= O(ε1/2),∥∥∥∥lN

(T

ε

)∥∥∥∥ = O(εj),
(10.18)

from which it follows that

‖ hε ‖L2(0,T ;H)= O(εN+1/2).

From (10.17) and (h1) we easily derive the estimate

‖ R
′
ε ‖L2(0,T ;H)= O(εN−1/2). (10.19)

In what follows we are going to obtain an estimate for ‖ Rε ‖L2(0,T ;H). Denote
R̃ε = e−tRε. Thus, equation (10.16)1 reads

εe−t(Rε + εNXN)′′ − R̃′
ε − R̃ε − LR̃ε = h̃ε in (0, T ),

where h̃ε = e−thε. If we multiply this equation by R̃ε and then integrate the
resulting equation over [0, T ], we get:

‖ R̃ε ‖2
L2(0,T ;H) +

∫ T

0

〈LR̃ε, R̃ε〉dt

= ε

∫ T

0

e−t〈(Rε + εNXN)′′, R̃ε〉dt −
∫ T

0

〈h̃ε, R̃ε〉dt,

from which we derive

‖ R̃ε ‖2
L2(0,T ;H) + ε

∫ T

0

e−2t ‖ R
′
ε ‖2 dt + 〈LR̃ε, R̃ε〉L2(0,T ;H)

≤
∫ T

0

| 〈h̃ε, R̃ε〉 | dt + 2ε

∫ T

0

| 〈S′
ε, R̃ε〉 | dt

+ ε

∫ T

0

e−2t
∣∣∣〈εNX ′

N − 1
T

lN

(T

ε

)
, R

′
ε

〉∣∣∣dt

≤1
2
‖ h̃ε ‖2

L2(0,T ;H) +
1
2
‖ R̃ε ‖2

L2(0,T ;H) +2ε ‖ R̃ε ‖L2(0,T ;H) · ‖ S′
ε ‖L2(0,T ;H)

+
ε

2

∫ T

0

e−2t ‖ R
′
ε ‖2 dt + M1ε

∥∥∥∥εNX ′
N − 1

T
lN

(T

ε

)∥∥∥∥2

L2(0,T ;H)

(M1 is a positive constant independent of ε).
Denoting Eε =‖ R̃ε ‖L2(0,T ;H) and taking into account estimates (10.18) and
(10.19), we get

1
2
E2

ε ≤ M2ε
N+1/2Eε + M3ε

2N+1,
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where M2, M3 are some positive constants, independent of ε. It follows that

‖ R̃ε ‖L2(0,T ;H)= O(εN+1/2) ⇒‖ Rε ‖L2(0,T ;H)= O(εN+1/2).

This together with (10.17) implies

〈LRε, Rε〉L2(0,T ;H) = O(ε2N+1), ‖ R
′
ε ‖L2(0,T ;H)= O(εN ). (10.20)

Thus, from the obvious formula

‖ Rε(t) ‖2= 2
∫ t

0

〈Rε(s), R
′
ε(s)〉ds ∀ t ∈ [0, T ],

we derive
‖Rε‖C([0,T ];H) = O(εN+1/4).

Taking into account the definition of Rε, we obtain the desired estimates for Rε.
In the particular case N = 0, it follows from (10.20)2 that {R′

ε}ε>0 converges to
zero weakly in L2(0, T ; H). �

Remark 10.1.8. If we consider the particular case N = 0 and uT = X0(T ) (i.e.,
i0 ≡ 0) then, the problem is regularly perturbed of order zero, and the following
estimates hold true

‖uε − X0‖C([0,T ];H) = O(ε1/4), ‖uε − X0‖L2(0,T ;H) = O(ε1/2),

〈L(uε − X0), uε − X0〉L2(0,T ;H) = O(ε).

Remark 10.1.9. Theorem 10.1.7 is still valid if we require the weaker assumption
(h′

1) (instead of (h1)). In this case, one can use similar ideas and computation,
with R̃ε = e−(1+ω)tRε.

10.2 Asymptotic analysis of problem (P.2)ε

In this section we examine problem (P.2)ε (which has been formulated in Chapter
9), under assumptions (h1)–(h3). This problem comprises equation (E) and the
boundary conditions (BC.2).

If we considered again the example discussed in Section 10.1, but with the
new condition u′

ε(T ) = b instead of uε(T ) = b, we would easily conclude that the
solution uε of problem (P.2)ε converges uniformly on the whole interval [0, T ] to
the solution X0 of the corresponding reduced problem (which is exactly the same as
in the previous case: see below). Thus, such an elliptic regularization is a regularly
perturbed problem of order zero. However, we shall see that in general (P.2)ε is
singularly perturbed of any order ≥ 1, with respect to the norm of C([0, T ]; H).
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10.2.1 Nth order asymptotic expansion

According to the above remark on that particular example, we shall try to deter-
mine a high order asymptotic expansion for the solution uε of problem (P.2)ε in
the form

uε(t) =
N∑

k=0

Xk(t)εk +
N∑

k=0

ik(τ)εk + Rε(t), t ∈ [0, T ]. (10.21)

The terms involved in this expansion have the same meaning as in Subsec-
tion 10.1.1, and the rapid variable τ is the same. Moreover, one can see that Xk(t)
satisfy the same problems, which will be re-denoted here (P.2)k, k = 0, . . . , N , for
convenience. The boundary layer functions satisfy the problems

i′′0(τ) + i′0(τ) = 0, τ ≥ 0,

i′0(0) = 0, i0(∞) = 0,

i′′k(τ) + i′k(τ) = Lik−1(τ), τ ≥ 0, k = 1, . . . , N,

i′k(0) =

{
X ′

0(T ) − uT , k = 1,

X ′
k−1(T ), k = 2, . . . , N,

ik(∞) = 0, k = 1, . . . , N,

and therefore

i0(τ) ≡ 0, (10.22)

ik(τ) = Pk(τ)e−τ , k = 1, . . . , N,

where Pk, k = 1, . . . , N , are polynomials with coefficients in H , whose degrees do
not exceed k − 1.
Finally, the Nth order remainder satisfies formally the following boundary value
problem ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ε(Rε + εNXN )′′ − R′
ε − LRε = εNLiN in (0, T ),

Rε(0) = lN (T/ε),

R′
ε(T ) =

{
uT − X ′

0(T ), N = 0,

−εNX ′
N(T ), N ≥ 1,

(10.23)

where lN = −εi1 − · · · − εN iN .

It is worth mentioning that there is no boundary layer of order zero, since i0
is the null function (see (10.22)). This assertion will be validated later.
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10.2.2 Existence, uniqueness and regularity of the solutions
of problems (P.2)ε and (P.2)k

One can use ideas similar to those in Subsection 10.1.2 to establish similar results.
We shall not go into details, but just state these results. For problem (P.2)ε we
have

Theorem 10.2.1. Assume that (h1), (h2) are satisfied and, in addition,

f ∈ W 1,2(0, T ; H), uT ∈ D(L).

Then, problem (P.2)ε has a unique solution uε ∈ W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H),

and
t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H).

The problems satisfied by the regular terms are exactly the same as in Sub-
section 10.1.1, thus Theorem 10.1.3 in Subsection 10.1.2 can be used here as such.

We conclude by stating the following

Corollary 10.2.2. Assume that N ≥ 1, (h1), (h2), (10.15) are satisfied, and
uT ∈ D(L). Then problems (P.2)ε, ε > 0, and (P.2)k, k = 0, . . . , N , have unique
solutions

uε ∈ W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H), t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H),

Xk ∈ WN−k+1,2(0, T ; H).

If N = 0, (h1)–(h3), uT ∈ D(L) hold, then problems (P.2)ε, ε > 0, and (P.2)0
have unique solutions

uε ∈ W 2,2(0, T ; H), X0 ∈ W 1,2(0, T ; H).

10.2.3 Estimates for the remainder

As usual, we continue our asymptotic analysis with estimates for the remainder.
In particular, our estimate below for Rε, with respect to the norm of C([0, T ]; H),
is more than enough to validate our Nth order asymptotic expansion (10.21).

Theorem 10.2.3. Suppose that all the assumptions of Corollary 10.2.2 are satis-
fied. Then, for every ε > 0, the solution of problem (P.2)ε admits an asymptotic
expansion of the form (10.21) and the following estimates hold

‖Rε‖C([0,T ];H) = O(εN+1/4), ‖ R′
ε ‖L2(0,T ;H)= O(εN ),

〈LRε, Rε〉L2(0,T :H) = O(ε2N+1) ∀ N ≥ 1.
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Moreover, in case N = 0 we have the estimates

‖uε − X0‖C([0,T ];H) = O(ε1/4), ‖uε − X0‖L2(0,T ;H) = O(ε1/2),

〈L(uε − X0), uε − X0〉L2(0,T ;H) = O(ε),

and u′
ε → X ′

0 weakly in L2(0, T ; H).

Proof. It is similar to the proof of Theorem 10.1.7. We shall just provide the reader
with the main steps of it. First, by the substitution

Rε(t) = Rε(t) − (T − t)
T

lN

(T

ε

)
, t ∈ [0, T ],

we homogenize the boundary condition (10.23)2. Indeed, the new unknown Rε

satisfies the problem⎧⎨⎩ ε
(
Rε + (T−t)

T lN

(
T
ε

)
+ εNXN

)′′
− R

′
ε − LRε = hε in (0, T ),

Rε(0) = 0, R
′
ε(T ) = R′

ε(T ) + 1
T lN

(
T
ε

)
,

(10.24)

where
hε(t) = εNLiN − 1

T
lN

(T

ε

)
+

T − t

T
LlN

(T

ε

)
.

If we repeat the computation which led to (10.17), we derive the inequality

ε ‖ R
′
ε ‖2

L2(0,T ;H) +
1
2
‖ Rε(T ) ‖2 +〈LRε, Rε〉L2(0,T ;H)

≤ ‖ Rε ‖L2(0,T ;H) · ‖ hε ‖L2(0,T ;H)

+ ε ‖ Rε(T ) ‖
(
‖ R

′
ε(T ) ‖ +T−1 ‖ lN (ε−1T ) ‖ +εN ‖ X ′

N (T ) ‖
)

+ εN+1 ‖ R
′
ε ‖L2(0,T ;H) · ‖ X ′

N ‖L2(0,T ;H)

≤Mε2N +
ε

2
‖ R

′
ε ‖2

L2(0,T ;H) +
1
4
‖ Rε(T ) ‖2,

(10.25)

where M is a positive constant which does not depend on ε. We have used estimates
(10.18), ‖ R

′
ε(T ) ‖= O(εN ), as well as the homogeneous condition Rε(0) = 0. From

(10.25) it follows

‖ R
′
ε ‖L2(0,T ;H)= O(εN−1/2), ‖ Rε(T ) ‖= O(εN ).

In case N = 0, we have hε ≡ 0, and so we find

‖ R
′
ε ‖L2(0,T ;H)= O(1), ‖ Rε(T ) ‖= O(ε1/2).

To derive convenient estimates for ‖ Rε ‖L2(0,T ;H), we denote R̃ε = e−tRε, and
follow our previous reasoning from the proof of Theorem 10.1.7 to reach the desired
conclusions. �
Remark 10.2.4. It is worth pointing out that all the results of this section remain
valid if we replace (h1) with (h′

1).
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10.3 Asymptotic analysis of problem (P.3)ε

In this section we deal with problem (P.3)ε, which is a hyperbolic regularization of
a parabolic problem. In our investigation we shall require assumptions (i1)–(i4).

As for the previous cases, to get information on the existence of possible
boundary layers and the form of the corresponding rapid variables, we examine
the Cauchy problem associated with a simple ordinary differential equation:{

εu′′
ε + u′

ε + uε = 0, t ∈ [0, T ],

uε(0) = a, u′
ε(0) = b,

(10.26)

where a, b ∈ R.
A straightforward computation leads us to

uε(t) =
ar2ε − b

r2ε − r1ε
er1εt +

b − ar1ε

r2ε − r1ε
er2εt, t ∈ [0, T ],

where

r1ε = −
(

1
ε

)
· 1 +

√
1 − 4ε

2
, r2ε =

−1 +
√

1 − 4ε

2ε
= − 2√

1 − 4ε + 1
.

It is easily seen that uε(t) can be written as

uε(t) = ae−t + (a + b − at)e−tε − (a + b)e−t/εε + Rε(t), t ∈ [0, T ],

where ε−1Rε(t) approaches zero uniformly on [0, T ], as ε → 0. This first order
expansion shows that the problem is regularly perturbed of order zero with respect
to the uniform norm, but singularly perturbed of order one (with respect to the
same norm). We have a boundary layer of order one near the endpoint t = 0, and
the corresponding rapid variable is ξ = t/ε.

Taking into account this example, we guess that the general problem (P.3)ε

is regularly perturbed of order zero with respect to the norm of C([0, T ]; V ), but
singularly perturbed of order one, and of any order N ≥ 1. We can also guess the
form of the fast variable: ξ = t/ε.

In fact, one can also derive (heuristically) these things by transforming (P.3)ε

into a first order problem by the usual substitution v = u′ and by comparing the
latter with the hyperbolic problems examined in Part II.

10.3.1 Nth order asymptotic expansion

Taking into account the above discussion, we shall attempt to determine an Nth
order asymptotic expansion for the solution uε of problem (P.3)ε in the form

uε(t) =
N∑

k=0

Xk(t)εk +
N∑

k=0

ik(ξ)εk + Rε(t), t ∈ [0, T ], (10.27)
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where ξ = t/ε is the fast variable, while the terms of the expansion have the same
meaning as in Subsection 10.1.1. In order to determine these terms we follow the
standard procedure. We start with the following problem satisfied by i0:{

i′′0(ξ) + i′0(ξ) = 0, ξ ≥ 0,

i′0(0) = 0, i0(+∞) = 0.
(10.28)

Obviously, i0 ≡ 0, as expected. Then, we see that X0(t) should satisfy the reduced
problem (P.3)0: {

X ′
0(t) + LX0(t) = f(t), 0 < t < T,

X0(0) = u0.
(10.29)

If X ′
0(0) makes sense, one can determine i1(ξ) as the solution of the problem{

i′′1(ξ) + i′1(ξ) = 0, ξ ≥ 0,

i′1(0) = −X ′
0(0) + u1, i1(+∞) = 0,

(10.30)

i.e.,
i1(ξ) = [X ′

0(0) − u1]e−ξ.

For the other regular terms we derive the following problems, denoted (P.3)k:{
X ′

k(t) + LXk(t) = −X ′′
k−1(t), 0 < t < T,

Xk(0) = −ik(0), k = 1, . . . , N.
(10.31)

The other boundary layer functions should satisfy the problems{
i′′k(ξ) + i′k(ξ) = −Lik−1(ξ), ξ ≥ 0,

i′k(0) = −X ′
k−1(0), ik(+∞) = 0, k = 2, . . . , N.

(10.32)

Since i1 is known, problem (P.3)1 is completely defined. Using (10.31) and (10.32)
alternatively, we can determine all the corrections (see the next subsection). More-
over, all (P.3)k can be determined formally.
Finally, for the Nth order reminder we can derive the Cauchy problem{

εR′′
ε + R′

ε + LRε = −εN(εX ′′
N + LiN) in (0, T ),

Rε(0) = 0, R′
ε(0) = −εNX ′

N (0).
(10.33)

10.3.2 Existence, uniqueness and regularity of the solutions
of problems (P.3)ε and (P.3)k

We start with problem (P.3)ε. Without any loss of generality, we assume that
ε = 1 and denote the unknown function by u (instead of uε). Consider the product
Hilbert space H1 = V × H with the scalar product

〈h1, h2〉1 = 〈Lu1, u2〉 + α〈u1, u2〉 + 〈v1, v2〉 ∀ hi = (ui, vi) ∈ H1, i = 1, 2,
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and operator A : D(A) ⊂ H1 → H1,

D(A) = {(u, v) ∈ H1; Lu ∈ H}, A(u, v) = (−v, Lu + v).

Obviously, problem (P.3)ε can be written in the form of the following Cauchy
problem in H1: {

U ′(t) + AU(t) = F (t), t ∈ (0, T ),

U(0) = U0,
(10.34)

where U(t) = (u(t), u′(t)), F (t) = (0, f(t)), U0 = (u0, u1). We have the following
existence and regularity result (where uε appears again for later use):

Theorem 10.3.1. Assume that (i1)–(i3) are satisfied and

f ∈ W 1,1(0, T ; H), Lu0 ∈ H. (10.35)

Then, problem (P.3)ε has a unique solution uε ∈ C1([0, T ]; V )
⋂

C2([0, T ]; H). If,
in addition,

f ∈ W 2,1(0, T ; H), u1 ∈ V, Lu1 ∈ H, (10.36)

then uε belongs to the space C2([0, T ]; V )
⋂

C3([0, T ]; H).

Proof. It is well known that under assumptions (i1), (i2) (see [7], p. 268) operator
A + ω1I is maximal monotone, where ω1 is the positive constant defined by

ω1 = sup
{

α〈u, v〉
〈Lu, u〉+ α ‖ u ‖2 + ‖ v ‖2

; u ∈ V, v ∈ H, | u | + ‖ v ‖	= 0
}

,

while I is the identity operator on H1. Thus, −A generates a linear C0-semigroups
on H1. On the other hand, assumptions (i3) and (10.35)2 imply that U0 ∈ D(A).
Therefore, according to Theorem 2.0.27 in Chapter 2, problem (10.34) has a unique
strong solution U ∈ C1([0, T ]; H1), AU ∈ C([0, T ]; H1), i.e.,

uε ∈ C1([0, T ]; V )
⋂

C2([0, T ]; H), Luε ∈ C([0, T ]; H).

If, in addition, assumptions (10.36) hold, then F (0) − AU0 ∈ D(A) and F ′ ∈
W 1,1(0, T ; H1), and hence U ′ is the strong solution of the equation which is derived
by formal differentiation of equation (10.34)1, with U ′(0) = F (0)−AU0. Therefore,
the last conclusion of the theorem follows immediately. �

Let us continue with problems (P.3)k, k = 0, . . . , N . First of all, we may
assume that α = 0, since otherwise we can see that Xk = e−αtXk satisfy the
following problems{

X
′
k(t) + L Xk(t) = e−αtfk(t), 0 < t < T,

Xk(0) = Xk(0), k = 0, . . . , N,
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where

fk(t) =

{
f(t), k = 0,

−X ′′
k−1(t), k = 1, . . . , N,

and L = L+αI (I is the identity operator on V ) satisfying the inequality 〈Lv, v〉 ≥
ω | v |2 ∀ v ∈ V .
Now, we define LH : D(LH) → H by

D(LH) = {u ∈ V ; Lu ∈ H}, LHu = Lu ∀ u ∈ D(LH),

which is a monotone operator in H . It is well known that LH is maximal monotone.
In fact, LH is the subdifferential of ϕ : H → (−∞, +∞],

ϕ(x) =

{
1
2 〈Lx, x〉 for x ∈ V,

+∞ otherwise.

Consider the Cauchy problems⎧⎪⎨⎪⎩
X ′

k(t) + LHXk(t) = fk(t), 0 < t < T,

Xk(0) =

{
u0, k = 0,

−ik(0), k = 1, . . . , N.

For k = 0, if we denote

α00 = u0, αj0 = f (j−1)(0) − Lαj−1,0 ∀ j = 1, . . . , N + 1,

then, under the following conditions

f ∈ WN+1,2(0, T ; H); (10.37)

αj0 ∈ V, Lαj0 ∈ H ∀ j = 0, . . . , N, αN+1,0 ∈ V, (10.38)

we can show (see Theorem 10.1.3) that problem (P.3)0 has a unique solution
X0 ∈ WN+2,2(0, T ; H), and

X
(l)
0 (t) ∈ D(LH) ∀ t ∈ [0, T ] ∀ l = 0, . . . , N.

On the other hand, from (10.30) we know that

i1 = (X ′
0(0) − u1)e−ξ = (f(0) − Lu0 − u1)e−ξ ∀ ξ ≥ 0.

Let us assume that the above conditions (10.37) and (10.38) hold. We continue
with the case k = 1, in which f1 = −X ′′

0 ∈ WN,2(0, T : H). Denote

α01 = −i1(0) = −f(0) + Lu0 + u1, αj1 = f
(j−1)
1 (0) − Lαj−1,1 ∀ j = 1, . . . , N.
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Assume in addition that the following conditions are satisfied

αj1 ∈ V, Lαj1 ∈ H ∀ j = 0, . . . , N − 1, αN1 ∈ V. (10.39)

Like in case k = 0, we can prove that problem (P.3)1 has a unique solution

X1 ∈ WN+1,2(0, T ; H), X
(l)
1 (t) ∈ D(LH) ∀ t ∈ [0, T ] ∀ l = 0, . . . , N − 1.

From (10.32) we infer that

i2(ξ) = (X ′
1(0) − Lα01 − ξLα01)e−ξ ∀ ξ ≥ 0.

By a recurrent procedure, one can formulate conditions for f, u0, u1 (which are
in fact regularity and compatibility conditions for the data) which ensure that all
problems (P.3)k admit unique solutions Xk ∈ WN−k+2,2(0, T ; H), and

ik(ξ) = Pk(ξ)e−ξ ∀ ξ ≥ 0 ∀ k = 1, . . . , N,

where Pk, k = 1, . . . , N , are polynomials of degree at most k − 1 with coefficients
in V .
Taking into account the above results, we can state the following

Corollary 10.3.2. Assume that (i1)–(i2) hold and that f, u0, u1 satisfy appropriate
conditions as described above. Then, problems (P.3)ε, ε > 0, and (P.3)k, k =
0, . . . , N , have unique solutions

uε ∈ C2([0, T ]; V )
⋂

C3([0, T ]; H), Xk ∈ WN−k+2,2(0, T ; H).

10.3.3 Estimates for the remainder

We conclude this chapter with some estimates for the Nth order remainder of
expansion (10.27):

Theorem 10.3.3. Suppose that all the assumptions of Corollary 10.3.2 are satisfied.
Then, for every ε > 0, the solution uε of problem (P.3)ε admits an asymptotic
expansion of the form (10.27) and the following estimates hold

‖Rε‖C([0,T ];V ) = O(εN+1/2), ‖ R′
ε ‖L2(0,T ;H)= O(εN+1/2).

Proof. According to Corollary 10.3.2 we get from (10.27) that Rε ∈ W 2,2(0, T ; H).
In addition, Rε(t), R′

ε(t) ∈ V , LRε(t) ∈ H ∀ t ∈ [0, T ].
Now, we choose a positive constant γ0 ≥ α and denote

Rε(t) = e−γ0tRε(t), t ∈ [0, T ].

A straightforward computation shows that Rε satisfies the following boundary
value problem{

εR
′′
ε + (1 + 2εγ0)R

′
ε + (γ0 + εγ2

0)Rε + LRε = hε in (0, T ),

Rε(0) = 0, R
′
ε(0) = −εNX ′

N (0),
(10.40)

where hε = −εNe−γ0t(εX ′′
N + LiN), hε ∈ L2(0, T ; H).
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We multiply equation (10.40)1 by R
′
ε. Thus, we can derive

ε

2
d

dt

(
‖ R

′
ε(t) ‖2 +γ2

0 ‖ Rε(t) ‖2
)
+ ‖ R

′
ε(t) ‖2 +

1
2

d

dt
〈LRε(t) + γ0Rε(t), Rε(t)〉

≤ 〈hε(t), R
′
ε(t)〉 ∀ t ∈ [0, T ].

If we integrate this inequality over [0, t] and take into account that 〈Lu+γ0u, u〉 ≥
ω | u |2 ∀u ∈ V , we get

ε

2
‖ R

′
ε(t) ‖2 +

∫ t

0

‖ R
′
ε(s) ‖2 ds +

ω

2
| Rε(t) |2≤ ε

2
‖ R

′
ε(0) ‖2

+
1
2

∫ t

0

‖ hε(s) ‖2 ds +
1
2

∫ t

0

‖ R
′
ε(s) ‖2 ds

(10.41)

∀ t ∈ [0, T ]. Since ‖ hε ‖L2(0,T ;H)= O(εN+1/2), ‖ R
′
ε(0) ‖= O(εN ), we can derive

from (10.41) the following estimates

‖ R
′
ε(t) ‖ ≤ M1ε

N ,

| Rε(t) | ≤ M2ε
N+1/2 ∀ t ∈ [0, T ],

‖ R
′
ε ‖L2(0,T ;H) = O(εN+1/2),

(10.42)

where M1, M2 are some constants, independent of ε. Finally, taking into account
the definition of Rε, one can easily derive the desired estimates for Rε. �

Remark 10.3.4. If we choose u1 = f(0) − Lu0, then R′
ε(0) = 0, and so inequality

(10.41) leads us to

| Rε(t) |≤ C1ε, ‖ R
′
ε(t) ‖≤ C2ε

1/2 ∀ t ∈ [0, T ], ‖ R
′
ε ‖L2(0,T ;H)= O(ε),

since ‖ hε ‖L2(0,T ;H)= O(ε). Consequently, we can readily derive the following
stronger estimates

‖uε − X0‖C([0,T ];V ) = O(ε), ‖ u′
ε − X ′

0 ‖C([0,T ];H) = O(ε1/2),

‖ u′
ε − X ′

0 ‖L2(0,T ;H) = O(ε).

10.4 An Example

In this section we illustrate our previous abstract results on a specific parabolic
problem.

Let Ω ⊂ R
n be a bounded open set, with boundary ∂Ω sufficiently smooth,

and let T > 0 be given. Denote ΩT = Ω × (0, T ], ΣT = ∂Ω × [0, T ].
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Consider the following linear differential operator

L : D(L) ⊂ H → H, H = L2(Ω), D(L) = H2(Ω)
⋂

H1
0 (Ω),

Lu = −
n∑

i,j=1

∂

∂xj

(
aij(x)

∂u

∂xi

)
+

n∑
i=1

bi(x)
∂u

∂xi
+ c(x)u ∀ u ∈ D(L), (10.43)

where aij : Ω → R, aij ∈ C1(Ω), aij = aji; bi, c ∈ L∞(Ω), 1 ≤ i, j ≤ n.
Assume in addition that operator L is uniformly elliptic, i.e., there exists a constant
θ > 0 such that

n∑
i,j=1

aij(x)ξiξj ≥ θ | ξ |2 ∀ x ∈ Ω ∀ ξ = (ξ1, . . . , ξn) ∈ R
n, (10.44)

where | · | stands for the Euclidean norm of R
n.

Consider the following problem, denoted P0,⎧⎪⎨⎪⎩
ut(x, t) + Lu(x, t) = f(x, t), (x, t) ∈ ΩT ,

u(x, t) = 0 for (x, t) ∈ ΣT ,

u(x, 0) = u0(x), x ∈ Ω,

(10.45)

where f : ΩT → R, u0 : Ω → R are given functions.
Obviously, if aij = δij , bi ≡ 0, c ≡ 0, then L = −Δ and problem P0 coincides

with problem (E), (BC), (IC) with which we started Chapter 9.
Suppose that H = L2(Ω) is equipped with the usual scalar product 〈·, ·〉 and

the induced norm ‖ · ‖. We can write problem (10.45) as a Cauchy problem in H ,
as follows {

u′ + Lu = f(t), t ∈ (0, T ),
u(0) = u0.

It is well known that, under the above hypotheses, there exists an ω > 0 such that
L + ωI is maximal monotone in H , where I is the identity operator on H (see
L.C. Evans [19], pp. 421–422).

Let us consider elliptic regularizations of the above problem P0 of the form
presented in Chapter 10 and again denoted (P.i)ε, i = 1, 2. A zeroth order asymp-
totic expansion of the solution uε of problem (P.1)ε is

uε(x, t) = X0(x, t) + i0(x, τ) + Rε(x, t), (x, t) ∈ ΩT , (10.46)

where X0 is the solution of problem P0, i0(x, τ) = (uT (x) − X0(x, T ))e−τ , τ =
(T − t)/ε, Rε is the remainder of order zero.
For problem (P.2)ε, we have the following first order asymptotic expansion

uε(x, t) = X0(x, t) + εX1(x, t) + εi1(x, τ) + Rε(x, t), (x, t) ∈ ΩT , (10.47)
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where X0 has the same meaning as before, X1 is the solution of problem (P.2)1 :⎧⎪⎨⎪⎩
X1t(x, t) + LX1(x, t) = X ′′

0 (x, t), (x, t) ∈ ΩT ,

X1(x, t) = 0 for (x, t) ∈ ΣT ,

X1(x, 0) = 0, x ∈ Ω,

i1(x, τ) = (uT (x) − f(x, T ) + LX0(x, T ))e−τ , while Rε is the corresponding first
order remainder.

From Corollary 10.1.5, Corollary 10.2.2 and Remark 10.1.6 we derive the
following result:

Proposition 10.4.1. Assume that

f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)

⋂
H2(Ω). (10.48)

Then, problems (P.i)ε, i = 1, 2, ε > 0, and P0 have unique solutions

uε ∈ W 2,2(0, T ; L2(Ω)),

X0 ∈ W 1,2(0, T ; L2(Ω))
⋂

L∞(0, T ; H1
0(Ω))

⋂
L2(0, T ; H2(Ω)).

If, in addition,

f ∈ W 1,2(0, T ; L2(Ω)), f(·, 0) − Lu0 ∈ H1
0 (Ω), (10.49)

then the solutions of problems (P.2)ε, P0 satisfy

uε ∈ W 2,2(0, T ; L2(Ω))
⋂

W 3,2
loc (0, T ; L2(Ω)),

X0 ∈ W 2,2(0, T ; L2(Ω))
⋂

L∞(0, T ; H2(Ω))
⋂

W 1,2(0, T ; H1
0(Ω)),

while the solution X1 of problem (P.2)1 belongs to

W 1,2(0, T ; L2(Ω))
⋂

L∞(0, T ; H1
0(Ω))

⋂
L2(0, T ; H2(Ω)).

Remark 10.4.2. More information on the regularity of the solutions of the above
problems is available in the literature (see, e.g., L.C. Evans [19], pp. 360, 365).

According to Theorems 10.1.7, 10.2.3, we can state the following two results
concerning the remainders (of order zero and one, respectively) of the asymptotic
expansions (10.46), (10.47):

Proposition 10.4.3. Suppose that all the assumptions (10.48) are satisfied. Then,
for every ε > 0, the solution uε of problem (P.1)ε admits an asymptotic expansion
of the form (10.46) and the following estimates hold true

‖Rε‖C([0,T ];L2(Ω)) = O(ε1/4), ‖ uε − X0 ‖L2(0,T ;H1
0 (Ω))= O(ε1/2),

and uεt → X0t weakly in L2(ΩT ).
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Proposition 10.4.4. Suppose that all the assumptions (10.48) are satisfied. Then,
for every ε > 0,

‖uε − X0‖C([0,T ];L2(Ω)) = O(ε1/4), ‖uε − X0‖L2(0,T ;H1
0 (Ω)) = O(ε1/2),

and uεt → X0t weakly in L2(ΩT ), where uε and X0 are the solutions of problems
(P.2)ε and P0, respectively.

If, in addition, hypotheses (10.49) are satisfied, then uε admits an asymptotic
expansion of the form (10.47), and ‖Rεt‖L2(ΩT ) = O(ε),

‖Rε‖C([0,T ];L2(Ω)) = O(ε5/4), ‖ uε − X0 − εX1 ‖L2(0,T ;H1
0 (Ω))= O(ε3/2).

Finally, let us examine the hyperbolic regularization (in the sense described
before) of problem (10.45), which will again be denoted P0. Consider the Hilbert
spaces V = H1

0 (Ω) and H = L2(Ω). It is well known that V ⊂ H ⊂ V ′ densely
and continuously. Consider L : V → V ′ defined by (10.43). We admit the same
assumptions on Ω and coefficients aij , c, but we suppose that bi ≡ 0. This last
assumption is required just for simplicity.

Denote as before by (P.3)ε the corresponding hyperbolic regularization:{
εu′′ + u′ + Lu = f(t), t ∈ (0, T ),

u(0) = u0, u′(0) = u1.

It is well known that operator L satisfies assumptions (i2) in this chapter (see L.C.
Evans [19], pp. 300–301).
According to our previous treatment, we have the following first order asymptotic
expansion for the solution of problem (P.3)ε:

uε(x, t) = X0(x, t) + εX1(x, t) + εi1(x, ξ) + Rε(x, t), (x, t) ∈ ΩT , (10.50)

where X0 is the solution of problem P0, Rε denotes the first order remainder, X1

satisfies problem (P.3)1:⎧⎪⎨⎪⎩
X1t(x, t) + LX1(x, t) = −X ′′

0 (x, t), (x, t) ∈ ΩT ,

X1(x, t) = 0 for (x, t) ∈ ΣT ,

X1(x, 0) = u1(x) − f(x, 0) + Lu0(x), x ∈ Ω,

while i1(x, ξ) = (f(x, 0) − Lu0(x) − u1(x))e−ξ , ξ = t/ε. Our results from Subsec-
tion 10.3.2 read as follows:

Proposition 10.4.5. Assume that

f ∈ W 1,2(0, T ; L2(Ω)), u0, f(·, 0) − Lu0 ∈ H1
0 (Ω), u1, Lu0 ∈ L2(Ω). (10.51)
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Then, problems (P.3)ε, ε > 0, and P0 have unique solutions

uε ∈ C1([0, T ]; H1
0 (Ω))

⋂
C2([0, T ]; L2(Ω)),

X0 ∈ W 2,2(0, T ; L2(Ω))
⋂

L∞(0, T ; H2(Ω))
⋂

W 1,2(0, T ; H1
0(Ω)).

If, in addition,
f ∈ W 2,2(0, T ; L2(Ω)), (10.52)

u1 ∈ H1
0 (Ω)

⋂
H2(Ω), f(·, 0) − Lu0 ∈ H2(Ω),

L(f(·, 0) − Lu0), ft(·, 0) ∈ H1
0 (Ω), (10.53)

then uε ∈ C2([0, T ]; H1
0 (Ω))

⋂
C3([0, T ]; L2(Ω)),

X0 ∈ W 3,2(0, T ; L2(Ω)), X1 ∈ W 2,2(0, T ; L2(Ω)).

Remark 10.4.6. In fact, the solutions of the above problems satisfy higher order
regularity properties, since L is a divergence operator (see, e.g., L.C. Evans [19],
pp. 360, 365 and pp. 389, 391).

Let us also point out that assumptions (10.51)–(10.53) imply (10.36)–(10.39).

Finally, Theorem 10.3.3 and Remark 10.3.4 lead us to the following results:

Proposition 10.4.7. Suppose that all the assumptions (10.51) are satisfied. Then,
for every ε > 0, the following estimates hold

‖uε − X0‖C([0,T ];H1
0 (Ω)) = O(ε1/2), ‖ uεt − X0t ‖L2(ΩT )= O(ε1/2),

where uε and X0 are the solutions of problems (P.3)ε and P0, respectively. If, in
addition, u1(x) = f(x, 0) − Lu0(x) for a.a. x ∈ Ω, then

‖uε − X0‖C([0,T ];H1
0(Ω)) = O(ε), ‖ uεt − X0t ‖C([0,T ];L2(Ω))= O(ε1/2),

‖uεt − X0t‖L2(ΩT ) = O(ε).

Moreover, if assumptions (10.52), (10.53) are also satisfied, then we have (10.50),
as well as

‖Rε‖C([0,T ];H1
0(Ω)) = O(ε3/2), ‖ Rεt ‖L2(ΩT )= O(ε3/2).



Chapter 11

The Nonlinear Case

In this chapter we address elliptic and hyperbolic regularizations of the nonlinear
parabolic problem introduced in Chapter 9 and denoted here P0 :⎧⎪⎨⎪⎩

ut(x, t) − Δu(x, t) + β(u(x, t)) = f(x, t), (x, t) ∈ ΩT ,

u(x, t) = 0 for (x, t) ∈ ΣT ,

u(x, 0) = u0(x), x ∈ Ω,

where Ω ⊂ R
n is a bounded open set with boundary ∂Ω sufficiently smooth; T > 0

is a given time; ΩT = Ω × (0, T ]; ΣT = ∂Ω × [0, T ]; f : ΩT → R, u0 : Ω → R are
given functions, f ∈ L2(ΩT ), u0 ∈ L2(Ω).

Concerning the nonlinear function β we assume that

(h) β : D(β) = R → R is continuous, nondecreasing, and β(0) = 0.

As promised before (see Chapter 9), we consider here two kinds of elliptic regu-
larization of the above problem P0, which are defined by the nonlinear equation

εutt(x, t) − ut(x, t) + Δu(x, t) − β(u(x, t)) = −f(x, t), (x, t) ∈ ΩT , (NEE)

with the homogeneous Dirichlet boundary condition

u(x, t) = 0 for (x, t) ∈ ΣT ,

and with conditions in the form (BC.1) or (BC.2), respectively, i.e.,

u(x, 0) = u0(x), u(x, T ) = uT (x), x ∈ Ω, (BC.1)

or
u(x, 0) = u0(x), ut(x, T ) = uT (x), x ∈ Ω, (BC.2)
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where uT ∈ L2(Ω). These problems will be denoted again, as in the linear case,
by (P.1)ε and (P.2)ε, respectively. We shall also examine the hyperbolic regular-
ization, denoted by (P.3)ε, and defined by the nonlinear hyperbolic equation

εutt(x, t) + ut(x, t) − Δu(x, t) + β(u(x, t)) = f(x, t), (x, t) ∈ ΩT , (NHE)

with the homogeneous Dirichlet boundary condition

u(x, t) = 0 for (x, t) ∈ ΣT ,

and initial conditions of the form (IC.3), i.e.,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω, (IC.3)

where u1 ∈ L2(Ω).
In this case the nonlinear function β is supposed to satisfy the Lipschitz

condition, i.e.,
(i) β : D(β) = R → R and ∃l > 0 such that | β(x)−β(y) |≤ l | x− y | ∀ x, y ∈ R.
As in the linear case, we shall investigate the three types of regularization in
the following three sections of this chapter. Obviously, the nonlinear case is more
delicate and requires much more effort.

In the case of problem (P.1)ε, we shall determine only a zeroth order asymp-
totic expansion. Like in the linear case, this is a singularly perturbed problem of
order zero with respect to the norm of C([0, T ]; L2(Ω)), with a boundary layer lo-
cated near the boundary set Ω×{T }. Under suitable assumptions, we shall prove
results on the existence, uniqueness and regularity of the solutions of problems
(P.1)ε and P0, and establish estimates for the remainder term. The boundary layer
function (of order zero) is determined explicitly. Thus the zeroth order asymptotic
expansion is completely determined and validated.

We continue with the elliptic regularization (P.2)ε. This problem is regularly
perturbed of order zero, but singularly perturbed of any order N ≥ 1, with respect
to the norm of C([0, T ]; L2(Ω)). In fact, we shall restrict our investigation to the
case of an asymptotic expansion of order one, which is enough to describe the
situation.

In the third and last section, we shall pay attention to the hyperbolic regular-
ization (P.3)ε. For its solution we shall try to determine a first order asymptotic
expansion, since (P.3)ε is regularly perturbed of order zero, but singularly per-
turbed of order one, with respect to the norm of C([0, T ]; H1

0 (Ω)), with a bound-
ary layer located near Ω×{0}. As usual, we determine formally the corresponding
asymptotic expansion, then, in the case n ≤ 3, we prove existence and smoothness
results for the problems involved, and conclude with estimates for the remainder
of order one with respect to the norm of C([0, T ]; H1

0 (Ω)).
Note that an elliptic regularizations of the form (P.1)ε can be found in J.L.

Lions [32], pp. 424–427, where the nonlinear function β has the form β(u) =
u3 ∀ u ∈ R.

Moreover, a zeroth order asymptotic expansion for the solution of problem
(P.1)ε has been constructed in [4].



11.1. Asymptotic analysis of problem (P.1)ε 211

11.1 Asymptotic analysis of problem (P.1)ε

In this section we study the elliptic regularization (P.1)ε formulated above. Having
in mind the information we have acquired about the linear case (see Section 10.1),
we guess that the present (P.1)ε is singularly perturbed of order zero with respect
to the norm of C([0, T ]; L2(Ω)). We shall see that this is indeed the case.

11.1.1 A zeroth order asymptotic expansion for
the solution of problem (P.1)ε

As in the linear case (see Subsection 10.1.1), one can determine a zeroth order
asymptotic expansion for the solution of problem (P.1)ε in the form

uε(x, t) = X0(x, t) + i0(x, τ) + Rε(x, t), (x, t) ∈ ΩT , (11.1)

where:

τ := (T − t)/ε is the stretched (fast) variable, X0 is the regular term, i0 is
the corresponding correction, while Rε denotes the remainder of order zero.

By the standard matching procedure, one can see that X0 satisfies the re-
duced problem P0, while i0 satisfies the following problem{

i0ττ (x, τ) + i0τ (x, τ) = 0, (x, τ) ∈ Ω × (0,∞),

i0(x, 0) = uT (x) − X0(x, T ), x ∈ Ω, ‖ i0(·, τ) ‖→ 0 as τ → ∞,

where ‖ · ‖ denotes the usual norm of L2(Ω). Therefore,

i0(x, τ) = (uT (x) − X0(x, T ))e−τ . (11.2)

Finally, one can see that the remainder term satisfies the problem⎧⎪⎨⎪⎩
ε(Rε + X0)tt − Rεt + ΔRε − β(uε) + β(X0) = −Δi0 in ΩT ,

Rε = −i0 on ΣT ,

Rε(x, 0) = −i0(x, T/ε), Rε(x, T ) = 0, x ∈ Ω.

(11.3)

11.1.2 Existence, uniqueness and regularity of the solutions
of problems (P.1)ε and P0

In order to investigate the existence of solutions to problem (P.1)ε, we consider
as our framework the Hilbert space H = L2(Ω) with the usual scalar product and
norm, denoted 〈·, ·〉 and ‖ · ‖, respectively. Define β : D(β) ⊂ H → H by

D(β) = {u ∈ H ; x → β(u(x)) belongs to H},(
β(u)

)
(x) = β(u(x)) for a.a. x ∈ Ω, ∀ u ∈ D(β).
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Recall that β is called the canonical extension of β to H . Obviously, it is maxi-
mal monotone (see, e.g., [34], p. 31). Now, problem (P.1)ε can be written as the
following two-point boundary value problem in H{

εu′′ − u′ − Ju = −f, t ∈ (0, T ),

u(0) = u0, u(T ) = uT ,
(11.4)

where u(t) = u(·, t), f(t) = f(·, t), t ∈ (0, T ), J : D(J) ⊂ H → H ,

D(J) =H1
0 (Ω)

⋂
H2(Ω)

⋂
D(β),

Ju = − Δu + β(u) ∀ u ∈ D(J).

It is well known that under assumption (h) operator J : D(J) → H is maximal
monotone (see, e.g., [34], p. 181). Note that J is also injective. Therefore, if f ∈
L2(ΩT ), u0, uT ∈ D(J), and (h) holds then it follows by Theorem 2.0.37 in
Chapter 2 that problem (11.4) has a unique solution uε ∈ W 2,2(0, T ; H) and
β(uε) ∈ L2(0, T ; H).

If, in addition, f ∈ W 1,2(0, T ; H), β′ ∈ L∞(R), and denote

hε = ε−1(u′
ε + β(uε) − f), Lε = −ε−1Δ,

then hε ∈ W 1,2(0, T ; H), and problem (11.4) has the form (10.6). Therefore, from
Lemma 10.1.1 in Subsection 10.1.2, we derive the following result:

Theorem 11.1.1. Assume that (h) is satisfied, and

f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)

⋂
H2(Ω), β(u0), β(uT ) ∈ L2(Ω).

Then, problem (P.1)ε has a unique solution uε ∈ W 2,2(0, T ; H). If, in addition,

f ∈ W 1,2(0, T ; H), β′ ∈ L∞(R),

then uε belongs to the space W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H), with

t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H).

In the following we deal with problem P0. This can be represented as the
Cauchy problem in H : {

X ′
0 + JX0 = f(t), t ∈ (0, T ),

X0(0) = u0,
(11.5)

where X0(t) := X0(·, t), f(t) := f(·, t), t ∈ (0, T ). As noted above, operator J is
maximal monotone. In fact, J is even cyclically monotone. More precisely, since β
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is the derivative of the convex function j(x) =
∫ x

0 β(y)dy, operator J = ∂ψ, where
ψ : H → (−∞,∞],

ψ(u) =

{
1
2

∫
Ω |∇u|2dx +

∫
Ω j(u)dx, if u ∈ H1

0 (Ω), j(u) ∈ L1(Ω),

+∞, otherwise,
(11.6)

where | · | denotes the norm of R
n. Therefore, by Theorems 2.0.20 and 2.0.24 in

Chapter 2, we have

Theorem 11.1.2. Assume that (h) holds, and

f ∈ L2(ΩT ), u0 ∈ H1
0 (Ω), j(u0) ∈ L1(Ω).

Then, problem P0 has a unique solution

X0 ∈ W 1,2(0, T ; L2(Ω)), X0(·, t) ∈ H1
0 (Ω) ∀ t ∈ [0, T ].

If, in addition,

f ∈ W 1,1(0, T ; L2(Ω)), u0 ∈ H2(Ω)
⋂

H1
0 (Ω), β(u0) ∈ L2(Ω),

then X0 belongs to the space W 1,∞(0, T ; L2(Ω)) and X0(·, t) ∈ H1
0 (Ω)

⋂
H2(Ω) for

all t ∈ [0, T ].

By employing what we have proved so far, we can state the following con-
cluding result:

Corollary 11.1.3. Assume that (h) is satisfied and

f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)

⋂
H2(Ω), β(u0), β(uT ) ∈ L2(Ω). (11.7)

Then, problems (P.1)ε, ε > 0, and P0 have unique solutions

uε ∈ W 2,2(0, T ; L2(Ω)), X0 ∈ W 1,2(0, T ; L2(Ω)).

If, moreover,
f ∈ W 1,2(0, T ; L2(Ω)), β′ ∈ L∞(R), (11.8)

then

uε ∈ W 2,2(0, T ; L2(Ω))
⋂

W 3,2
loc (0, T ; L2(Ω)), t3/2(T − t)3/2u′′′ ∈ L2(ΩT ),

X0 ∈ W 1,∞(0, T ; L2(Ω)).

Remark 11.1.4. It should be pointed out that, under assumptions (11.7) of Corol-
lary 11.1.3, X0(·, t) ∈ H1

0 (Ω) ∀t ∈ [0, T ] (see Theorem 11.1.2), thus i0(·, τ) ∈
H1

0 (Ω) ∀ τ ≥ 0. Therefore, according to (11.3)2, we infer that Rε = 0 on ΣT .
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11.1.3 Estimates for the remainder

While our expansion (11.1) is well defined under the above assumptions, we can
validate it completely by stating and proving the following result:

Theorem 11.1.5. Suppose that (h) is satisfied, and f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)∩

H2(Ω), β′ ∈ L∞(R). Then, for every ε > 0, the solution of problem (P.1)ε admits
an asymptotic expansion of the form (11.1) and the following estimates hold

‖Rε‖C([0,T ];L2(Ω)) = O(ε1/4), ‖ uε − X0 ‖L2(0,T ;H1
0 (Ω))= O(ε1/2).

In addition, uεt → X0t weakly in L2(ΩT ) as ε → 0+.

Proof. First of all, we homogenize the boundary conditions (11.3)3 by the change

Rε(x, t) =Rε(x, t) + αε(x, t),

αε(x, t) =
(T − t)

T
i0

(
x,

T

ε

)
, (x, t) ∈ ΩT .

A straightforward computation shows that Rε satisfies the boundary value problem⎧⎪⎨⎪⎩
ε(Rε − αε + X0)tt − Rεt + ΔRε − β(uε) + β(X0) = hε in ΩT ,

Rε = 0 on ΣT ,

Rε(x, 0) = Rε(x, T ) = 0, x ∈ Ω,

(11.9)

where hε = −Δi0 − αεt + Δαε.
From Corollary 11.1.3 and equation (11.1) we infer that

Rε + X0 ∈ W 2,2(0, T ; H), Rε ∈ W 1,2(0, T ; H).

We multiply equation (11.9)1 by Rε(t) and then integrate the resulting equation
over ΩT . Thus, by applying Green’s formula, we obtain

ε

∫
ΩT

[
∂

∂t

((
Rε − αε + X0

)
t
· Rε

)
− (Rεt)2

]
dxdt

− 1
2

∫
ΩT

∂

∂t
(Rε)2 dxdt =

∫
ΩT

|∇Rε|2dxdt +
∫

ΩT

hεRε dxdt

+
∫

ΩT

Rε(β(uε) − β(X0)) dxdt + ε

∫
ΩT

X0tRεt dxdt,

(11.10)

where | · | denotes the Euclidean norm of R
n.
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Since β is nondecreasing, it follows that∫
ΩT

|∇Rε|2dxdt + ε ‖ Rεt ‖2
L2(ΩT )

≤ ‖ Rε ‖L2(ΩT ) · ‖ hε ‖L2(ΩT )

+
ε

2
‖ Rεt ‖2

L2(ΩT ) +
ε

2
‖ X0t ‖2

L2(ΩT )

+ ‖ Rε ‖L2(ΩT ) · ‖ β(X0 + i0 − αε) − β(X0) ‖L2(ΩT ) .

(11.11)

On the other hand, we have

‖ i0 ‖L2(ΩT )= O(ε1/2), ‖ Δi0 ‖L2(ΩT )= O(ε1/2),∥∥∥∥i0

(T

ε

)∥∥∥∥ = O(εj) ∀ j ≥ 1,

‖ β(X0 + i0 − αε) − β(X0) ‖L2(ΩT )= O(ε1/2),

(11.12)

since β′ ∈ L∞(R).
Estimates (11.11), (11.12) and the Poincaré inequality lead us to

‖ Rε ‖L2(ΩT )= O(ε1/2), ‖ Rεt ‖L2(ΩT )= O(1), ‖ ∇Rε ‖L2(ΩT ;Rn)= O(ε1/2),

from which we derive the desired estimates. �
Remark 11.1.6. Assume that uT (x) = X0(x, T ), x ∈ Ω, which implies i0 ≡ 0.
Then αε = hε = 0. If, in addition, X0 ∈ W 2,2(0, T ; L2(Ω)) (this happens under
additional assumptions on f and u0), then, making use of the obvious equality∫

ΩT

X0t · Rεt dxdt = −
∫

ΩT

X0tt · Rε dxdt,

we infer from (11.10) that

‖ Rε ‖L2(ΩT )= O(ε), ‖ Rεt ‖L2(ΩT )= O(
√

ε).

Therefore, in such circumstances, problem (P.1)ε is regularly perturbed of order
zero, and the following estimates hold

‖uε − X0‖C([0,T ];L2(Ω)) = O(ε3/4), ‖ uεt − X0t ‖L2(ΩT )= O(ε1/2),

‖uε − X0‖L2(0,T ;H1
0 (Ω)) = O(ε).

Remark 11.1.7. If X0 ∈ L∞(ΩT ) and uT ∈ L∞(Ω) (hence i0 ∈ L∞(Ω × [0,∞))),
then it is easily seen that estimation (11.12)3 can be obtained under the following
weaker assumption on β

(h)′ β′ ∈ L∞
loc(R),

and the conclusions of Theorem 11.1.5 hold.
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Let us present a particular case in which (h)′ is enough. Indeed, one can
prove that if (h) holds, and

f ∈ W 1,1(0, T ; H), u0 ∈ H2(Ω)
⋂

H1
0 (Ω), β(u0) ∈ L2(Ω),

then X0 ∈ L∞(0, T ; H2(Ω)
⋂

H1
0 (Ω)) (see [9], p. 257).

On the other hand, by the Sobolev-Kondrashov theorem, if m · p > n, then
Wm,p(Ω) ⊂ C(Ω) compactly. In particular, for m = p = 2 and n ≤ 3, we have
X0 ∈ L∞(ΩT ), and uT ∈ H2(Ω) ⇒ uT ∈ C(Ω) ⊂ L∞(Ω).

11.2 Asymptotic analysis of problem (P.2)ε

As in the linear case investigated in Section 10.2, the nonlinear problem (P.2)ε (for-
mulated in the beginning of this chapter) is regularly perturbed of order zero, but
singularly perturbed of any order ≥ 1 with respect to the norm of C([0, T ]; L2(Ω)),
with a boundary layer near {T }×Ω. In fact, we shall confine ourselves to finding
a first order expansion.

11.2.1 A first order asymptotic expansion for the solution
of problem (P.2)ε

Having in mind what we did in the linear case, we suggest a first order asymptotic
expansion for the solution of problem (P.2)ε in the form

uε(x, t) = X0(x, t) + εX1(x, t) + εi1(x, τ) + Rε(x, t), (x, t) ∈ ΩT , (11.13)

where: τ := (T−t)/ε is the stretched (fast) variable, and the terms of the expansion
have the same meaning as in Subsection 10.1.1.

The first regular term of the expansion, X0, should satisfy the reduced prob-
lem P0 formulated in the very first part of this chapter, while X1 satisfies the
linear problem⎧⎪⎨⎪⎩

X1t(x, t) − ΔX1(x, t) + β′(X0(x, t))X1(x, t) = X0tt(x, t), (x, t) ∈ ΩT ,

X1(x, t) = 0 for (x, t) ∈ ΣT ,

X1(x, 0) = 0, x ∈ Ω,

which will be denoted by (P.2)1.
The first order boundary layer function has the same form as that we derived

in Subsection 10.2.1, i.e.,

i1(x, τ) = (uT (x) − X0t(x, T ))e−τ , τ ≥ 0, x ∈ Ω.
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Finally, the (first order) remainder Rε of expansion (11.13) should satisfy the
problem⎧⎪⎪⎪⎨⎪⎪⎪⎩

ε(Rε + εX1)tt − Rεt + ΔRε

−β(uε) + β(X0) + εβ′(X0)X1 = −εΔi1 in ΩT ,

Rε = −εi1 on ΣT ,

Rε(x, 0) = −εi1(x, T/ε), Rεt(x, T ) = −εX1t(x, T ), x ∈ Ω.

(11.14)

11.2.2 Existence, uniqueness and regularity of the solutions
of problems (P.2)ε, P0 and (P.2)1

In this subsection we shall use the definitions and notation from Subsection 11.1.2.
As far as (P.2)ε is concerned, we have the following result:

Theorem 11.2.1. Assume that (h) is satisfied, and

f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)

⋂
H2(Ω), β(u0), β(uT ) ∈ L2(Ω).

Then, problem (P.2)ε has a unique solution uε ∈ W 2,2(0, T ; H). If, in addition,

f ∈ W 1,2(0, T ; H), β′ ∈ L∞(R),

then uε belongs to the space W 2,2(0, T ; H)
⋂

W 3,2
loc (0, T ; H), with

t3/2(T − t)3/2u′′′ ∈ L2(0, T ; H).

The proof of this theorem relies on arguments similar to those from the proof
of Theorem 11.1.1.

In the following we shall examine problems P0 and (P.2)1. We anticipate
that in establishing estimates for the remainder Rε we shall need that X1 ∈
W 1,2(0, T ; L2(Ω)), hence X0 ∈ W 2,2(0, T ; L2(Ω)). As we remarked in Subsec-
tion 11.1.2, the reduced problem P0 can be written as a Cauchy problem in H ,
namely (11.5), where J = ∂ψ, with ψ defined by (11.6). Therefore, one can prove
the following result:

Theorem 11.2.2. Assume that (h) holds, and

f ∈ L2(ΩT ), u0 ∈ H1
0 (Ω), j(u0) ∈ L1(Ω). (11.15)

Then problem P0 has a unique solution

X0 ∈ W 1,2(0, T ; L2(Ω)), X0(·, t) ∈ H1
0 (Ω) ∀ t ∈ [0, T ].

If, in addition,

f ∈ W 1,2(0, T ; L2(Ω)), β ∈ C1(R), β′ ∈ L∞(R),

u0 ∈ H2(Ω), f(·, 0) + Δu0 − β(u0) ∈ H1
0 (Ω),

(11.16)

then X0 belongs to the space W 2,2(0, T ; L2(Ω)), X0t(·, t) ∈ H1
0 (Ω) ∀ t ∈ [0, T ],

and problem (P.2)1 has a unique solution X1 ∈ W 1,2(0, T ; L2(Ω)).
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Proof. By Theorem 11.1.2 we know that under assumptions (h) and (11.15) prob-
lem P0 has a unique solution X0 ∈ W 1,2(0, T ; L2(Ω)), X0(·, t) ∈ H1

0 (Ω) ∀ t ∈ [0, T ].
If, in addition, assumptions (11.16) hold then one can prove by a standard rea-
soning that X0 = X0t(·, t) satisfies the problem obtained by formal differentiation
with respect to t of problem P0:{

X
′
0 + LX0 = g in (0, T ),

X0(0) = f(0) − J(u0),

where

g(t) =ft(·, t) − β′(X0(·, t))X0t(·, t), t ∈ (0, T ),

L : D(L) = H2(Ω)
⋂

H1
0 (Ω) → H, Lu = −Δu ∀ u ∈ D(L).

Obviously, g ∈ L2(ΩT ) and L = ∂ψ0, where ψ0 is the function defined by (11.6)
in which j ≡ 0. The last assumption of (11.16) implies that X0(0) ∈ D(ψ0).
Thus, it follows by Theorem 2.0.24 that X0 = X0t ∈ W 1,2(0, T ; L2(Ω), X0t(·, t) ∈
H1

0 (Ω) ∀ t ∈ [0, T ]. Now, we write problem (P.2)1 as the following Cauchy problem
in H : {

X ′
1 + LX1 + B(t, X1(t)) = 0, in (0, T ),

X1(0) = 0,

where X1(t) = X1(·, t), B : [0, T ]× H → H ,

B(t, z) = X ′′
0 (·, t) − β′(X0(·, t))z ∀ t ∈ [0, T ], z ∈ H.

By Theorem 2.0.28 the above problem has a unique mild solution

X1 ∈ C([0, T ]; L2(Ω)).

Consequently, the function t → B(t, X1(t)) belongs to L2(ΩT ). According to The-
orem 2.0.24, the problem{

Z ′(t) + LZ(t) = −B(t, X1(t)) in (0, T ),

Z(0) = 0,

has a unique strong solution which coincides with X1. Therefore,

X1 ∈ W 1,2(0, T ; L2(Ω)). �

Remark 11.2.3. In the case n ≤ 3, if we take into account our arguments from
Remark 11.1.7, we see that, under assumptions (11.16), the above condition β′ ∈
L∞(R) can be replaced by a weaker one, namely β′ ∈ L∞

loc(R), such that the
conclusions of Theorem 11.2.2 are preserved.
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The following corollary gathers all our results above in an integrated fashion:

Corollary 11.2.4. Assume that (h) is satisfied, and

f ∈ L2(ΩT ), u0, uT ∈ H1
0 (Ω)

⋂
H2(Ω), β(u0), β(uT ) ∈ L2(Ω). (11.17)

Then problems (P.2)ε, ε > 0, and P0 have unique solutions

uε ∈ W 2,2(0, T ; L2(Ω)), X0 ∈ W 1,2(0, T ; L2(Ω)).

If, in addition, (11.16) are fulfilled, then problem (P.2)1 has a unique strong solu-
tion X1 ∈ W 1,2(0, T ; L2(Ω)), and

uε ∈ W 2,2(0, T ; L2(Ω))
⋂

W 3,2
loc (0, T ; L2(Ω)), t3/2(T − t)3/2u′′′ ∈ L2(ΩT ),

X0 ∈ W 2,2(0, T ; L2(Ω)).

11.2.3 Estimates for the remainder

We conclude this section by proving an estimate for the remainder, which validates
completely our first order expansion, as well as other estimates. One of these
estimates (see (11.18)1 below) shows that problem (P.2)ε is regularly perturbed
of order zero with respect to the norm of C([0, T ]; L2(Ω)).

Theorem 11.2.5. If (h) and (11.17) hold, then

‖uε − X0‖C([0,T ];L2(Ω)) = O(ε1/4), ‖ uε − X0 ‖L2(0,T ;H1
0 (Ω))= O(ε1/2), (11.18)

and uεt → X0t weakly in L2(ΩT ), where uε and X0 are the solutions of problems
(P.2)ε and P0. If, in addition, assumptions (11.16) hold and β′′ ∈ L∞(R), then,
for every ε > 0, uε admits an asymptotic expansion of the form (11.13), and the
following estimates hold

‖Rε‖C([0,T ];L2(Ω)) = O(ε5/4), ‖ uε − X0 − εX1 ‖L2(0,T ;H1
0 (Ω))= O(ε3/2). (11.19)

Proof. Denote Sε = uε −X0. By Corollary 11.2.4 we have Sε ∈ W 1,2(0, T ; L2(Ω)).
Obviously,⎧⎪⎨⎪⎩

εuεtt − Sεt + ΔSε − β(uε) + β(X0) = 0 in ΩT ,

Sε = 0 on ΣT ,

Sε(x, 0) = 0, Sεt(x, T ) = uT (x) − X0t(x, T ), x ∈ Ω.

(11.20)

Now, we multiply equation (11.20)1 by Sε(t) and then integrate the resulting
equation over ΩT . Thus, by using Green’s formula as well as the monotonicity of
β, we obtain

‖ ∇Sε ‖L2(ΩT ;Rn) + ε ‖ Sεt ‖2
L2(ΩT ) +

1
2
‖ Sε(T ) ‖

≤ ε
(
‖ Sεt ‖L2(ΩT ) · ‖ X0t ‖L2(ΩT ) + ‖ uT ‖ · ‖ Sε(T ) ‖

)
.
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This together with the Poincaré inequality leads us to the following estimates

‖ Sε ‖L2(ΩT )= O(ε1/2), ‖ Sεt ‖L2(ΩT )= O(1), ‖ ∇Sε ‖L2(ΩT ;Rn)= O(ε1/2),

which imply (11.18).
In what follows we suppose that (11.16) hold and that β′′ ∈ L∞(R). In order

to homogenize (11.14)3, we denote

Rε(x, t) =Rε(x, t) + αε(x, t),

αε(x, t) =ε
(T − t)

T
i1

(
x,

T

ε

)
, (x, t) ∈ ΩT .

It is easily seen that Rε satisfies the following problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
ε(Rε − αε + εX1)tt − Rεt + ΔRε

−β(uε) + β(X0) + εβ′(X0)X1 = hε in ΩT ,

Rε = 0 on ΣT ,

Rε(x, 0) = 0, Rεt(x, T ) = −εX1t(x, T ) + αεt(x, T ), x ∈ Ω,

(11.21)

where hε = −εΔi1 − αεt + Δαε.
Now, we multiply equation (11.21)1 by Rε(t), then integrate over ΩT . By a

computation similar to that from the first part of the proof, we get

‖ ∇Rε ‖L2(ΩT ;Rn) + ε ‖ Rεt ‖2
L2(ΩT ) +

1
2
‖ Rε(T ) ‖2

≤ ‖ Rε ‖L2(ΩT ) · ‖ hε ‖L2(ΩT )

+ ε2 ‖ Rεt ‖L2(ΩT ) · ‖ X1t ‖L2(ΩT ) +ε ‖ αεt ‖ · ‖ Rε(T ) ‖
+ ‖ Rε ‖L2(ΩT ) · ‖ β(uε − Rε) − β(X0) − εβ′(X0)X1 ‖L2(ΩT ) .

(11.22)

Since β′, β′′ ∈ L∞(R), for every given j ≥ 1, we have

‖ hε ‖L2(ΩT ) = O(ε3/2), ‖ αεt ‖L2(ΩT )= O(εj),

‖ β(X0 + εX1 + εi1 − αε) − β(X0) − εβ′(X0)X1 ‖L2(ΩT )= O(ε3/2).
(11.23)

Thus, making use of the Poincaré inequality and (11.22), we find

‖ Rε ‖L2(ΩT )= O(ε3/2), ‖ Rεt ‖L2(ΩT )= O(ε), ‖ ∇Rε ‖L2(ΩT ;Rn)= O(ε3/2),

which imply the desired estimates (11.19). �
Remark 11.2.6. If it turns out that both X0, X1 belong to L∞(ΩT ), then inequal-
ity (11.23)3 holds under the weaker assumption β′′ ∈ L∞

loc(R). Taking into account
the problem satisfied by X1, if X0tt ∈ W 1,2(0, T ; L2(Ω)), we have

X1 ∈ L∞(0, T ; H2(Ω)
⋂

H1
0 (Ω)).
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On the other hand, if the following conditions are added to the set of hypotheses
of Theorem 11.2.2

f ∈ W 2,2(0, T ; L2(Ω)), ft(·, 0)− β′(u0)(f(·, 0)− Ju0)+ Δ(f(·, 0)− Ju0) ∈ H1
0 (Ω),

then, indeed,

X0 ∈ W 3,2(0, T ; L2(Ω))
⋂

W 1,∞(0, T ; H2(Ω)
⋂

H1
0 (Ω)),

and therefore, if n ≤ 3, Theorem 11.2.5 remains true if β′′ is assumed to be a
function from L∞

loc(R) (see also Remark 11.1.7).

11.3 Asymptotic analysis of problem (P.3)ε

In this section we discuss the hyperbolic regularization of problem P0, denoted
(P.3)ε, which comprises the nonlinear equation (NHE), the homogeneous Dirich-
let condition (BC) and initial conditions (IC)3, as presented in Chapter 9. Like
in the linear case which has been examined in Section 10.3, the present (P.3)ε is
regularly perturbed of order zero and singularly perturbed of any order N ≥ 1
with respect to the norm of C([0, T ]; H1

0 (Ω)), with a boundary layer near the set
{0} × Ω.

11.3.1 A first order asymptotic expansion

Since problem (P.3)ε is nonlinear, we shall restrict our analysis to a first order
asymptotic expansion, which is enough to understand the corresponding boundary
layer phenomenon. More precisely, based on our experience from the linear case,
we seek the solution of problem (P.3)ε in the form

uε(x, t) = X0(x, t) + εX1(x, t) + εi1(x, ξ) + Rε(x, t), (x, t) ∈ ΩT , (11.24)

where ξ = t/ε is the fast variable, and the terms of the expansion have the same
meaning as in Subsection 10.3.1. Using the standard matching procedure, we see
that X0 should formally satisfy problem P0. In addition, assuming that X0t(·, 0)
is well defined, we find that i1 satisfies a problem similar to (10.30), i.e.,

i1(x, ξ) = (X0t(x, 0) − u1(x))e−ξ, x ∈ Ω, ξ ≥ 0.

For the first order regular term, we obtain the following problem, denoted (P.3)1:⎧⎪⎪⎨⎪⎪⎩
X1t(x, t) − ΔX1(x, t) + β′(X0(x, t))X1(x, t) = −X0tt(x, t), in ΩT ,

X1 = 0 on ΣT ,

X1(x, 0) = u1(x) − X0t(x, 0), x ∈ Ω.
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Finally, the remainder should satisfy the problem⎧⎪⎪⎪⎨⎪⎪⎪⎩
εRεtt + Rεt − ΔRε + β(uε) − β(X0) − εβ′(X0)X1

= −ε2X1tt + εΔi1 in ΩT ,

Rε = −εi1 on ΣT ,

Rε(x, 0) = 0, Rεt(x, 0) = −εX1t(x, 0), x ∈ Ω.

(11.25)

11.3.2 Existence, uniqueness and regularity of the solutions
of problems (P.3)ε, P0 and (P.3)1

In order to examine problem (P.3)ε, we assume without any loss of generality that
ε = 1. In addition, we shall denote by u the solution of this problem (instead of
uε). We choose as our framework the real Hilbert space H1 = H1

0 (Ω) × L2(Ω),
with the scalar product

〈h1, h2〉1 =
∫

Ω

∇u1 · ∇u2 dx +
∫

Ω

v1v2 dx ∀ hi = (ui, vi) ∈ H1, i = 1, 2,

and the corresponding induced norm, denoted ‖ · ‖1.
Define the operator A : D(A) ⊂ H1 → H1,

D(A) =
(
H2(Ω)

⋂
H1

0 (Ω)
)
× L2(Ω), A(u, v) = (−v,−Δu + v) ∀ (u, v) ∈ H1.

This operator is (linear) maximal monotone, as the Lax-Milgram lemma shows.
We also define

B : H1 → H1, BU =
(
0, β(u)

) ∀U = (u, v) ∈ H1,

where β(u) denotes the composition of functions β and u. Of course, under as-
sumptions (i), D(B) = H1. With these definitions, we can express problem (P.3)ε

as the following Cauchy problem in H1:{
U ′(t) + AU(t) + BU(t) = (0, f(t)), t ∈ (0, T ),

U(0) = U0,
(11.26)

where U(t) = (u(·, t), ut(·, t)), U0 = (u0, u1).
Since B is a Lipschitz perturbation, we can apply Theorem 2.0.20 and Re-

mark 2.0.23 in Chapter 2 to problem (11.26) to derive that this problem has a
unique solution U ∈ W 1,∞(0, T ; H1). Moreover, by a standard device (see, e.g.,
the proof of Theorem 5.2.3), we obtain

Theorem 11.3.1. Assume that (i) holds and

f ∈ W 1,1(0, T ; L2(Ω)), u0 ∈ H2(Ω)
⋂

H1
0 (Ω), u1 ∈ L2(Ω). (11.27)

Then, problem (P.3)ε has a unique solution

uε ∈ C1([0, T ]; H1
0(Ω))

⋂
C2([0, T ]; L2(Ω))

⋂
C([0, T ]; H2(Ω)).
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Concerning the solutions X0 and X1 of problems P0 and (P.3)1, we shall
need in the next section that X1 ∈ W 2,2(0, T ; L2(Ω) and X0 ∈ W 3,2(0, T ; L2(Ω).
We are going to show that these regularity properties hold under some adequate
assumptions on the data. Consider again the Hilbert space H = L2(Ω) and the
linear self-adjoint operator

L : D(L) ⊂ H → H, D(L) = H2(Ω)
⋂

H1
0 (Ω), Lu = −Δu ∀ u ∈ D(L).

Problem P0 can be expressed as the Cauchy problem in H :{
X ′

0(t) + LX0(t) + β(X0(t)) = f(·, t), 0 < t < T,

X0(0) = u0,
(11.28)

where X0(t) := X0(·, t) and β is the canonical extension of β to L2(Ω).
On the other hand, problem (P.3)1 reads{

X ′
1(t) + LX1(t) + β′(X0(t))X1(t) = −X ′′

0 (t), 0 < t < T,

X1(0) = u1 − X ′
0(0),

where X1(t) := X1(·, t), t ∈ [0, T ].
Now, we are able to state the following result:

Theorem 11.3.2. Assume that assumption (i) holds, and

f ∈ W 1,2(0, T ; L2(Ω)), β ∈ C1(R), u0 ∈ H2(Ω)
⋂

H1
0 (Ω),

f(·, 0) + Δu0 − β(u0) =: ζ ∈ H1
0 (Ω).

(11.29)

Then problem P0 has a unique solution

X0 ∈ W 2,2(0, T ; L2(Ω)), X0(·, t), X0t(·, t) ∈ H1
0 (Ω) ∀t ∈ [0, T ].

If, in addition, n ≤ 3 and

f ∈ W 2,2(0, T ; L2(Ω)), β ∈ C2(R),

ζ ∈ H2(Ω), ft(·, 0) − β′(u0)ζ + Δζ ∈ H1
0 (Ω),

u1 ∈ H1
0 (Ω)

⋂
H2(Ω), β′(u0)(u1 − ζ) + Δ(u1 − ζ) ∈ H1

0 (Ω),

(11.30)

then X0 belongs to the space W 3,2(0, T ; L2(Ω)), and problem (P.3)1 has a unique
solution X1 ∈ W 2,2(0, T ; L2(Ω)).

Proof. By Theorem 2.0.20 and Remark 2.0.23 in Chapter 2, we infer that prob-
lem (11.28) has a unique strong solution X0 ∈ W 1,∞(0, T ; H). Moreover, X0 ∈
L∞(0, T ; H2(Ω)), X0(·, t) ∈ H2(Ω)

⋂
H1

0 (Ω) ∀t ∈ [0, T ]. Since β is Lipschitz
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continuous, it is differentiable almost everywhere and β′ ∈ L∞(R). Note that
X0 := X ′

0 is the strong solution of the problem{
X

′
0(t) + LX0(t) = −β′(X0(t))X ′

0(t) + f ′(t), 0 < t < T,

X0(0) = f(0) − β(u0) − Lu0 = ζ,
(11.31)

since the right-hand side of equation (11.31)1 is a member of L2(0, T ; H) and
X0(0) = ζ ∈ D(ψ0) = H1

0 (Ω) (ψ0 is the function defined by (11.6), where j is the
null function), thus X0 = X ′

0 ∈ W 1,2(0, T ; H). In addition, X ′
0 ∈ L2(0, T ; H2(Ω))

and X ′
0(t) ∈ D(ψ0) = H1

0 (Ω) ∀t ∈ [0, T ]. The first part of the theorem is proved.
In what follows we shall assume in addition that n ≤ 3 and that (11.30) hold.

By the Sobolev-Kondrashov theorem, L2(0, T ; H2(Ω)) ⊂ L2(0, T ; L∞(Ω)), so the
right-hand side of equation (11.31)1 belongs to the space W 1,1(0, T ; H). Therefore,
X ′

0 ∈ C([0, T ]; H2(Ω)) ⊂ C([0, T ]; L∞(Ω)). Thus, X̃0 := X ′′
0 is the strong solution

of the Cauchy problem{
X̃ ′

0(t) + LX̃0(t) = − d2

dt2 (β(X0(t))) + f ′′(t), 0 < t < T,

X̃0(0) = −β′(u0)ζ − L(ζ) + f ′(0),

and belongs to W 1,2(0, T ; H).
Analogously, one can prove that problem (P.3)1 has a solution X1 ∈ W 2,2(0, T ; H).

�
Remark 11.3.3. One can easily formulate sufficient separate conditions on u0, u1,
β, f such that all assumptions (11.30) are fulfilled.

Taking into account the above results, we can state the following

Corollary 11.3.4. Assume that (i) is satisfied, and

f ∈ W 1,2(0, T ; L2(Ω)), β ∈ C1(R), u0 ∈ H1
0 (Ω)

⋂
H2(Ω),

u1 ∈ L2(Ω), f(·, 0) + Δu0 − β(u0) ∈ H1
0 (Ω).

(11.32)

Then, problems (P.3)ε, ε > 0, and P0 have unique solutions

uε ∈ C2([0, T ]; L2(Ω))
⋂

C1([0, T ]; H1
0 (Ω))

⋂
C([0, T ]; H2(Ω)),

X0 ∈ W 2,2(0, T ; L2(Ω)).

If, in addition, n ≤ 3 and (11.30) are fulfilled, then problem (P.3)1 has a unique
strong solution X1 ∈ W 2,2(0, T ; L2(Ω)), and X0 ∈ W 3,2(0, T ; L2(Ω)).

11.3.3 Estimates for the remainder

We conclude this section by establishing some estimates for the difference uε−X0

and for the first order remainder as well. They validate completely our first order
expansion (11.24).
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Theorem 11.3.5. If (i) and (11.32) hold, then, the solution uε of problem (P.3)ε

satisfies

‖uε − X0‖C([0,T ];H1
0(Ω)) = O(ε1/2), ‖ uεt − X0t ‖L2(ΩT )= O(ε1/2). (11.33)

If, in addition, n ≤ 3, assumptions (11.30) hold and β′′ ∈ L∞(R), then, for every
ε > 0, uε admits an asymptotic expansion of the form (11.24), and the following
estimates hold

‖Rε‖C([0,T ];H1
0(Ω)) = O(ε3/2), ‖ Rεt ‖L2(ΩT )= O(ε3/2). (11.34)

Proof. Denote Sε = uε − X0. By Corollary 11.3.4, Sε ∈ W 2,2(0, T ; L2(Ω)). Using
P0 and (P.3)ε, we see that⎧⎪⎨⎪⎩

εSεtt + Sεt − ΔSε + β(uε) − β(X0) = −εX0tt in ΩT ,

Sε = 0 on ΣT ,

Sε(x, 0) = 0, Sεt(x, 0) = u1(x) − X0t(x, 0), x ∈ Ω.

Now, denote Sε = e−γ0tSε, where γ0 > 0 will be chosen later. A simple computa-
tion yields

εSεtt + (1 + 2εγ0)Sεt + (γ0 + εγ2
0)Sε − ΔSε

+ e−γ0t(β(uε) − β(X0)) = hε in ΩT ,
(11.35)

where hε = −εe−γ0tX0tt.
Scalar multiplication in H of (11.35) by Sεt and Green’s formula lead us to

ε

2
d

dt
‖ Sεt(·, t) ‖2+ ‖ Sεt(·, t) ‖2 +

γ0

2
d

dt
‖ Sε(·, t) ‖2

+ 〈∇Sε(·, t),∇Sεt(·, t)〉L2(Ω;Rn)

+ e−γ0t〈β(uε(·, t)) − β(X0(·, t)), Sεt(·, t)〉
≤〈hε(·, t)), Sεt(·, t)〉 for a.a. t ∈ (0, T ),

which yields by integration over [0, t]

ε

2
‖ Sεt(·, t) ‖2 +

∫ t

0

‖ Sεt(·, s) ‖2 ds

+
γ0

2
‖ Sε(·, t) ‖2 +

1
2
‖ ∇Sε(·, t) ‖2

L2(Ω;Rn)

≤1
2

∫ t

0

‖ hε(·, s) ‖2 ds +
1
2

∫ t

0

‖ Sεt(·, s) ‖2 ds

+
ε

2
‖ u1 − X0t(·, 0) ‖2

+
∫ t

0

e−γ0s ‖ β(uε(·, s)) − β(X0(·, s)) ‖ · ‖ Sεt(·, s) ‖ ds

(11.36)
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for all t ∈ [0, T ], where we have denoted by ‖ · ‖, 〈·, ·〉 the usual norm and scalar
product of L2(Ω). Since

‖hε ‖L2(ΩT )= O(ε),∫ t

0

e−γ0s ‖ β(uε(·, s)) − β(X0(·, s)) ‖ · ‖ Sεt(·, s) ‖ ds

≤l

∫ t

0

‖ Sε(·, s) ‖ · ‖ Sεt(·, s) ‖ ds

≤1
4

∫ t

0

‖ Sεt(·, s) ‖2 ds + l2T ‖ Sε ‖2
C([0,T ];L2(Ω))

(11.37)

for all t ∈ [0, T ], we can derive from (11.36) that

1
4
‖ Sεt ‖2

L2(ΩT ) +
γ0

2
‖ Sε ‖2

C([0,T ];L2(Ω) +
1
2
‖ ∇Sε ‖2

C([0,T ];L2(Ω;Rn))

≤Mε + l2T ‖ Sε ‖2
C([0,T ];L2(Ω)),

(11.38)

where M is a positive constant, independent of ε. Now, if we choose γ0 = 2l2T , it
follows

‖ Sεt ‖L2(ΩT )= O(ε1/2), ‖ Sε ‖C([0,T ];H1
0(Ω))= O(ε1/2),

which lead to (11.33).
The proof of the last part of the theorem can be done by similar arguments. �
Remark 11.3.6. If u1 = f(·, 0)+ Δu0 − β(u0) in Ω, then Sεt(·, 0) = 0, so it follows
by (11.36) that

‖uε − X0‖C([0,T ];H1
0(Ω)) = O(ε), ‖ uεt − X0t ‖C([0,T ];L2(Ω)) = O(ε1/2),

‖ uεt − X0t ‖L2(ΩT ) = O(ε).

Remark 11.3.7. If we are interested in a zeroth order approximation only, then
obviously less assumptions on the data are needed. It is just a simple exercise to
formulate such assumptions. On the other hand, all these results extend to the
more general case β = β(t, x), under adequate conditions.
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[14] C. Coclici, G. Moroşanu, W.L. Wendland, On the viscous-viscous and the
viscous-inviscid interaction in Computational Fluid Dynamics, Computing
and Visualization in Sci., 2 (1999), 95–105.



228 Bibliography

[15] K.L. Cooke, D.W. Krumme, Differential-difference equations and nonlinear
initial-boundary value problems for linear hyperbolic partial differential equa-
tions, J. Math. Anal. Appl., 24 (1968), 372–387.

[16] A.K. Datta, Biological and Bioenvironmental Heat and Mass Transfer, Marcel
Dekker, 2002.
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Fourier, VII, VIII, 1958.
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effective domain, 23

Fick’s law of mass diffusion, 115
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convex ∼, 23
corner boundary ∼, 13
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heat diffusion, 114
hemicontinuous, 22

infinitesimal generator, 29
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maximal cyclically monotone, 23
maximal monotone, 21
minimal section, 23
multiindex, 18
multivalued monotone, 21

operator
hemicontinuous ∼, 22
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23
maximal monotone ∼, 21
multivalued monotone ∼, 21

Pε, 44
perturbed model, xi, 4
perturbed problem, 4

regularly ∼, 4
rapid variable, 10
reduced model, xi, 4
regular series, 9
remainder of the order n, 12
resolvent, 22
singular perturbation problem of the

boundary layer type, 5
singularly perturbed problem, 4
Sobolev space of order k, 18
solution

generalized ∼, 48
mild ∼, 30
strong ∼, 27
weak ∼, 27

subdifferential, 23
thermal diffusivity, 115
unperturbed model, xi
unperturbed problem, 4
variation of constants formula, 30
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Yosida approximation, 22
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